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Chapter I. 


THE THEORY OF RELATIVITY. 


1-1. The M ich clson-M orley Experiment. 


The starting point of the relativity theory was the experiment 
of Michelson and Morley in 1SS7 to measure the speed of the earth's 
motion through the ether by means of sending light signals simul- 


eou * ^ in tw o directions at 1 l^lit angles to each other, and 
measuring the times they take to come back to their starting point, 
after they are reflected at equal distances. 


Suppose the velocity of the light signals is c, and that of the 
earth through the ether is u. Suppose also that the earth i-, 
moving from east to west. 



1 1 A 

O tt <r— 

Let O be the starting point of the signals, and let OA be any 
distance d towards east, and OB an equal distance d towards north ; 
and let there be two mirrors at A and B as shown, at which the 
light signals are reflected. Ihe earth is moving in the direction 
shown by the arrow. The signal along OA will have the velocity 

c + u, and therefore the time it will take to reach A will be . 

c -f- u 

While coming back, its velocity will be c - u, and the time spent 
in arriving at O will be . Thus the whole time from O to A 

C ~~ tv 

and back to O is 



d 

c + u 






Consider next the signal to OB and back, and suppose it 
takes time i f 2 to do the whole journey. During this time when 
the signal arrives back to O, the whole apparatus would have 
moved a distance ut 2 westwards. Therefore, during the outward 
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journey alone, 
4 Ulo. 


the distance travelled by the apparatus is half, i.c., 



Thus the actual path of the signal is the hypotenuse OB. So 

OB = Vd 2 + \ uH.f. 

This distance is traversed with the velocity c in time \t 2 , so that 

\ ct 2 = V d 2 + £ n 2 t 2 2 , 

which gives, on squaring and solving for tf- : 




u 

Thus it is evident that =t= t 2 unless - = 0. The difference 

c 

t x — t 2 , if observed, would give us the value u of the earth’s velocity 
through the ether. But when Michelson and Morley performed 
their experiment, they got the completely unexpected result that 
both the signals arrive at O at the same time, i.c., t x — t 2 . The 
experiment was performed at all times of the year, and with very 
delicate instruments, but the result was consistently the same, 
viz . , t x = t 2 . And this in spite of the fact that neither u is zero, 
nor c is oo. 

To explain this surprising result, Fitz Gerald and H. A. Lorentz, 
independently in 1892, suggested that the distance OA in the 
direction of the earth’s motion contracts automatically, whereas 
the distance OB in the direction at right angles to the direction 
of the earth’s motion remains unaltered. Thus the signal along 
OA and back, which has to travel a shorter distance, makes the 
journey to and fro in the same time as the signal along OB and 

back. 

If we accept this hypothesis, we can calculate the contrac- 
tion factor very easily. 




The Michclsou-Morlcy Ex peri went 


-> 

o 


Suppose the length OA is shortened to kd, where k is the 

kd 

contraction factor. Then the journey OA takes the time - u » 


c xu 


and the journev AO takes the time • 

c —it 

to and fro occupies the time, 

7,7 7 , .7 0 7,7 

j f /i(! — /v c 7 

* 1 — j ” “ ' — 

C-i-» C — U C 


Thus the whole journey 



i 


1 


ir 

o 



(•>) 


If // = / 2 , then equating the right-hand sides of (2) and (3) \\v get 




Thus, according to I'itz Gerald and Eorentz, if a bodv is travelling 
through ether with a velocity 7 /, each unit of length in the direction 


of its motion is contracted to k •-= - u n , where c is the 

velocity of light. This is called the Fitz Gerald-Eorentz contrac- 
tion, and it explains the Michelson-Morley experiment. But the 

contraction itself remained a puzzle, until Einstein published his 
theory of relativity in 1905. 


1 • 2. Einstein's Postulates. 

From the failure of the Michelson-Morley experiment, and 
all other experiments of the same kind, Einstein argued that no 
experiment can ever detect the earth’s speed through the ether. 
He went a step further, and proclaimed that Nature itself does 
not know of any motion of the earth through the ether. There 
is no such thing as absolute motion ; all movements in Nature 
are relative. Consequently, all axes of co-ordinates, or “ frames 
of reference , as they are now called, moving with the various 
observers, have the same status. The physical laws should, 
therefore, be independent of the motion of the observer. At 
first Einstein confined himself to uniform motions of translation 
only, and put forward the special, or restricted, theory of rela- 
tivity. Eater, m 1915, he generalised his theory to embrace any 
kind of accelerated motion. 

„ The P roblem < therefore, which Einstein set himself was. 

How must the Laws of Nature be framed in order that it may 
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be impossible to make an essential distinction between two 
systems which are in relative motion.” 

This idea is found to a certain extent in Newtonian mechanics 
also. Consider, e.g., a system of particles m v m n , moving 

under their mutual attractions. 

Let {x r , y r , z r ) be the coordinates of the r th particle in a co- 
ordinate system K, and let r 12 denote the distance between the 
first and the second particle. The potential </> of the s} stem will 

then be a function of r 12 , r l3> .., r 23 

The equations of motion in the co-ordinate system K will be 

etc - (1) 

Now we take another co-ordinate system K' (*', y' , z') of which 

the origin O moves with a constant velocity v relative to the system 

K in the direction of the x-axis. If initially both origins are 

supposed coincident, the distance between them after the lapse 

of time t will be vt, so that the new co-ordinates of the particles 


etc. 


( 1 ) 


will become, 


( 2 ) 


X,! ~ X r — Vt, y r = yr, Z r ~ 

However the mutual distance of the particles will remain unaltered, 


so that, 


^12> PtC. 


( 3 ) 


Since according to the classical ideas, time w absolute, we 
liave t' =» t, and the equations of motion in K' arc given by 


ePxf 
m r dt2 




c )X r 


>» etc. 


( 4 ) 


where , , / \ 

P = <f> (r l2 , r 13 , ■■ •. ^3 . • • •). w 

showing that the new equations of motion (-1) are of the same 
form as the old equations of motion (1). 

The transformation (2) is called the " Galilean-transforma- 

tion ” and we have seen that from the point of view of mechanics 
the two co-ordinate systems K and K' connected by the relation 
(2) are equivalent. But they are not equivalent for cvcr\ p leno 
menon of nature. We shall give an example from electromagnetic 
phenomena to show that two co-ordinate systems connected b. 

a Galilean-transformation are not equivalent. . . . 

Suppose a material point A lies at rest at the origin lO m a 
co-oSte system K, and sends at time 1 = 0 a short light signal 

in all directions. 
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5 


At a subsequent time t the points which receive the signal 
lie on a sphere whose equation is given by : 


** + y 3 + - cH°- = 0. 


( 6 ) 


\ / 

Suppose there are two more material points B and C which 

he on a hue through A parallel to the rt-axis, and at equal distances 
lioin it on either side. 


B 


A 


C 


Iho material points B and C are also at rest in K, and will receive 
tile signal simultaneously, i.e., for the same value of t 

Now relative to the system K', the material points ABC 
have the velocity v parallel to CB. The two origins O and O' 
coincide initially, so that in the system K' the light signal is sent 
at time i u from the material point A at O'. After time t’ 
all the points which receive the signal will lie on the sphere 


X'i J.,/2 J 


y 


_ cH 'i ^ Q 


( 7 ) 


Meanwhile A would have travelled a distance vf from the 
origin O , so that the signal will arrive at C earlier than at B. 




B 


A O' C 


ihere is no real value of t' for which the two points B and C will 

lie on the sphere (7). Thus we see that two events which are 

simultaneous in the system K are not simultaneous in the 
system K . 

Einstein was thus led to the conclusion that the classical 
notion of an absolute universal time cannot be retained. Each 
observer m relative motion has his own special or “ local ” time 
as it is called, which depends on his motion. We must find’ 

therefore, a transformation connecting the co-ordinates of the 
wo systems K and K', which is capable of replacing the Galilean 
transformation, bueh a transformation was first discovered by 
Eorentz in 1901 on electromagnetic grounds. But its true tl 

hcance was recognised later (1905) by Einstein who derived" it 

on broad principles which revolutionized the then proven 
philosophy of space, time and motion. P 1 

Based on the experiments of Michelson and Yforlev Trn„i 
and Noble, and others, Einstein put forward the fll ' 
fundamental postulates, called the “ Postulate of ^XtMty"' 
and the •• Postulate of the Constancy of the Velocity of l "h •• 
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The Postulate of Relativity .-—It is impossible by any physical 
measurement to trace an essential distinction between any two 


co-ordinate svstems 
other. 


which are in uniform relative motion to each 


The Postulate of the Constancy of the Velocity of Light . — The 
velocity of light is constant in all directions, and in all co-ordinate 
systems which are in uniform relative motion to each othoi. 

In the next section we shall derive the Lorentz-transforma- 
tion, using these two postulates. 


!• 3. The Lorentz-Transformation. 


Let the two frames of reference be K with the co-ordinates 
of space and time x, y, z, t, and K' with the co-ordinates x',y', z ' , /'. 
We assume the two origins to be coincident initially, i.e., to the 
world-point x — y — z — t — 0 in K corresponds the world-point 
x' =/ - 2 ' =t' = 0 in K'. 


We assume further that the corresponding co-ordinate axes 
in both frames are parallel and that K' moves with uniform 
velocity v relative to K in the direction of the x-axis. This 
restriction to uniform translation is characteristic of the special 
theory of relativity, with which alone we shall be concerned in 
this book. The consideration of any kind of accelerated motion 
is the standpoint of the “General” Theory of Relativity. 

Thus we assume that each point of K' moves with the uniform 
velocity v relative to K, and that, inversely, each point of K 
moves with the uniform velocity ( — v ) relative to K' ; that v is 
parallel to the x-axis and that the x-axis and the x'-axis are 
always coincident. 

Now it must be taken as an obvious law of Nature that no 
one point in any frame should have privileged position, but 
that all points of space and moments of time should have the 
same status. This means that finite values of co-ordinates in 
K must remain finite in K' also. Further, it is evident that to 
uniform and straight motions in K must correspond uniform and 
straight motions in K'. All this makes it necessary that our 
equations of transformation must be linear. For, if the equations 
were non-linear, the origin will have a physically privileged posi- 
tion in at least one of the two frames. Besides, the unifon 
and straight character of the motion will not be preserved. 


M 
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T he Lorentz- T 'tans formation 



Ihe coincidence of the y-axis and the y’-axis is only then 
possible when from y = 0, 2 = 0, we get / = 0 ,z'= 0. Therefore, 
the transformation for y and 2 must be of the form 

y — a y + fiz, z' = yy- f- 

where a, p, y , 8 may depend on the velocity v. But pure rotations 
in space are inessential, and therefore we assume that the x-y 
plane (z =0) transforms into the x'-y' plane (2'=0). Thus y' 
can depend only on y and z' can depend only on z, so that 

/ = e (v) y, z' = e' (v) z. 

But motion takes place in the % direction only, so that the 

y- and ^-directions being both at right angles ’ to it have 

equal status, e and e' must therefore be equal, and the trans- 
formations for y and z become 

y'=c(v)y, *'= e (z/)*. (!) 

We can show further that e is equal to unity. In fact, it 
is clear that e (v) = e (— v), because it is immaterial for the 
y- and 2-directions whether K' moves relative to K in the 
direction of the positive y-axis or the negative y-axis. 

Now since inversely K moves with velocity ( - v ) relative to 
K', the inverse transformation should be 


z 


y=e{-v)y, z = < 

or, on account of e {v) = e ( — v) , 

y = e (v) y' , z — e (v) z'. 

From (1), however, we get for the inverse transformation 


y 


y 


1 


c i v ) ' ~ e (v) 

Comparing (2) and (31 we get 

1 

r^ =e ( y ), ore ( y ) = 

Thus the transformations for y and z are finally 


1 . 


y =y 


z — z. 


( 2 ) 


( 3 ) 


( 4 ) 


( 5 ) 


It remains for us to determine the transformation for x and t 
By hypothesis, the point *' = 0 must m0V e with velocity „ aW 

e positive y-axis, t.e., x = 0 must be identical with x =■- vt 
Similarly y = 0 must be equivalent to y' = _ v f T h^ ro • J 
transformation must therefore have the form : eqmred 

/ {x - vt), 

x=y(x'+vt'). ^ 


/ 

t 


i 



r t* 
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It is easily seen that y must be equal to y, if the relativity 
postulate is to hold. For, suppose 'an observer S' in K' measures 
he length of a rod which is at rest fin K, and which has a length 
/ as measured by an observer S in K. Then suppose the rod 
moves with K', and its length is measured by S. According 
to the relativity postulate the two measurements must give the 
same length. 

In the first measurement the two ends of the rod are given 
bv x — 0 and .v = l in K. In K' these two points have at time 

/' = n the co-ordinates x' = 0 and x' — - /. For S' the rod has 

y 

therefore the length -> so that a unit rod will have the length - • 

y y 

Now in the second measurement the rod is at rest in K', and 
its two ends are given by x'-= 0 and *' = l. As measured by S, 

these two points have at t = 0 the co-ordinates x=0 and x = • 


For S the rod has therefore the length K, so that a unit rod will 
have a length - • 

y 


9 

By the relativity postulate, therefore, we must have 


(H \ 


av — : 


To determine the value of y we use the postulate of the con- 
stancy of the velocity of light. Suppose a light signal is given 
at origin O at the time t — 0, /•' = 0, and that it is received at 

a point situated anywhere on the *-axis. This event would 

be described bv S by a relation between x and t, and by S by a 

relation between *' and t' . In any case we must have, of course, 
x _ ct anc i = ct', because, according to the postulate, c is the 

velocity of light in both systems. Substituting these values in 

the equations (G), we get 

ct' — yt (c — v), 

ct = yt' (c + v). 

Multiplying both sides of these two equations, we find 

r.V/tl^vH't (c* - v 2 ), 



I 
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T he Lorentz - T vans formation 


9 


y 


i 



i _r 

C w 


(9) 


where we have taken the positive sign of the square root because 
for v= 0, K' must be identical with K. 


Thus 


From the two equations (G), we can find t' in terms of t and x. 



so that 





+ yvl. 



These are the required equations of the Lorentz-transformation 

For tliG inverse transformation we get easily * 






v 


t 


?+ 

c 2 



For the limiting value c -> eo, th< 

( 11 ) and the Galilean-transformation (5 

we should expect. 


Lorentz-transformation 

§1*2 are identical, as 


W ! “ See that two frames of reference K and K ' 
connected by the Lorentz-transformation are equivalent for 

t on ofllf" Phm0m<: " a ' We ««*** tta law of propaga- 
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A spherical wave starting from O at time t = 0 has reached 
the spherical surface a 2 + y 2 + z 2 — c 2 t 2 =0, as observed by S. 
The same event must be expressible in K' by tire equation 
.v ’ 2 — y' 2 + ;' 2 — c 2 t ' 2 — 0. Now, we have from (11) : 


t 

X “ 


a • M 


C 


T (* 


n 


'tf 


o O 

C~y** 


t 




O / o 

A- I y 


o 

v- 


V 2 



+ / 2 (y 2 i> 


c 2 y 2 ) -f 2^ (y 2 u - y 2 v). 


But 


o 

I - 


*. r 


y--. 


y 







l, 


2 


/ 


- - 1 — 


o o 

c-y* 


o/ 2 

- ^y- 


y 


o y 2 \ 

cV 


c 2 , 


so that 


a ' 2 — C 2 ;' 2 = A ' 2 


C 2 / 2 . 


cH 2 . 


Thus we have finally 

Sr'3 + y'2 + z' 2 - C 2 t' 2 = A 2 +y 2 + 2 2 ~ 

^y e get the same result also in the differential form, 
equation of wave-motion in the frame K is 

‘ _ I , 

c 2 bt 2 ) * 


(13) 

The 


‘ (s? + — + 


by 2 bz 2 


0. 


(14) 


This, equation is just the mathematical formulation of the law of 
propagation of light in vacuum. If we wish to transform (14) to 
the frame K', we must substitute in the function <f> (x, y, z, t) the 


;alues from 

( 12 ). Then we i 

have 



b 4 > 

bx' 

b(f) bx . b<f) bt 
bx bx' bt bx 

/ 

b<f> 

y c)a 

v b 4 > 

+ y f 2 bt 

b 2 4 > 
bx ' 2 ' 

•(’’S + 

y^bt 

)(r 

b 6 . V b(f>\ 

bic +Y c 2 bt) 

- 

- $ + 

O 2 V 

v -2 

b 2 4 > 

bxbt 

+ y 2 

, V 2 b 2 <f> 
c* bt 2 ’ 

b 2 ^ 

b - 2 <}> . b 2 4 > 

b 2 4 

> 

m 



by ' 2 

" 5 y 2 ; h;r ' 2 

~ cJ 2 2 

> 


+ y bt’ 

b<f> 

bt’ 

hA 

= bx bt’ + 

c)<^ 

d 7 e>? 

bcp 

= ^ Si 

bt ' 2 

= {y v Vx 

a ' 

+ 7 bt. 

\ 2 

) <f>> 



■ 

2 2 ^ 
— V 2 0 2 x 2 

d * 2 

+ 2 y 2 v 

b 2 <f> 

bxbt 

+ r 

bt 2 
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□ V - 


D 2 


bx't 


Tb + 


h 2 




; 


/ 


+ 


i 2 


i & 


^' 2 c 2 bn 


y 


‘ ^ + 2y= ’i 


b Z <f> 


<f> 


bx 2 


C “ 


, , W 2 d 2 <£ 

+ y- - - - - 

' c* ^ 2 


L ^ 

~"1 N - O I \ O 

o V ds* 


Thus 

□ V 


r 2 I 2 ^ _ 2 2 « ^ 

7 C 2 <U' 2 Z/ C 2 


y 


2 1 ^ 


/-2 N-/*' 

C Ot 



, ^ >¥ 
C 


r ^ + ^ + 


b 2 <f ) c > 2 </> 

ty 2 + S? 


- ^ - 


y"^ 2 \ c) 2 f4 

c 2 ) bl 2 


□f 


The characteristic expression Q<f> for the propagation of light is 
therefore invariant for the Lorentz-transformation. 

1-4. Some Consequences of the Lorentz-Transformation. 

(a) The rule for composition of velocities .— Consider a particle 

moving along the x-axis, whose velocity measured by S is u 

dx 

so that U =j t . Then its velocity measured by S' would be 



dx' 

dtf 


y{dx — vdt) 
y[dt ~ v - t hr) 








In Newtonian mechanics, if S' is moving with a velocity w 

relative to S, and if the particle is moving with a velocity « relative 

to S, then the velocity of the particle relative to S' will be simply 

u ~v. The. theory of relativity increases this velocity to the 
amount given by the expression (1). 

% 

The expression (1) for the composition of two velocities is 
true for &11 ti <C c. But if h = c , tlicn 



Thus when a particle is moving with the velocity c of lmbt 
observed by S, its velocity as observed by S' is also c Tl.et V “ 
of the frame of referee of S' has no Vttr the vXdtTo” 
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light . This verifies that the Lorentz-transformation equations 

o 

are consistent with the fundamental postulate of the theory, and 
consequently with the results of the Michelson-Morley and other 

experiments. 

( }) ) Contraction in length . — Tet a rigid rod of length l 0 be 
fixed in the frame K'. We wish to find its length as measured 

by S. 

Suppose first that the rod lies parallel to the direction O y . 
If the two ends of the rod have co-ordinates yf, yf respectively, 

then 

i 0 =y* -y i- 

For the observer S the two ends will have co-ordinates y u y % 
respectively, and therefore the length l of the rod as measured by 

S will be 

i ~ = y 2 —y i —yf ~yf ^ 

We see, therefore, that lengths remain unaltered in a direction 
perpendicular to the direction of motion of the body as measured 

by an observer S. 

Suppose now that the rod lies parallel to the direction O* . 
As shown in §1-3, its length as measured by S would be -? • But 


from (7) and (9) § 1-3, we know that 

J_ 



(4) 


V 


Thus the length l of the rod as measured by S would be 

L j 


(5) 


l = IL 1 = 1 — — 2 K 

where k is the contraction factor introduced in (4) §2-1. This 
Droves that each unit of length of the rod in the direction of its 
Lta is contracted to h when measured by an observer 
Thus the Fite Gerald-Lorenta contraction is a natural consequence 

" ^^J’TLa.-Again let V and V * 
registered by a clock fixed in the frame of reference K at the point 
and let t , and f, be the corresponding times registere 

chick fixed in K. Then from ( 12 ) § 1-3. we have 


/ 


V 


4" 


vx 


t 




vx 



( 6 ) 
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1 • 4 Consequencees of the Lorcntz - Transformation 

Now the interval of time t 0 as measured bv S' is 


0 


t ' __ / ' 
L Z > 


and the corresponding interval t as measured by S is 

T = 1 2 — 1 1 . 

But from (6) we get on subtraction 

~ 1 1 — y {ti — tf), 
so that from (7) and (8) we have 


( 7 ) 


( 8 ) 




Hence each unit interval of time as registered by a clock 
fixed in K appears to the observer S to be lengthened to an interval 
y. In other words, a clock moving relatively to the frame K, 
appears to an observer S at rest in K to be going slow. 

It can be proved similarly that rods fixed in K appear to S' 

to be contracted by the same amount, and that clocks fixed in K 

appear to S' to be going slow. There is thus a complete reciprocity 

between the observers S and S' as regards the contraction in 
length and dilatation in time. 



1 - 5 . 


The Four-Dimensional Continuum, and the Interval 

between a pair of Events. 


Elaborating Einstein’s ideas, H. Minkowski pointed out 
m J 908 that our external world is composed "not of points in 
the Euclidean 3 -dimensional space but of events in a 4-dimensional 
space-time continuum". An event can therefore be considered 
to have four co-ordinates (x v x 2 , x 3 , x 4 ) of which three, say * * * 
are space co-ordinates, and the fourth, * 4> involves time ’ *’ * 


Bet fo, * 3 , x t ) and (*, + dx x , x 2 + dx t , x 3 + dx 3 , * 4 + dx.) 

be the co-ordinates of two neighbouring events in any frame of 

reference. Generalising the idea of distance between two neigh- 

ouring points in Euclidean space, we assume that in the special 

theory of relativity the “ interval " between two neighbouring 

events m he 4-d,men S ional continuum is given by the norma! 
quadratic form 


dxr. 


ds* = dxf + dx 2 2 + dx* -4 


( 1 ) 
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Now consider all the events for which x 4 has some constant 
specified value ; these will form a 3-dimensional continuum. 
Since dx 4 is* zero for every pair of these events, their mutual interval 
is given by writing dx 4 — 0 in (1). Thus 

ds 2 = dxf + dxf + dx 2 3 . (2) 

This is the same as the Cartesian formula for the distance 
between two neighbouring points in Euclidean space, with 
.Vj, Xn, x 3 written in place of the usual x, y, z. Thus in general 

we shall have 

ds 2 = dx 2 + dy 2 -f dz 2 + dxR ( 3 ) 


where the co-ordinate x 4 involves the time. 

Now in Euclidean geometry, we know that the distance 
between two points is invariant for any change of axes. Similarly, 
in our 4-dimensional geometry we must have the interval between 
two events independent of the transformation from one frame 
of reference to another. Our equations of transformations are, 

however, not the Galilean or Cartesian equations, but the Eorentz- 

equations (11) §13- As proved in (13) § 1 -3, it is evident that 
the quadratic differential expression which is invariant for the 

Iyorentz-transformations is dx 2 + dy 2 + dz 2 - c 2 dt z . Thus t e 

invariant interval between a pair of neighbouring events must 
be given by 

( 4 ) 

co-ordinate x 4 


ds 2 = dx 2 + dy 2 + dz 2 - c 2 dt 2 . 

Comparing (3) and (4), we see that the fourth 
nvolves the time according to th e formula 

x 4 = id, i = V — 1. 

Thus the four co-ordinates of an event are 


( 5 ) 




X, X 2 


y, x 3 « * 4 = id. 


( 6 ) 


vhere c denotes the velocity of light in vacuum. 

The formula (4) for the interval is the basis of the whole 

special theory of relatl . t ime " or " local time" of a 

The “ eieenttmc . — The eigentitne 

SW : b —a from 

thc *** ^ 
moving with velocity » relative to the frame . 


r 

I 
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eigcntime r is the same which we have called t' hitherto hot 
two neighbouring events have times r, r + dr according to the 
clock moving with the body. The frame K gives times t, t + dt 
for these two events. Now, even if the velocity a is not uniform 
we can suppose that for small intervals of time it can be approxi- 
ated by a rectilinear and constant velocity. Then we can use 
the results proved for dilatation of time in (c) § 1 . 4, if we write 
dr for Tq and dt for r. Thus 


dt ~ ydr 


dr 



1 


a* 

c 2 


(?) 


The observer S finds the time-interval 
events greater than the eigentime-interval. 


between the two 


From (7) we get on squaring. 


dr"- = dt 2 ^ 


1 


v 2 


' dt 2 - v 2 dt 2 ) 


( 8 ) 


by SOs give,^ by aata,,e0llS '' e ‘ 0Ci ‘ y ’ ° f “ ,e ^ “‘—red 


V 


dx 2 -f- dy 2 + dz 2 
~dt 2 


or 


Substituting (9) in (8) w 


v 2 dt 2 = dx 2 -f dy 2 + dz 2 . 


e get : 


( 9 ) 


dr 2 


{c 2 dt 2 - dx 2 


dy 2 — dz 2 }. 


( 10 ) 


The right-hand side of (10) is invariant for the Loren t, t 
formates. The eigentime, therefore, is also inv^m ' 

1 • 6. Relativistic Mechanics. 

Natute'mS be t0 i„™r ^ ° f ’****■ a11 *»• 

Newtoman equations of mZ'dZZZZtZT’ ^ 

cte m Whtr g ^ “ 

2 we must remember -f-Uo-f -fz i • • 

e^tionfmu™ tTd £ *' 

mov^Zn “Z aftt I' 


X 
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(.V, V. ~). The components of its velocity vector u are ( x , y, z), 1 

and those of its momentum vector p are 

. • . ... - 


p x — mx, p y = my, p z 


( 1 ) 


If T is the Newtonian force-vector, the equations of motion are 

dp r -p dp y -p. dpz _ Tf (2) 

-djf- = Tx. -or = 17 — 

at 


dp 
At 


Vy, 


dp 

dt 


Multiplving these equations 

. .. . j a.1 


bv 


respectively! and adding, we get the energy-equation 

<L a, nil-) = (Fm) = (F*ttr + F yUy + F 


U ' 


( 3 ) 


showing that the rate of change of kinetic energy is equal to the 
work done by the external forces in unit time. 

1.0 (1). Mass and Momentum . 

Xo „ in Newtonian mechanics, the mass of a moving body 
- a ,;. av , the same constant however the body may be moving, 

ami witi reference to whatever frame the mass is measured. 

, (21 S 1 - 6 it is evident further that if F 0, 

■I” reS™ acting on the body, then the momen- 

turn remains also unaltered. 

To building up the relativistic mechanics, we nature ly wish 
In budding U that both these laws are 

-hi r 

Siithal the°“ a°boi is not invariant, but changes with 

its velocity in a and its velocity in 

Let m 1; mx be them ^ observers S and S' respec- 

the %-direction as measi - that the f ra me of reference 

lively, where it is ^assume a ^ K with the velocity . in 
K.' is moving with respect to 

the ^-direction. 

We write 


y x 



v x 




(i) 


i We shall often denote by dots the 


total derivatives with respect to time. 


17 
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Then from 


Mass and Momentum 
equation (1), § 1. 4 we have 


Therefore 






= 1 


1 


( u i -j_ j,a\) 


Substituting ( 5 ) i n (4) We 


^ («i 2 4- w») + 

c 4 


(5) 


' / 




Comparing ( 6 ) with (3), we obtain 


- X ^ 

(V + v 2 ) + l h 2 d 2 

y-4 


( 6 ) 


' / 


7l “1 = VYi (u 1 V ). 


vt //IV — • 1/ K 

-Now supp ose that there are 9 „ , (71 

and th raiSht Ime ’ SUbject to the co^diti^ particles moving 
have ^ “ invariant ^ 

• ^ so that we 


2>}tl = const ant, 2 - WjWi 


constant. 


(°; 
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Since y end , arc also constants, being the same for all the particles, 

therefore from (8) we get 

Zm.yv = constant, Emyuyy - constant, 
or subtracting the first equation from the seconc , 

Zniyy (it i - v) = constant, 

alrere the summation extends over all the particles. 

a /r \ ^ In n TTO 


(9) 


But from (7) we hav 


y(«i ~ v ) 


y i u 


Substituting this in (9), « obtain 

f J* t t 


7r 


y m TlH i = constant. 

1 a/ - 


( 10 ) 

f • » 

On the other hand, according to our fundamental hypothraU 
Jim must also be conserved for the observer S , so that 


Em y til = constant. 

The results (10) and (11) will agree if 

^ or if y, 

yi 71 

Similarly for all other particles. Thus 

171 y M\ _ 


in 


Vi 


( 12 ) 


yi Vi 


an absolute constant 

m 0 (say), 


- — "^0 \ J / 1 

.. < Qri ,i for anv frame of reference, if u is 

the^ velocity^f the'particle relative to that frame, then 

411 


111 


ni 0 y - 



(13) 


a c rtf n narticle is not constant but increases 

showing that the mas ^ q{ mass has been verified expen- 

with the velocity. Ih and the ra dioactive jB-rays. 

mentally for the ca ° ' and ther efore m- «„■ «. * called 

For a particle at rest, ^ Newtonian mechanics is 

therefore the “ rest-mass ^ always useS the invariant rest- 

characterised bv the face < Bor « very- small 

mass »„ instead of the but for velocities 

compared to o, thrs grve ^ ^ fte atomic theory , Ne w- 

Sr —itis no fonger applicabie. 



§ 1-0(2) 


li(/ nat ions of Motion and Energy 



1 *^( 2 ). Relativistic Equations of Motion and E nervy . 

Newton's equations of motion \'l) §1-0 are taken over in 
the relativity theory, with this difference, however, that the 
mass m of the particle is no longer constant, but changes with 
its velocity according to the law (13) §1-0(1). The components 
of momentum are therefore 


x Mf|V 

>■- " - v T-j: 

where we have written 


Py 




V 1 




/v 


7 1 f v 
,,c 0 J 


Vi - B- 


( 1 ) 


u e {- 

B — = 

c 


' V- + Z* 


— • 


(“) 


The relativistic equations of motions are therefore 

(lb. .. dpy _ dp. 

dt >" ~ -• 


dl 


- is, 


dt 


or 


d 


>”<>x 


= IS. etc. 


( 3 ) 


dt Vi - B- 

Multiplying tlwse equations by x, y, z respectively, and adding 
we get corresponding to (:J) of § 1-6: 

( ' x \ -i- 1 , d ( i \ jl i d ( i_ \1 

Wi - rJ 


h d 

u ' dt 


,n - i x t u Wi - B ' “ r v 


dt Wi 


a + i <« (vT-0\ 

— V x x + V Y y + F -i, 


or 


m 


• • • » • - 

A t 4- VV 


- 4 - 7 7 



0 


Ci - B- 


l( , (* 2 +r +i 2 ) 

(1 - j3 i ) “ 


But from (2) we have 


= l\x + I < y y + Iqi. 


t* •. 


(I) 


B 1 = 


‘ (V + e + i 2 ), 


so that 


oo — 


u u 

bo 


\ (xx + vy -r zz) 

c 


Substituting this in (l) and remembering that x 2 -h y z 4- z- c 2 u 2 , 
we get 

s = icr -u h 

jc 




0 


Vi-p- (l - B~) VI - B 2 i 


+ 


IS* + F,,v F,i, 


or 


m 


°(i 


BBc°- 


{(i - B 2 ) + B n 
fr) Vi -p 


W* + F,S -f F ; i, 
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or 


m 


o 




V x xiV y y-fF,z. 


(5) 


(i - pr 

Integrating this equation with respect to time, we get 


nuc 



& 


(1 - jB*)* 


dt 


J (h\i 


% + F^/y + F 2 £) 


or 


w* 0 c 


2 


Vl — )3 


/ 


V + A, 


where V is the potential energy of the external field, and A is a 
constant. Thus 


m 0 c 


\/l — ft 


V = constant. 


( 6 ) 


On the other hand, if we denote the kinetic energy by T as 

usual, we have the equation of energy 

T -f V = constant. (7) 

Comparing (7) with (6) we see that the kinetic energy T must 
be given by 

.2 


T 


m 0 c 


a /1 - p 


+ A', 


( 8 ) 


where A' is some constant which must be determined. For this 
we remark that if u is very small compared to c, then the kinetic 
energy should be given by Newton s formula £ m 0 u 2 , so that from 

(8) we must get 

i m 0 u 2 = »i 0 c 2 (1 ~ £ 2 ) -i ~f A ' 

= m 0 c 2 (1 -r iP) + A' 


= m 0 c 2 + l m 0 n 2 + A'. 

Thus we obtain 

A' = — m 0 c 2 , 

and the kinetic energy is given by (8) and (9) : 

« _ w 0 c 2 


(9) 


Vl-p 


m 0 c 2 


— me 2 — m 0 c 2 — f 2 (vi — m u ). (10) 

m n c 2 is called the " rest-energy ” or the " internal energy of consti- 
tution ” of the material point, which is assumed to be possessed 
bv the particle at rest. This corresponds to the fact that in 
mechanics only changes of energy are considered, so that the 
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total energy of a system is left vague to the extent of an arbi- 
trary additive constant. We assume, therefore, that this additive 
constant for a particle of rest mass m 0 is m Q c\ 

Thus the whole energy of a particle moving freely, i.e., in 
the absence of an external field, is given by 


so that 


E = T -f- m 0 c 2 

= c2 ('» - W 0 ) + w 0 c 2 . 


E 


mc~, 


E 

or m = — • 

c- 


( 11 ) 


This is the well-known formula of Einstein’s giving the inertia 

of energy, and it has been abundantly verified by experiments. 

It is of fundamental importance in the recent developments of 

quantum mechanics given in Chapter VI. The formula (11) 

signifies further that the two fundamental conceptions of mass 
and energy are identical. 


1 - 


i 


Minkowski s F our -Dimensional Vectors . 


. , In § V 5 ’ we saw that external world is a four-dimen- 
sional continuum, in which the four co-ordinates of an event are 
given by 


✓ 


— -V, * 2 =r y t X 3 — Z, X 


id. 


( 1 ) 


Our equations of motion therefore must have an invariant 
form in this continuum, and must have four components. Thus 
corresponding to the position " four-vector " (short for four- 
imensional vector, to distinguish it from the ordinarv three- 
dimensional vector in Euclidean space), we must have a 'velocitv 

“ four vector ” F ' "rt C ° mp ° nent5 **■ «*■ «>■ «. and a force 

naturauTfind Z'[Z ^““Tth F " F ” F *' F *' We m " St 

y um rne significance of the components of these four- 
vectors in terms of the classical quantities 

Now in classical mechanics, the components „ of 

the velocity are given by differentiating the co-ordinates * v z 
with respect to the time t : ’ y ‘ Z> 


n 


dx 
dt ’ 


u 


dy 

dt’ 


u 


dz 

dt 


( 2 ) 


In the classical theory, t is invariant for all systems of co-ordinates 

in 5 ^“"‘1 theory ‘ is invariant. However 

m 5 *■ 5 We have Seen that ttnre exists an invariant time ^ 
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the eigentime t, connected with t according to the relation 


dr 



1 


ir 




dt 


c- 


Vl - fP dt, 


( 3 ) 


where u is the velocity of the particle. To get the components 
of the velocity four-vector therefore, we must differentiate the 
co-ordinates (1) with respect to the invariant eigentime r. Thus 


u 


Uo — 


u 


u 


dx x 

dx 

dt 

■ __ 


«. r 


dr 

dt 

dr 


Vi - ft 1 


dx 2 

dv 
•* 

dt 

m — 


Uy 


dr 

dt 

dr 


Vi - ft 1 


dx n 

dz 

dt 

M ■ 




dr 

dt 

dr 


Vl -> 


dx x 

_ d 

{id) . 

dt 

ic 

___ • 

dr 

dt 

dr 

Vl- 

V 2 

four-vector [p] 

is 

given, in 

analogy 


( 4 ) 


classical momentum, by multyplying the velocity four-vector 
[«] bv the invariant mass m 0 ; so that the components of momentum 


are 


P 


m Q u 


m 0 u 


Vl - P 2 


* P o WgWg 


ninUy 


p 


m 0 H 


m Q u e 


Vl - ) 3 - 


pi = ™0*U 


a/1 - /T 
fw n c 

Vl - p- 


( 0 ) 


From equation (11) § 1-6 (2) and the last equation of (5), 
that the time component p t of momentum is given by 


we find 


P 


im 0 c 


Vi -j8* 

i E 


/me 




( 6 ) 


F,, (r = 1, 2, 3, 4). 


( 7 ) 


i/ 

Thus the four-dimensional form of the equations of motion is 

dp, _ 

dr 

We have now to find the physical significance of the components 
p of the force four-vector. On re-introducing the ordinary time t 

from (3), the equations (7) become 

dp r 

dt 


F r Vl - P 1 , 


or, since p r 


w 0 


du r 

dt 


F r Vl - p\ V = 1, 2, 3, 4). 


( 8 ) 
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Substituting for u 1 , u 2 , ii 3 tlieir values (1), we get 


in 


o 


d 

dt 


(vTTw) - i", w - P. 


in 


•a: 




in 0 ^ 

dt 




(») 


f 3 Vi 


v 


Comparing these equations with the equations (3) § 1.0(2), 
we see that the first three components of the force four-vector 
(F), and the three components of the Newtonian force-vector 

F are connected bv the relations 


F a 


F. r 


Vl - B- 


F., 




Vl - B- 


F, = 


F. 


V 1 — B- 


( 10 ) 


In order to find the significance of the fourth component 

F 4 , we multiply the equations (7) with u r , and sum from 1 to •!, 
getting, since, p r = m 0 u r , 

4 j 4 

= 2 F ,u r , 


r d u r 

2 m 0 u r -,~ r 

; = l “ r 


/■ = l 


or 


d 


\ >«o At (2 it/ ) = E F,«,. 

r r 

But on account of (4) we have 


(H) 


4 

2 

l 


u; 


it/ 


+ u; + u* - 


c- 


n- 


o 

6 


P 


l 


Ur 
C 3 


~ C-, 


( 12 ) 


showing 
tude ic. 


has the constant 


that the velocity four-vector 
From (11) we get, therefore, 

4 

2 F r u r = 0, 

r = 1 

i.e., on substituting the values of Fj, F 2 , F 3 from 
values of u v u 2 , u 3l u 4 from (4) 

^X U X + F yUy -f F„4/ 2 F 4 fc 

a : — 0. 


magm- 


(10) and the 


y vuy 

l — p 


Thus, we get the required value of F 


Vl - p 


f 4 


—ji + F y u y + F 8 « s ). 


(13) 
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Now the fourth component of the equation of motion (8) is 



which becomes on writing the value of u i from (4) and of F 4 
from (13) : 





(Fr«v 4- F y H y -f F z u z ), 



it - F '"' + F + F -"- < 14 > 

If we remark that ^ is just the energy E of the body 

as given in (11) § 1- 6(2), and that the right-hand side of (14) is the 
work done by the external forces in unit time, then we see that 
(14) is only the expression of the energy theorem. 



Chapter II. 

GENERAL THEORY OF DYNAMICS 
2 - 1 . Hamilton's Variation Principle. 

Md P th!f K’ f Z) ”* “ le Car,esiM co-ordinates of a particle 
and that rt rs acted upon by a force whose components arc X. Y, Z 

I.et the components of velocity be denoted by „ = !??_ v ’ o 

dt ~ ' ~ y- 


The £ ai ! dth0Se ° f " 10mentmn b F Px = ’nit, p = mv , p. 
The kinetic energy of the particle is 1 ' 


so that 


T = I m (u- + v- + xp), 


miv. 


Px 


bT 

dU 


bT 

bx 


P 


y 


bT 

bv 


Newton’s equations of motion 


b7 

by 

are 


p. 


dT 

blk' 


b T 
bz 


(i) 


mu 


X, 


mv 


Y 


or, 


mw 


Z, 


( 2 ) 


P 


Y. p z = Z. 


a 


= x - h- 

If the external forces are conservative, so 
potential energy V, we have 


(3) 

that there exists 


X 


av 

bx 


Y 


dV 

" 4 


dV 


(4) 


The equations of motion now become 


mu 


bV 

bx ’ 


mv 


by 

by 


Vlw 


bV 
bz 


Mrdtiplying these equations by a, , respectively and 


(5) 


adding, 


(uu -j- vv -f- ww) 


(by 


av 


I — U -f ” ’ - ■ b\ 


by v + b7 w 


fbV . 


bV 


bV 


Integrating (6) we find 


w * +i7j + J; 

dV 
dt ' 


v6) 


3 m ^ + a 2 -}- w*) + V = constant. 


( 7 ) 
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This is the law of conservation of mechanical energy for forces 
such as gravitational, electric and magnetic, which have a potential, 
and are said to be conservative. 


Let us now compare this motion with a slightly different 
motion in which Newton’s laws are not obeyed. In this motion, 
let the co-ordinates of m at the instant t be [x' , y' , z'), and let the 
components of velocity at the same instant be u ' , v ' , w ' , so that 
dx' 

u’ = -j— etc. The co-ordinates of m in the actual motion at 
at 

the same instant t are ( x , y, z) as above, and we assume that 
the modified motion differs so little from the actual that x x , 
u’—u, etc., are very small. This means that if we write 

82, u r — a — Su, etc,, 

we can neglect higher powers of 82, §t(, etc. 

If we multiply the equations ( 5 ) by 82, Sy, 8 2 respectively 


and add, we get 


m (w-S* + vhy + w 8 z) 

II 

1 

H < 

82 + ^ Sy 

, av s , 

+ i> 2 82) - 

( 3 ) 

Now, 





du . 

r, u “ 

l (” Si) - 

“ i, 


( 9 ) 

and 





s < 8 *> 

I 

II 

** 

I 

II 

— Sn 


* 

- 8 (£)■ 



(10) 


From this last equation we see that the operations of differ- 


entiation 


A 

dt 


and of variation 8 are commutative, and we can change 


their order without affecting the result. 
Substituting (10) in (9) we get : 

82 = ( ll8x ) ~ nSlL 


du 

dt 


( 11 ) 


We get similar expressions for v and w. Substituting these 
in (S) we have 


1 ... 

• \ d - 
1 dt 


(uSx + vSy + w Sz) - (uSu + vSv + v/Sw ) } 


bV 

bx 



sv. 


( 12 ) 



* 


t 


r ■ 
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If the dynamical system consists of a number of particles 

ktst* tb : s kind v™ *» «*» <* «*», anJ *« ^ 

. J e motion. It is, moreover true whatever the displaced 

motion may be, provided only that it differs verv little from the 
actual motion. Thus for the whole system ' 


E m f 


cl . 0 

\dl {,,ox + % + ~ («Sw + tSv + ;c8u)l 

' ) 


= - SV. (13) 

system “ Now “ ati ° n V d “°*“ m PDta ‘ thl 1 the whole 


T ~E\ m ( u 2 + v 2 -f a-2\ 


therefore 
ST = 


), T' = E ~ («'* + + n't) 


V 


T 


- 3 - Em {( n ' 2 - «*) + (y's __ t ,2) + / k/2 . 

~% Z m . {( " + S “ )2 “ u 2 + (* + S'c) 2 - + (w + Sic) 2 

= Z m ( u8u + vSv + u,'8w) , 

neglecting (S uf, etc. 


a' 2 )} 

} 


- 

tV 


(14) 


Substituting this in (13), we get 

d_ 
dt 


Em . (u8x -f- vSy -p w8z) 


We write 


S(T - V) 


(15) 


(IG) 


r = t - v. 

L is called the Lagrangian function. Equation (151 i« r ' 1 
every instant of the motion. We integrate it for a t 
Of the motion, say front , = - t0 ^ “*'»«* 


/• 



E m 


d_ 

dt 


[uhx + v8y + w$ z )j dt = f SI , dt 


or 


E m ( itSx 


_ 1 2 


V * 

/ 


dt. 


(17) 


Ihe displaced motion has been <;n for „ •+. . . 

for the fact tint it 06611 S ° * ar quite ar bitrarv, excent 

tne tact that it was supposed to differ verv little fro Cl pl 

nx s xxxxx ; ^rr r iction th ” « 

- in - as 

S-r = Sy = 8z = o 2 

for all particles. So that 


[E m (u8x + v8y + 7r s z) f 2 _ 0 

J q 
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Therefore, from (17) we have 


But 


t'l 

J SLdt 

h 





so that equation (18) becomes 



This is Hamilton’s variation principle. It depends only 
on the kinetic and potential energies of the system and is indepen- 
dent of any co-ordinates. It can be shown that conversely from 
this single equation, we can determine the motion of all the known 
parts of the system as soon as the kinetic and potential energies 

are known. 


Now if we denote the constant total energy of the system 
by E, so that E = T + V, then 

E = T — V = T — (E — T) = 2 T — E, (20) 

and the equation (10) becomes 



*2 

But since E is constant 8 f E dt = 0, so that 

ti 



^2 

The function S = / 2T<« is called the action of the motion, and 

tl 

(21) shows that the action is always an extremum. As a matter 
of fact, for an actual motion, the action is always a minimum, 
and that is why Hamilton’s variation principle is also called the 
.< principle of least action ”, first enunciated by Maupertius in 1744. 
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2 • 2. Lagrange’s Equations. 

Suppose we have a dynamical system consisting of material 
particles and rigid bodies, which can move either freelv or connected 
in any manner. We need a finite number, say n,’of quantities 
to fix a configuration of this system at any time. For instance, 
if a rigid body is rotating about an axis fixed in itself, its configu- 
ration at any time will be determined if we know a single angle 6. 
Similarly, if a particle is moving on a spherical surface, its position 
will be fixed by the two angles 9, f Thus in the first example, 
the Cartesian co-ordinates x,y, z of any point of the body will be 
functions of 6 only, whereas in the second system, the Cartesian 
co-ordinates of the particle will be functions of the two angles 

9 and j>. Of course, time is the independent variable in both 
systems, on which 6 and cf> depend. 


The variables 6, cf> are called “ generalised co-ordinates, ” 

and n is called the “ degree of freedom ”. Usually we denote 

the generalised co-ordinates by q lt q 2 , . . q>i> each of them being a 

function of t. Then the Cartesian co-ordinates x, y, z of any particle 
of the system are functions of the q's, 


X ~ X (q u • • •, q n ), 

so that 




dx 

bx 

• 

+ 

bX . 


bx 


dt 

M i 

<h 

»• + ' 


Mn 

In- 

dy 

by 

• 

+ 



by 


dt ' 

~ Mi 

<h 

* • ♦ 

+ 


E, 

dz 

b z 

• 

+ 



7)Z 


dt ~~ 

~ Mi 

<h 

• • ft 

+ 

KJA 

Mu 

Qft' 


Thus, we know the velocity of each particle ] 

*’ y ‘ * m terms of ?’ s and also if wc know q lt • . • , q n . These last 
quantities are called the generalised components of velocities. 

The kinetic energy T = \Z m (** -f y* + ^ is now seen t 

be a quadratic function of q u . . q n , the coefficients being func- 
tions of q } . q n . The potential energy V depends only on the 
configuration of the system, and is a function of q lt . . . , ^ only _ 

'r'U „ . _ j_i. _ r . • _ ^ . 

/ 

• ‘In- im • q„ : 


** vve Know 


Thus the function U =T -V is a function of q u 


L = L ( 9l , 


• » • 


9n > <h, •• • , q n ). 
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Ihe corresponding function 1/ in the displaced motion is 
the same function of q x + 8q x , • • •, q n + 8 q n : 

L' = V [q x + 8q lt •• * q n + 8 q n ; + 8^, • • + 8 q, t ), 

so that from Tajdor's theorem we have : 

CT t / T 8 ly o , ,8 ly . c) I-/ rv . . ^ I j ^ . 


3L = L' 


Mi 


Mi + 


+ hq " + S + 


• • « 


+ I, 


Therefore from Hamilton’s theorem we get 


/ SLrff = / 


« 3L 


1 3L 


( 1 ) 


But 


Mr 


Kt) 




* * “ , 

= It « 


Qr) 


dt 


{Mr)- 


Therefore 


“ 8L ^ /*’ 8L 


/ £ * * - / g a <»*> * 




If we take the displaced motion such that at the times t x and t 2 
the q s have the same value, then S q r = 0 both at t x and / 2 . Thus 
we have 


f ^ s- « r d W 

/ = - J dAwJ 


( 2 ) 


Let us write dTt 

ST S(# - V) SL , , „ . 

7 ' 3?,. v 

since V does not depend on q r . p r is called the generalised momen- 
tum conjugate to the co-ordinate q r . Then from equations (1), (2) 
and (3) we get : 


Pr 


(>' = 1, 2, -n) (3) 


p \ 

i 


Since t x and t 2 are entirely arbitrary, we have 


bL 

Mr 


dpr 

dt 


dt 


( 4 ) 


2 ( 

>• = l v 


Mr 


dpr 

dt 


) Mr 


0. 


( 5 ) 


But all the Sq’s are mdependent, therefore (5) can be true only 
when each of the coefficients separately vanishes, so that 

% = 0 . (' = 1 . 2 . •••.»). < 6 > 

ut oq r 


• ^ . V 


) r 


1 
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d fbT\ yi 

dt W/V bq. 


bV 


Those arc ^ - ”)■ ( 7 ) 

rZ c "T - i .? z: m !nTT- 2 V “ r i,d on,or ' «■« 

SupposTngMat^j" 26 ’ 5 E, " aUo “ , ~ " nCtW ” 5 * 

“on V, depend on time „ *“*»• «* petertW fnne- 

g “ n L aIs ° Spends on ,, ^ >" then the Ug £ 


l 


and Z. (8) 

conserved. *"* «* 

A 


2 - 3 


I„ the ,ast SK *: m> ‘ m ' S **-*«,. 

system is determined h ’ ** that the motion of , , 

=r s«t 

c introduce a function T’ defined b f ' E,)Uati ° ns ’ 

^r/ 


T' 


then 


^ j M 


T; 


aj 


rfT' 




n 


i, M »' + ^ 

' = I 


" VP 
' = 1 L 


- v b T 
- " 2 , rfsi '' 


B « from the definition ol ^„, e]iave " , T 

and the last sums on the rich! 1 a ' & * ° U ‘ a ‘ tte first 

left with ght-hand side cancel out and 

uut > and we are 


dV 




3 T 


^ Qrdp r — £ 

which shows that V j s a f, f - r==1 

Now i„ Newton’s mecha n fc°V^ *’* a ” d ? ' S onI '’- 

Lczx*rcf s - - 


2 - 2 ? 
r= 1 C)y r 7 r 


2 T. 


ocit) r « which 
. reduce to the 


F 
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therefore, since p. 






so that from (1) and (3) we find 




Equation (4) expresses the fact that T' represents the kinetic 
energy, but whereas T represents the kinetic energy in the vari- 
ables q„ q„ i.e., in co-ordinates and velocities, T' represents the 
kinetic energy in q r and p,, i.c., in co-ordinates and momenta. 

We define another function H as 


II = T' + V = f p,q, - T + v 

>■ = l 




z prjr — E ; 

= 1 



then we see that H is the total energy expressed in the co-ordinates 
q and the momenta p, so that we can write H = II (/>, q) where 
p stands for all the p lt ■ ■ ■ p„ and q for all the q x ,- q„. This 
function IT (p, q) is called the “ Hamiltonian ” of the dynamical 
system, and we remark again that it represents the total energy 
(kinetic energy + potential energy) expressed as a function of 
co-ordinates and momenta. 

From the equation (2) we see that 


bT 


bT M 




()r. {>' = 1 . 


* • 


, v). 


bq r bq, ’ bp. 

Thus Lagrange’s Equations (G) §2-2 may be written 

bh b 


dp, 

dt 


bq, bq. 


(T - Y) 


k < r + v > - - 


d\ 


Also from the second part of (G) we have, since -- 


bq 

0, 


( 6 ) 

( 7 ) 


a 


<7 




dt 


bV _ b (r , _ bH 

bp, bp, (+) bp. 


Thus we have the system of 2 n equations 


a - ‘tSf 

q, ‘ dt 

\ l - 

\P> = PH 


V? (r = 1.2, »), 

dp,- 


m 


at tyy 

These are' called “ Hamilton’s Canonical Equations ” and they 
depend onl>\ on the total energy. With their help we can deter- 
mine the motion of the various parts of the system even if we do 

V 

V 


, (r = 1, 2, •• •, «). 


( 8 ) 


( 9 ) 
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not know the actual mechanism such as the interacting forces, 
etc. They represent the simplest form in which the generalised 
dynamical equations can be expressed, and they form the basis 
of various investigations in higher dynamics, astronomy and 
physics. 

2 • 4. Relativistic Lagrangian and Hamiltonian. 

In the previous sections we saw that the Lagrangian function 
L is given by 

L — T — V, (1) 

where the kinetic energy T is expressed as a function of p r , q r> by 
means of the relations 

_ IT _ 

c )q r c )q r 

We have also seen that Newton’s equations of motion are 
equivalent to Lagrange's equations 

dp,. ^ d. / TL\ _ c>L 

dt ~ dt \c )q r ) bq r 

Now the relativistic kinetic energy of a particle of rest mass 
m 0 , moving with the velocity u — pc, is 


P 


( 2 ) 


( 3 ) 


T 


m,c 



l) 

- B 2 ) 


Cl - p 2 V 

We wish to express the relativity equations of motion in the 


Lagrangian form (3). But we find that 


ST 

bx 


does not give the 


m 0 x 


correct relativistic momentum _ 

Cl - p 2 ' 

fore find another function T* such that 


We must there- 


to* 


Cl- B 2 


p 


bT 


bx 


• ; 


( 5 ) 


similarly for the y- and z-components. Then we have : 

rv . t>T* bV , . , bV 

a 1 — — dx -f — r- dy + dz 


bx 




c )Z 


m 


Vi 


^ (xdx + ydy + zdz) = , 

P 2 Vl - p 2 

because 'c'-p 2 = u 2 = x 2 -4- y- -f z 2 . Integrating, we get : 

T* = -m 0 c 2 Cl - P 2 + A, 

where A is a constant of integration. Now for a velocity u which 
is very small compared to c, the function T* must reduce to the 
classical kinetic energv \ m 0 u 2 . Therefore 
3 
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| }>: 0 u 2 


m 0 c 2 (1 - ^ 2 ) + A, 

m^c 2 + bn 0 u 2 + A, 


so that 

A = m 0 c 2 . 

Thus the function T* is determined to be 

T* = m 0 c 2 (1 - V 1 - F) ■ 

The relativistic Lagrangian L can now be defined as 

A- /v»\ T T 

L - T* 


( 6 ) 


V= m 0 c 2 (1 - Vl -£ 2 ) — V- 

and then the relativistic Lagrangian equations 

d (SA = etc.. 
dt\bxj <>X 

are identical with the equations ol motion. 

As in Newtonian mechanics, we define the relatmstic 

Hamiltonian to be 


( 7 ) 


( 8 ) 


H = px'x 4- p y y 4 pzZ - L 


x - L 


S -r- 7 - ^ 


L. 


( 9 ) 


It can be shown that H stilly denotes the total energy, i.e., 
the sum of the kinetic and potential energies. 


We have in fact, on account of (5) : 


Zp x x 


V, ^T* . 

S rr * 
bx 


2 m jL^-x 
Vl - F 


m 0 u 2 

” 1n {k 2 + f + p) - vrzr f 


m n /3 2 c 


VI - F 

Therefore, from (9) and (7) and (4) : 

m o p 2 c 2 _ 

H = Zp x x -b= ^ 


Vi-F 


P 


m 0 c 2 (1 - Vl-F) + v 


- ni 



V = T + V, 


( 10 ) 


da bowing that H is the total energy 

’ m 0 x 

Vi~P 


m 0 z 



we have : 


P 


* + Pf + Pf 


2 .. m 2 u 2 


m^F 

2 = r^?‘ 


Thus 




+ Pf) - lirp - 1 =? 


p 


i 


i 
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Therefore 

, = J;I V, 'Ar 2 4' PC + pz~) + 1= h; 1; 2 K^Vu^/V) 

i — p ))Iq l Ul 0 t 

we find finally from (10) : 

II = c »l 0 2 C- + p x~ + py~ 4" p:~ »*0‘- b W (11) 

With this value of H, the canonical equations of Hamilton : 

dx _ M I dp x _ _ MI 

eft ~ bp~f ~dt ~ c\v’ 

are verified to be identical with the equation of motion. 


( 12 ) 


2-5. Canonical or Contact Transformations , Cyclic Wiriablcs ; 
the Hamilton- Jacobi Partial Differential Equation. 

Hamilton’s canonical equations will determine q r , p r (r — 1, 
as functions of t, and of 2 n constants of integration. 
These 2« constants can be chosen at will. For example, we can 
take the initial co-ordiantcs and initial momenta. 


Now consider the integral 


* 

U 

ii 

1! 

-f(Z p,q r - 

- n) 

dt. 



0 

o , = 1 



then 








4U = pydq 

1 + • ■ • 4- Pndq.t - 

- I idt. 

so that 








DU 

DU 

DU 

= - H. 



II 

"’*q~n ~ p "' 

C )t 

From the 

last equation 

of (3), rve get 

on 

substitut 

H {p 1 1 ■ ■ ■ 

. Pn 

» 9l > Qn> 

0: 




du 

+ H (q v ■ 

DU 

MI . 


u 

• • n • • * 

’ q,t ’ *9x’ 

’ bq, 

v t) = 0. 

1 


( 1 ) 


( 2 ) 


( 3 ) 


( 4 ) 

The function U defined in (1) satisfies the partial differential equa- 
tion (1) which was given by Jacobi. 

If the Hamiltonian H does not depend explicitly on t, we have 
seen that the total energy is conserved, and 

^ (?1> * • • » P l» • • • } p/i) ~ E (5) 

The function U then becomes : 


u = f (Z p,.q r — E) dt = s 

o r 


E t 


( 6 ) 


where 


/ 


S = I {Z PAr) dt — J D P,dq r . 

or or 


(?) 
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i 2 S 


l'jom (7) we g*-t 




*‘b 


/>, (r - 1. • ■ «). 


(•) 


F. 


(•) 


and then the equation (’») Ummrs: 

/ >S \ 

11 ('/, ■• • ( v /t * "\\fj 

Now suppose Hut the Haindton.an H iW* M «onta,n «p4*- 
citlv one of the f*. MV Then Imm Ham, Item a <«-*•> 


equations : 


p 




mi 


-e 0 M 


th ,t /'i 


< 1 * 


where o, is a ion,t.mt in.U</<»..U i,t of time Such » coorriiaate 
^ is called a eve lie variable, and i* an mt.fTol <4 the 

of motion. 

However, if oil lire * Me al«.nt ''em II -r h*et * “**«• 
,als ol motion I'tovirU.I t.y the « moment. 


P l ~ “ 




II (milter, the ll.milt.ntun .lews not ...t.t.tn the 
H is constant, ami therclotc from the other set cl <»-«*> 


equations, we get 




Ml 


— constant ” •». (**'*• 


(ID 


so that 




(tf 


J + /?,. (r - 1 . 


(**» 


in\ r***<c*s th*t*lof£. i* inte^T^fa 
In (ii) ana ^3) we 

containing the 2a constants ^ . 

We rcm.uk that the pmbkm ol mtcgr UMg ^ 

equations ol motion is rerloecl to.be 
Z variables f,. «. by new .-.rubles r„ 0- 

the following two properties : 

(1) they preserve the emaomcal Inn. « 

motion ; 

(2) they transform the .. 

contain I. Q, 0 . «P*«*ly 

Suppose that such «ew Tarsal*. 0 , 

QKAOS of the trawl on*atw« : 















*-*< 0 . • • O- 
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We shall 'h-termine the condition that this transformation 
leaves t lie canonical form of the* equation, of motion unaltered, 
that is to sav, that the transformation is a “ canonical " or 


a "contact" transformation. 


Now wc* haw i n n tliat the caiioiiie.il equation? of motion 
are tquivd nt to II miilton’* variation juiu- i[>le 


t 


s J 

0 r 


Hi lit 


j I Ji 


----- 1 1 


( i o) 


If we change to new variables Q r , IV, the condition that they are 
canonically c onjugate, t e . that they satisfy the canonical (-(illa- 
tions 


d(), d\\ 

dt ol'/ dt 
where K is the new Hamiltonian 


,>K 


t.O 


(10) 


K ! Q, . IV. I) -- II [q„ p„ t). 


would be 


( 17 ) 


f 

o J [E V,Q r - K) dt = 0. 


(18) 


From Calculus we know that for each one of these equations 
to be a consequence of the other, it is necessary and sufficient that 


{E p,q, - H) - [E l’,Q, - K = 


dj 


dt 


(19) 


where /is any function of t and the canonical variables. 


That 


for 


8 1 {(2T p,q , - H) - (E P,Q, - K)} dt = 8 / d f 


dt 


dt = (>[/)= 0(20) 


since 


can be verified that 


The equation (19) is a relation between the various canonical 
variables, of which any 2 n can be taken as independent. There 
will be four sets of these 2 a indenendent variiihW • 


9rn • Pl‘ * • * » Pm) (Q|. • • • . Q m ; Pj, . . P„) ; 

?** • • •• ***) * (Qi* • • -. Q* ; pt, . . p m ). 

The most important case is the selection of the variables 

(fi» • f* i • • •« P„). 


( 21 ) 


/ 
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Then we must consider the equation (19) as an identity in 
q r p ri so that we must equate separately the coefficients of each 

q r and P r , as well as the term independent of these. 


Now (19) can be written as : 


df 


v h a 

r 


• V 1 w / 

H {q r , IV, /) - S P - K (<?,, P,-, /) + J t 

\ • 4/ 

= “ 27 P ; .0,- - £ Q r Pr — K (q n P,, o + d i 

lit r r 


dV 


E Q,P, - K {q r , IV, t) + dt - 


(22) 


¥ 

w | iere X' =/ + E Pr O r is also an arbitrary function of the 


canonical variables IV, and of t. From (22) we get then : 

;>F 


P” 


n <>1* ... X o 

, O,- = N1 y, v — -> 

cV/ r ~ Wr 


, n), 


II ( q„ P r , i) = K(? r , P,-,0 


NF 


(23) 


In the particular case when H does not contain t explicitly, 
we can, in general, choose F so that it also does not contain 
explicitly. The transformation equations (23) therefore become . 

,, -g .). 0 ,=, W,,r,). (<•= c 


dq r 




, »») ; 


(24) 


II [q r , Pr) “ K(^. P ')- 

We see that in this particular case, the Hamiltonian is invariant, 
which is evident since it represents the total energy. 

A 


2 - 6 . 


Integration of the Canonical Equations. 


In this paragraph we write <£, for Q, and a, for IV 111 
to conform to the usual notation in quantum tneo y. - 

n in order to integrate the canonical equations, we mus 
VVr uVstluon such that the ttansfonneh Ha.ui.ton.au 
does not depend on g lt • • • , q. and V but depends only on <*,■•■ . <V 
The transformation equations (23) § 2 • 5 are now 


Pr 


fq r {qr ’ °' l) ’ ^ ^ {qn ^ l) ’ 


( 1 ) 


H {q r , a r , t) = K(a r ) 


bF 

bt 


((Jr> a ri 0 • 


The new canonical equations of Hamilton would become : 


<f) r 


bK 

bdr 


a r 


&K 

beb 


0, 


( 2 ) 
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so that all the a’s are constant : 


/% • 


cij — Ci , ci o Co, • > a n i fi , 


and the new Hamiltonian K, being a function of the 
constant : 


( 3 ) 

a’s is also 


K (a,, 


• • 


, a H ) = Constant = K. 


(i) 


c)K 

Thus a— is also constant, and we find 
01 .. 


4>r = 


bK 

bo. r 


CO 


r 


(say), 


( 5 ) 


t.e., 


(j) r — C Oft j- ft,-, 


{r == 1 , * ■ *, n). 


( 6 ) 


Expressions (3) and (G) are the integrals of the canonical 
equations of motion, and they contain the 2 n arbitrary constants 
c r and ft r . 

It remains for us now to determine the transformation 
function F. We set 


F (q r , a r , t) = E \t 4- U {q r , a r , i), 

and get on account of E depending on a r only, 

. bXJ 


( 7 ) 


Pr 


bF _ bXJ 
bq r ~ c )q r y 


bF bF, ^ 

ba r ba r 


ba r 


— co r t 


bXJ 

ba r 


( 8 ) 


From (1), (4) and (8), we obtain therefore 


H 



D U 

bq r ' 


t 




(9) 


which is Jacobi’s equation. 

We have consequently the theorem given by Jacobi : “If the 
complete integral U {q x , • ■ •, q n , a,, •• •, a,„ t ) of the equation (9) 
has been found which contains the n arbitrary independent con- 
stants a,, • • • , a„, then Hamilton’s canonical equations of motion 
have the 2 n integrals : 


DU 


Da 


r 


Pr - a >,-t = ^ =- p r , (r 


1 


' • , ») , 


( 10 ) 


where ,8,, • • •, P„ are new arbitrary constants. ” 

In the particular case when H does not contain t explicitly, 
the Jacobi equation (9) can be simplified by writing, as in (6) § 2.5: 

u = s (q r ) - Eb (11) 

so that 


Pr 


DU _ DS DU 
bq r ~ bq r ‘ hi 


- F„ 


( 12 ) 
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Thus (9) becomes 



A complete integral of this equation containing n arbitrary 

constants a lt •••, a n will be S [q x , ■ • • , q n < E, «n a n)> s0 

that the function U in (11) will contain n + 1 constants a lt • • •, 


a,.. E. We write therefore 

E =a x , 



Then 

U = S (t/j. • • • , E, a.,, • ■ •, o„) 
so that from (10) 


E t, F = E/ + U = S {q, a), (15) 


5U 

5E 


t + 


5S 

i>K 


Pi. 
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The {n — 1) equations — 


5a ■> 


5S 


ba 2 

5S 


Pi . 


5S 


ba 


Pn ■ ( 16 ) 


n 


• • 
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r= give the form of 


n 


the orbit, and the equation — Pi + t gives the time at 


w 


•hicli the system has a certain position in the orbit. 


We have also 



If orthogonal co-ordinates are used, the function H ( p r , qf) 
contains the p r as squares only, so that the Hamilton-Jacobi 

equation H (||, = *i contains the ^ only as squares. 

In the applications with which we shall be concerned in this 
book, it will be found that it is possible to separate the Hamilton- 
Jacobi equation into parts each of the form 



such that if each part is satisfied, the equation (10) is satisfied 
as a whole. Any one equation in (18) contains only one of the 
co-ordinates q r . If this separation can be effected, the complete 
integral of the Hamilton-Jacobi equation is then given by integrat- 
ing the total differential equation 

1 
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IQ _ dS , dS , t>S , 

dS + d q* + "• + cf n dq » 

= V'/E'/i, a r j dq 1 -f a,) dq, -f • • • +V /„(</„. <?,-) 4<7„, 

which gives on integrating 

s “ f <*>•)}* dqi + • ■ • 4- / a r )}idq n , (19) 

where a r stands for all the a x , a 2 , • • • a„. The orbit and the time 
can then be determined from the equations (13). 


2- 7. Periodic Motions and the Action and Angle Variables. 


In the present volume we shall be concerned only with 
periodic systems. Now, this periodicity is of two kinds. Either 
q oscillates to and fro periodically in time between two fixed limits, 
or the corresponding p is a periodic function of q. The first 
case is spoken of as one of liberation and is illustrated by the 
oscillating (simple) pendulum. The second case is that of rota- 
tion and is typified by the conical pendulum. 


For convenience, we confine ourselves at first to systems 
with one degree of freedom. Then we choose the new variable 
P of the last section in such a way that it increases by 1 during 
one period of the motion. We denote it then by w and the corres- 
ponding conjugate variable by J. w is then called an “ angle 
variable ” and J an “ action variable ”. As w and J are particular 
examples of the variables p r , a r used in the last section, we see 
that the transformation function S will depend on j J so that 

S=S(q, J). 


Then from equation (17) §2-6, viz., p = b ~, we get on writing 
w for p r and J for a r , 


and 





The differential coefficient of w along the path is then 

Dw d /dS\ d /dS 

. V>J/ 

Then 


Dq l>q \DJ 


DJ\Dq 
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where the symbol ([) denotes that the integration is to be extended 
over one period, i.c., in the case of liberation, over one back and 
forward motion of q, and in the case of a rotation, over a path of 

length -77 . 

o 

That the period of iv shall be 1 therefore implies that (j> dw = 1, 

consequently 

(4) 

L_ V 1 _ / _ v Ilf * * *J 

>u 


aj 




(\) pdq = J, 


(5) 


T'iiir can be satisfied if we take 

,'c>S , 

9 ,lf = 

or. iu other words, J is equal to the increase of S during one period. 

The above analvsis gives the meaning and properties of the 
',et, on and angle variables. The question in an actual case is 
how to determine to, J. Tor a system with one degree of freedom 
we have the Hamiltorian H given as a function of some canonical 
v'.riMb-s P q The transformation function S [q, a) is the 
determined^ ' by integration of the Hamilton- Jacobi equation 


• 7 ; - s 

J 1 ( v. v 


n 


_ a. Then we find the value of 


lb»i 

^ iq 


dq. 


Obviou'-lv J is a function of a, and inversely, we can find a as a 
taction 'of J. When we substitute this value of a m S (}, a), we 

get S as a function of q, J. 

Bv means of the transformation 

_ bS(q, J) 

^ " bq 

bS{q, J) 

, , . _,:ii become periodic functions of w with the period 1, 

b and (J ^ ill oc 1 tt T-T / T\ The canoni- 

Y , „ a of T alone, i.e., H= H (J). the canon 


IS of 

motion 

are 


dl _ 

&H 

- 0, J ; 

= Constant, 

dt 

bw 


dw 

m 

= V, w = 

= vt + jS, 

T ~ 

aj 




(6) 


£ moiioi; it follows that H is a 
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function which increases continuously with J. Consequently v 
must be a positive number ; it is equal to the number of periods 
in unite time, or the frequency of the motion. 

If the system has many degrees of freedom, say n, then we 
assume that each of the q r has a periodic character of one of the 
two kinds explained above. We also assume, as frequently 
happens in quantum-theoretical applications, that the Hamilton- 
Jacobi equation may be solved by separation of the variables, 
i.e., as in (19) § 2- G, that the transformation function S breaks up 
into a sum of n terms each of which depends on a single q r ; i.e., 
in the case of cvclic co-ordinates : 


- '3 1 ((7l> ^1 > ' ' t *-V;) 1 


~'/i Aft 1 ^ 1 > » n ;i 1 i 


(') 


so that 


Pr 


t>q r 


V 


1 


• • 


, n), 


( 8 ) 


and p r is a function of q r alone. 


Therefore each integral 


j,=di 


r 


[r = ], • • •, n) 


(9) 


taken over a period of q r is constant, depending only on the con- 
stants a x , • • a n , as is evident from (7) and (8). Each of the J r 
is thus a function of <4, • • • , a n , and inversely therefore each of the 
a r is a function of J 1( • • ., J n . Particularly aj, i.e., H is a function 
of J,, • • • , J„. Each of the S r is then a function of q r , J., • • • , J ;j . 

We can now introduce the angle variables u> r conjugate to 
the action variables J r by the equations 


w 


aj. 


as 


n 

2 M . 


{r = 1 , • • 11) 


( 10 ) 


It is then not difficult to show that the q/s are multiply 
periodic functions of the rev's, in the sense that e.g., q x (w lt - • • , u>„) 
goes through one period when w 1 is increased by 1 while the other 
z^’s remain unaltered ; the remaining q s q 2 , • • •, q„ may also depend 
on zeq, but they return to the initial values without going through 
a complete period. Similarly the function q 2 [w x , rey, • • ■ , w„) 

goes through one period when w 2 is increased by 1 while all the 
other w’s remain unaltered ; q x (w lt u> 2 , ■ • • , w„), q 3 K, w,, ■ • . , w „) , 

”‘ An i w i, w-i, ■ • • , w„) return to their initial values without 
going through, a complete period. 

For a non-degenerate system, i.e., a dynamical system in 
which the number of independent frequencies v x , • • • , V)l is equal 
to the number of degrees of freedom, the action variables T, ... T 

J 1 1 > J n 


t 1 « 
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vr* isnruQ! “Hit* theorem wa s proved by J. M. Burgers in 
1917 Tbc actum variable* J,. • • •. J. arc therefore also called the 

** alubulic tenmab **. 

tf th u A roente. ».# . if the number of independent 

• rwi »? Ik?; it". »a m. it tt pemible. by a linear transformation, 
to a ail ftr* vtioo variables J/ and angle variables equal in 
>-r ta th? independent frequencies It is then only these 
vm J/ trhvh are at tabu tie invariants.* 
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Chapter III. 

STRUCTURE OF THE ATOM. 


3 • A Rutherford's Investigations. 


Since the eighteen-nineties, when J. J. Thomson performed his 
experiments on the discharge of electricity through gases, it lias 
been known that the atom is not a simple indivisible unit, 
assumed previously, but is a complex structure consisting of still 
smaller particles. One kind of these particles were discovered bv 
Thomson, and are now called electrons ”, The rest mass in of 
an electron is estimated to be about 9 • 04 x lO - ^ grams, and it 
carries a negative charge of electricity — e, where e— 4-77 x 10~ 10 
E.S.U. An electric charge less than c has never been observed, 
and all experimental evidence leads to the conviction that it is 

the smallest amount of electric charge that exists in nature, all 
other charges being its integral multiples. 

In the early years of the present century, Rutherford and his 
collaborators performed experiments to determine the nature of 
atomic structure. These experiments consisted in their main 
outline in letting a dense current of swift a-particles pass through 
a thin metal plate, and observing the deflections in their directions 
of motion. It was found that a small fraction of the a-particles 
were able to be deflected through a large angle, more than 90°. 
In the year 1911, Rutherford pointed out that these large deflec- 
tions would be due to the a-particle passing through a strong 
electric field existing within the atom. Thus, Rutherford was led 
to the conclusion that the atom consists of a positively charged 
nucleus ’ ’ of very small dimensions in w'hi'ch practically all the 
mass of the atom is concentrated. As the least value of the 
charge is e, the positive charge on the nucleus can only be -f- Ndt, 
where N is an integer. However, since a normal atom is electri- 
cally neutral, Rutherford assumed at the same time that the 

nucleus is surrounded by the number N of electrons, arranged 
about it at various distances. & 

The large deflections of some of the a-particles can, on this 
nuclear hypothesis, be accounted for by supposing that they pass 
through the atoms in their path and enter the intense electric 
held in the neighbourhood of the nucleus, thus suffering deflection 
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from their rectilinear path. It is obvious that this deflection 
could not be caused by the surrounding electrons, since the mass 
of an a-partiele is more than 7,000 times that of an electron, and 
its velocity is immense, being about one-tenth of the velocity of 

I j.-rt *■ 

1 I ^ * V • 

The value of the integer N in the charge Ne on the nucleus 
can be deduced readily from the observed value of the deflection 
ancle, if it is assumed that the forces between the a-particle and 

% ~y 

the nucleus are repulsive, and follow the law of inverse squares. 
It is known from elementary dynamics that in this case the 
a-particle describes a hyperbola round the nucleus as the external 

focus. 

p 




Suppose that the nucleus of the atom is S, possessing a charge 
-f Inc, and that the mass of the a-particle is M and its charge is 
+ E. As a matter of fact, an a-particle is a helium atom doubly 
ionised, and we know that its mass is about four times that o 
the hydrogen atom and its charge is + 2e. Let the a-partide 
enter the atom in the direction PO such that it just misses the 
nucleus S by a distance p. This means that the distance $ 
from the nucleus S on the tangent at P is p. Let the ve oci y 
of the particle at P be d, and suppose that the particle describes 
part of the hyperbola PAP', so that on escaping the atom its 
direction of motion is OP'. OP and OP' are thus the two asymp- 
totes and O the centre of the hyperbola. The deflection in 

* 

* 

♦ 


♦ 


i 
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Substituting (2) and (7) in (1), we get 



b _ 

a NeE ’ 




It was at first deduced from observations of the deflection 
angle 6 that the value of N was equal to about half the atomic 
weight. In 1913 Van den Broek suggested that the value of N 
was exactly equal to the atomic number, i.e., to the serial number 
of the clement when all the elements are arranged in the periodic 
table cf Mcndeleef in order of the increasing atomic weight. This 
view was advocated by Bohr who adopted it for his quantum 
theory and it is now universally accepted. 

The fundamental result of Rutherford’s experiments is, there- 
fore, that each atom consists of two parts. The centre of the 
atom is occupied by a " nucleus ” which is much smaller than 
the whole atom, and which carries practically the whole weight of 
the atom. The nucleus, moreover, is positively charged, the 
magnitude of the charge depending on the atomic number N of 
the element, being in fact equal to Ne. The second part of the 
atom, the extra-nuclear part, consists of a number of peripheral 
electrons, their number being equal to the atomic number N. 

As the dimensions of the nucleus are exceedingly smaller 
than those of the atom, the internal structure of the nucleus 
will not affect sensibly the distribution of the peripheral electrons. 
Consequently, as pointed out by Bohr, the ordinary chemical and 
physical properties of the elements will depend entirely on the 
number and distribution of the extra-nuclear electrons. 

The internal structure of the nucleus is responsible for the 
phenomena of Isotopy and Radioactivity. 


3 • 2 . Rutherford’ s A tom-Model. 

At the time of Rutherford’s investigations, and even as late 
as 1932, only two kinds of fundamental particles were known ; 

(1) the electron, carrying a mass m and a negative charge ( — e), 

(2) and the ionised hydrogen atom, or the hydrogen-nucleus, 
with a mass, 1847 tn approximately, and carrying a positive 
charge ( + e ) . This hydrogen-nucleus is now given the name 
“ proton The proton was until few years ago the smallest 
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known positively charged particle. It was therefore considered 
that all matter must be constructed of the two fundamental 
particles, electrons and protons. 

Rutherford applied this conception to his nuclear model, 
and gave the following account of the structure of the atoms of 
all the chemical elements in the Periodic Table. 

Let an atom belong to the chemical element of atomic number 
N, and atomic weight w, where it is knowm that except for hydrogen, 
i.e., N = 1, w is ahvays greater than N. From his investigations 
Rutherford knew that the nucleus has a charge + Ne. More- 
over, the weight of the atom is w times the weight of the hydrogen 
atom, and this whole weight is concentrated in the nucleus. 
Since the proton is much more heavier than the electron, we can 
neglect the weight of the electrons when considering atomic 
weights. The weight of the hydrogen atom is, therefore, taken 
to be the weight of its nucleus, i.e., that of a proton. The nucleus 
of the heavier atom must therefore contain a number w of protons, 
to give the atom the necessary weight w. This would, however, 
give the nucleus a charge ( + we) greater than the actual charge 

( + Ne). This charge can be reduced only when the nucleus 
contains a number ( w — N) of electrons. 

Thus, according to Rutherford, the given atom has a nucleus 
consisting of w protons and [w — N) electrons. Around this 
nucleus are distributed a number FT of peripheral electrons. 

Por example, the atom of hydrogen has N = 1, w = 1. The 
hydrogen-nucleus consists, therefore, of one proton only, and the 
atom has one peripheral electron revolving round the proton. 

For helium, N = 2, w = 4. The helium nucleus consists 

therefore of 4 protons and 4 - 2 = 2 electrons. This is the well- 

known alpha particle. Around this nucleus there are two peri- 
pheral electrons. 

Similarly for all the atoms of the Periodic Table. 

In this account of the structure of atoms we have taken for 
granted that the atomic weight w is an exact integer But this 
is not always the case. The weight of the heavier atoms is in 
general, not an exact integral multiple of the weight of the 
hydrogen atom. For instance, the atomic weight of the neon 
atom is 20-17, and that of the chlorine atom is 35-44. To account 
for this discrepancy, it was assumed that there exist variants 
of the same elements, i.e., atoms, with the same nuclear charge 

% 
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and the same atomic number, but with different atomic weights. 
These variants of the same element are called “ Isotopes The 
actual existence of the isotopes was proved by the experiments 
of F. W. Aston, who designed his “ Mass-Spectrograph ” to detect 
them. Two isotopes of the same element would have the same 
spectral and chemical peoperties, since these properties would 
depend on the number of the peripheral electrons, or what is the 
same thing, on the nuclear charge only. And this nuclear charge 
is the same for the two isotopes. They differ simply in the struc- 
ture of their nuclei. Thus, chlorine has two Isotopes of atomic 
weights 35 and 37— exact integral multiples. The nucleus of the first 
isotope consists of 35 protons and 18 electrons, and there are 17 
electrons round this nucleus. The nucleus of the second isotope 
consists of 37 protons and 20 electrons, and there are 17 electrons 
revolving round this nucleus. Chlorine, as found ordinarily, 
is a mixture of these two isotopes, and the atomic weight deter- 
mined by chemical methods, is the mean atomic weight of the two 
isotopes. 

Various isotopes of almost all the chemical elements, including 
hydrogen and oxygen, have been discovered. Some elements 
have more than two isotopes, thus tin has 11 and xenon 9 isotopes. 


This picture of the nuclear structure suggested by Rutherford, 
prevailed practically unaltered till 1932. In that year, however, 
two more fundamental particles, viz., the neutron and the positron, 
were discovered, placing the question of nuclear structure on 
entirely different foundations. 


3-3. The Neutron. 

The existence of neutrons was postulated by Dirac and by 
Pauli in 1931 on theoretical grounds, but was experimentally 
demonstrated by J. Chadwick in 1932. When swiftly moving 
a-particles, emitted from the radioactive polonium, strike a 
beryllium plate, it was found by Bothe and Becker in 1931 that a 
radiation is ejected which is of such enormous penetrating power 
that it can pass through thick metal plates. It could not there- 
fore be the ordinary radiation. It was found further that this 
"beryllium radiation" consisted neither of a shower of protons, 
nor of a- and j3-particles. Chadwick pointed out that this radia- 
tion could not even be the electromagnetic y-rays, but that it must 
consist of uncharged particles moving with large velocities. He 
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called them “neutrons,” and determined experimentally that 

the mass of a neutron is very nearly equal to the mass of a proton. 

The collision of a beryllium atom with an a-particle producing 
a neutron can be represented by the equation : 

Be* + He* -* C“ + H J, 

where the upper indices denote atomic weights, and the lower 
indices the atomic numbers (nuclear charges). 

It was at first believed that the neutron is not an elementary 

particle, but composed of an electron and a proton. But this 

view has been given up, and the four particles, viz., electron, proton, 

neutron and positron, are all considered to be elementary. The 

dimensions of the neutron are much smaller compared to the 

distance between the atomic nucleus and the peripheral electrons. 

It is evident therefore, that the neutron can easily pass through 

the atoms in the metal plate, the more so as it has no charge 

and is consequently unaffected by the electric fields of the nucleus 
and the electrons. 


3* 4. The Positron. 

Dirac’s relativistic- quantum mechanics published in 1928, 
made it theoretically evident that there exists the true counter- 
part of the electron, i.e., a particle of mass equal to that of the 
electron but with a positive charge e (cf. Chapter XI, especially 
§11-6). The actual experimental demonstration of the existence 
of such a particle was, however, long delayed, and it was only 
at the end of 1932 that Anderson and Blacket could discover it 
independently. These particles are called positive-electrons, or 
more shortly “ positrons 

Ihe positrons are created when the highly jjenetrating cosmic 
rays fall on matter, or when fast moving particles strike an atomic 
nucleus. Their presence is detected by means of the Wilson 
chamber from the fact that their tracks are curved in the opposite 
direction to the tracks of the electrons. They have, however, 
an extremely large tendency of combining with the electrons, so 
that both the positron and the electron disappear and radiation 
is emitted. As remarked in the last section, the positron is an 
e ementarv particle, and one of the primary constituents of matter. 

3- 5. Structure of the Nucleus. 

In Section 3 • 2 we saw that Rutherford considered an atomic 
nucleus to consist of protons and electrons, because these were 
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the only two kinds of ultimate particles known at that time. 
Since then, however, as described in the last two sections, two 
more ultimate particles, viz., the neutrons and the positrons, have 
been discovered. It was natural therefore, that physicists should 
consider a revision in our ideas of the nuclear structure. 

This revision became inevitable when investigations on the 
hvperfinc structure of spectral lines and the stability of radio- 
active elements, showed clearly that free electrons cannot be a 
constituent of the nucleus. 

In 1932, Heisenberg suggested that atomic nucleiiare composed 
of neutrons and protons only, there being no free electrons. The 
hydrogen-nucleus consists of one proton. The helium nucleus 
(a-particle) consists of two neutrons and two protons. 
Hej -> 2 n\ + 2 p\. This is a particularly stable configuration, and 
therefore a-particles enter as fundamental particles in the combi- 
nation of heavier nucleii. Thus the nucleus of chlorine, of atomic 
weight 35 and atomic number 17, would be composed of 
8 a-particles, one proton and two neutrons : 

Cl*? -> 8 He* + 2 n\ + 

where we assume that the proton has " atomic number ”1. 

Now, if a neutron is added to the nucleus of the atom of any 
element, it does not increase the nuclear charge, but only the 
weight of the atom, thus giving rise to an isotope of that parti- 
cular element. If more neutrons are added, further isotopes of 
the same element are produced. The number of isotopes is 
determined by certain conditions of stability. The neutron thus 
explains the formation of the isotopes as well. 

This account of the nature of matter is by no means complete. 
It is only one side of the picture, as it were. In Chapter VII we 
shall see that matter has not only a corpuscular aspect but a wave- 
aspect also. This dualism is a universal phenomenon in the 
domain of modern physics inasmuch as it is an integral and 
experimentally established fact in the theory of light as well. We 
shall devote the next chapter to an exposition of this dual nature 

of light. 
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Chapter IV. 

THE QUANTUM THEORY OF RADIATION. 

4-1. The Dual Nature of Light, and Einstein’s Light-quantum. 

The optical phenomena generally known in the time of Newton 
and Huygens, were those of rectilinear propagation and of reflec- 
tion and refraction. It is well known that Newton proposed 
a corpuscular theory whereas Huygens put forward a wave-theory, 
to account for these phenomena. The controversy between 
the followers of Newton and those of Huygens was, however, 
mainly a philosophical one. The facts themselves, so far as they 
were known in those days, could be explained equally well on 
both the corpuscular and the wave hypotheses. 

Experimental investigations during the early part of the 
19th century revealed the hitherto undetected phenomena of 
interference and diffraction. It was found that these phenomena 
could be explained only on the wave-theory. The particle picture 
failed for them completely, and fell into disrepute. When 
Maxwell published his electromagnetic theory, and when this last 
theory was confirmed later by Hertz’s discovery of the electro- 
magnetic-waves, the corpuscular hypothesis was completely 
obliterated, and the wave-theory reigned supreme in the domain 
of optics. 

By a strange irony, Hertz himself was the discoverer of yet 
another phenomenon which was to challenge the absolute supre- 
macy of the wave-theory, and which ultimately brought the 
corpuscular view again into the picture. There is this dif- 
ference, however, that whereas in the 18th century, the two views 
were rival ones in the sense that one of them could be chosen and 
the other discarded at will, they are complementary now in being 
both essential to a description of reality. 

This latter discovery of Hertz — called the “ Photo-electric 
Effect ” — defied all attempts at an explanation on the electro- 
magnetic or wave-theory. Einstein accounted for it in 1905 by 
going back to the corpuscular hypothesis. This conception of 

Einstein’s is, however, not exactly the same as the old one of 
Newton. 
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Einstein took his cue from an earlier idea of Planck’s — the 
idea of the quantum of action put forward in 1900 (see Section 4 -3). 
He assumed that the energy of the incident radiation does not 
get scattered in waves in all directions, but that it remains con- 
centrated in a stream of moving particles or "light quanta”. 
Each quantum of light — or “ photon ”, as it is now generally 
called — moves with the velocity c of light. We shall prove in 
§4-2 that the energy of each photon is a constant multiple of the 
frequency. 

Oddly enough, Einstein’s theory of light-quanta did not 
receive much attention for a number of years, until in 1923 it was 
found necessary for the explanation of yet another discovery — 
the Compton Effect (§ 4- 5). Since then it has made great strides, 
and has as firmly established itself now as the wave-theory. 

When Einstein introduced it in 1905, the conception of the 
light-quantum was a mere hypothesis which explained the photo- 
electric phenomena. The experiments of Bothe and Geiger and 
those of Compton and Simon in 1925, provided more or less direct 
evidence for the existence of the photons. 

All this does not mean, however, that the corpuscular theory 
of light does away with the wave-theory. We have seen that 
the phenomena of interference and diffraction require that light 
must behave as waves. We must retain therefore both the corpus- 
cular and the wave conceptions. They are both necessary and 
they supplement each other. 

This duality is one of the most fundamental facts on which 
the structure of Quantum Mechanics is built. In § 7*1 we shall 
see that there is an analogous duality in the nature of matter. 
Duality is therefore a characteristic of our universe. In Chapter X, 
we shall see how modern quantum mechanics attempts at recon- 
ciling these two contradictory conceptions of corpuscles and waves. 

4- 2. Relativity Theory of the Photon, and Derivation of 

Planck’s Law e — hv. 

We shall use the experimental fact of the dual nature — the 
corpuscular and the wave-nature — of light in conjunction with the 
relativity theory to establish important relations between the 
corpuscular quantities, energy and momentum, and the wave- 
quantities, frequency and wave-length. 
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We have seen in §1-7 that the momentum vector p and 
energy e of a particle are given by 


m v , 


P = m v , (1) 

and 

6 = m c 2 , (2) 

where m is the mass, v the velocity of the particle, and c the velocity 
of light. If m 0 is the rest mass, then 


m c 2 


m 


m 




(3) 


This equation shows that v can never be greater than c . 

No material particle can ever have even the limiting value c , for 

otherwise its mass m would become infinite. There is, however, 

one case when even for v = c, the mass m can remain finite, and 

this case occurs only when the numerator m 0 also vanishes. Thus 

there can be only one kind of particle with the velocity c, and this 

has zero rest mass. This particle is Einstein’s light-quantum 
or photon. 

Now, since v = c for a photon, we get from (1) and (2) 


mv 


v =-;• c, 


t.e., 


(4) 


Eet A be the wave-length and v the frequency in the correspond- 
ing wave-picture, then the wave-number k is defined in optics 

as the reciprocal of the wave-length, i.e., k =h But A = - 

A y 

so that we get 



Comparing the two equations (4) and (5), we find that the 
momentum p corresponds to the wave-number k, and the energy 


e corresponds to the frequency v. But p is a 3-dimensional vector 
having components p x , p y , p z . To get the desired relation between 
the corpuscular and wave-pictures, we must therefore assume 
that the wave-number k is also a vector quantity having the 
components k x , k y> k z , which determine the direction of propaga- 
tion of the light-waves. This means that the direction of motion 
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of the photons in the particle picture coincides with the direction 
of propagation of the light waves in the wave-picture. 

The required relations between the corpuscular quantities 
p x , p y , p z , e and the wave-quantities k x , k y , k z , v are obtained 
by an application of the condition that they must be invariant 
for a Torentz-transformation. 


In the wave-picture suppose that the system of waves with 
wave-length A and frequency v is propagated in a direction making 
angles a, ft, y with the co-ordinate axes. The wave-equation is 
then known to be 



i// 0 cos 



x cos a+y cos fi + z cos y 

A 




where p 0 denotes the amplitude of the waves. 


1 


We have seen already that the wave-number k = must be 
assumed a vector quantity, so that its components are given by 


k x 


cos a 


A 


k 


COS ft 

~A” 


k 


cos y 

A~ 


( 7 ) 


Then equation (6) becomes 

p = p 0 cos 2v (xk x + yk y + zk. — vt). 

The phase of vibration is therefore 

<f> — 2 tt ( xk x + yky -f- zk z ~ vt) . 

This phase of vibration has evidently the dimensions 


( 8 ) 

( 9 ) 



= [length] 0 , i.e., it has no dimensions, and is consequently an 
invariant quantity. From vector analysis we know that the 
scalar product of two vectors is also an invariant quantity, being 
independent of the choice of axes. The expression 

xk x -f yky + zk z — vt (10) 

must therefore be a scalar product of two 4-dimensional vectors, 
since it is invariant. But we know that the space-time vector 
has the components 

x, y, z, ict, (H) 

so that the other four-vector of the product (10) must have 

components 



Now the expression 


x 2 +y 2 +z* - cH\ 


( 13 ) 
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is also a scalar product of the vector (11) with itself. The two 

scalar products (10) and (13) should therefore behave similarly 

under a Lorentz-transformation, and are therefore invariant 
together. 

We see thus that the phase (10) remains invariant under 
a Lorentz-transformation only when it is characterised by the 
4-dimensional vector (12). 

On the other hand, we have seen in § 1-7 that both momentum 

and energy together form a 4-dimensional vector with the 
components (5) § !• 7 : 


Pi = px = mv x , p.,=p 


m 


v r> Pi = Px = >nv x , Pi =,- i 6 

c 


i me 


We have thus two 4-dimensional vectors with components 


Px> pyt fiz> 


l€ 


kx, k y , k z , tV c . 


(14) 


So that if there exists an invariant relation between the 

corpuscular quantities p Xl p y , p zt e , and the wave . theory 

quantities k Xl k y , k z , v, it must be of the form : 

P* — Py — Pr — € 

k.. ~ 


k 


k 


V 


h, (say) 


(15) 


Since this relation has to be invariant and independent of 

he choice of co-ordinate axes, h must be a., absolute constant, 
it is called Planck s constant (§ 4. 3). 

From. (15) we have therefore 


p x = hk x , p y -= hk y , p z = hk z , 


and " ( 16 ) 

° f the three e< ‘ uati °” s < 16 > "e can write the one’ 


P = hk 


h 

A 


(18) 


or, remembering that A = C 


we can write 


P 


hv 


(19) 


The two equations (17) and (19) are consistent with thA f 
W { h ° r Wth the equation 4 , since they give 
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They show that the photon has energy hv and momentum 



Thus the same ray of light which, when considered as 


a -wave, has frequency v and wave-length A, has the energy hv and 
momentum ^ when considered as a particle. 


Equation (17), viz., e — hv, gives Planck’s famous relation 
for the quantum of energy. It is the most fundamental relation 
of the quantum theory, and has been in fact the starting point 
of the whole subject. We have derived it here from the relativity 
theory on the experimental evidence that light behaves some- 
times as particles and sometimes as waves. Actually, however, 
the development was in the reverse order. We shall see in the 
next section that Planck proposed it — as an arbitrary hypothesis, 
of course — long before the corpuscular behaviour of light was 
recognised. We shall also see what a revolutionary conception 
it was, in as much as it admitted discontinuity in natural pro- 
cesses. Based on this energy hypothesis of Planck’s, Einstein 
developed his quantum theory of light, and derived the momentum 

relation p = — by substituting (17) in (4). 

c 


4. 3. Black-body Radiation, and Planck's Quantum Hypothesis. 


The quantum theory originated in an attempt to account 
for the characteristic properties of the heat radiated from a hot 
body. Eet a hot body be maintained throughout its substance 
at a constant temperature, and suppose that there is a cavity in 
the interior of such a body. Inside the cavity there will be 
a continuous stream of radiation in all directions. 


The problem is to determine the distribution of energy 
between the various wave-lengths of frequencies which make up 
the complete continuous spectrum of the black-body radiation. 

In 1899, Lummer and Pringsheim solved tins problem experi- 
mentally in the following way. A small hole is made w the 
hollow body raised to a uniform high temperature. The interior 
is seen to be incandescent, and it is well known that all bodies 
contained in such a furnace appear to be of the same colour. This 
colour is characteristic of the temperature, and is independent 
of the nature of the substance heated. The radiant energy 
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consists of a vast range of mono-chromatic radiations, each present 

in a definite intensity, so that the total radiation has a definite 

spectral distribution, hummer and Pringsheim measured the 

intensity of each radiation, and traced a curve representing the 

distribution of energy among the various wave-lengths. They 

found that there is a particular wave-length A, intermediate 

bet. ween the upper and lower limits, where the energy of emission 
is a maximum. 

Moreover, as expressed by Stefan’s law 

W = at\ (i) 

where a is Stefan’s constant =5-72 x 10~ 5 , and W is the total 
quantity of energy radiated per second in all directions, the total 
energy is increased as the temperature t is raised. At the same 
time, the wave-length corresponding to the maximum energy 
moves towards left, i.e., it becomes shorter. These facts are de- 
scribed in the accompanying figure, where E A denotes the energy 



* 


corresponding to the wave-length A. 


During the latter part of the nineteenth century, many 
attempts were made to account for these experimental facts on 
the basis of the classical theory. Kirchhoff had shown in 1860 
that the amount of energy per unit volume, as well as the distri- 
bution of this energy among the various wave-lengths, is indepen- 
dent of the form and the size of the cavity and of the surrounding 
odies, and depends only on the temperature. From the general 
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principles of thermodynamics, Wien deduced the law that 

= v, /(A<). 



where / is a function entirely independent of the nature of the 
substance, thus confirming Kirchhoff’s results. 

The principles of thermodynamics are, however, not sufficient 
for the determination of the analytical form of /, which can be 
obtained only when some special hypothesis is made as regards 
the mechanism of emission and absorption of energy by the 
vibrating electron. 

b 

Wien proposed that /(A t) should be taken as a e A/ , where 
a and b are constants, so that 



It was found, however, that this formula gave good results 
only for short wave-lengths, but failed for long wave-lengths. 

At the same time, Rayleigh found that /(A t) — cA t, where 
c is a constant, and later Jeans proved that the classical electro- 
dynamics could lead only to this form for the function /, so that 



This formula again was found to be deficient in so far as it 
gave good results for long wave-lengths only, and failed for short 

wave-lengths. 

Planck then discovered that the experimental facts are truly 


1 

represented if /(A t) is taken as c x — 

- 1 


so that the law of 


radiation is 




where 

If 


c x and c a are certain constants. 
A is small, \ is large and therefore 



£2 

- 1 ^ 
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so that for short wave-lengths Planck's formula (5) agrees with 
Wien's formula (3). 

If A is large, then ^ is small, so that neglecting higher powers 
we get 


S> - 1 ( J + s) " 1 ft 

Thus, for long wave-lengths Planck’s formula 
Rayleigh- Jeans formula (4). 



(5) agrees with the 


It was found, however, that the formula (5) could not be 
derived theoretically from the classical theory, so that Planck 
saw himself forced to break away from classical ideas. On 
14th December 1900, he put forward the epoch-making hypo- 
thesis that the charged particle — usually called the oscillator, 
or vibrator, which is the source of the monochromatic light, 
absorbs and emits energy only in discrete quanta. It changes 
its energy not continuously, as supposed in the classical theory, 

but by sudden jumps. The oscillator can have therefore only 
discrete amounts of energ}^ E given by 

E = n.hv, (n = 1, 2, 3, • • •), (6) 

where v is the frequency of the radiation, and h is a universal 
constant, called Planck’s constant. It is evident from (6) that 
h has the dimensions of energy divided by frequency, i.e,, of energy 

multiplied by time. It has therefore the character of an action. 
Its value has been determined to be 


h —6-55 x lO -27 erg x sec. 

approximately. It is one of the most fundamental 
of physics and dominates the whole of atomic theorv. 


( 7 ) 

constants 


4-4. Theory of the Photo-electric Effect. 

In 1887, Hertz let a beam of ultra-violet rays fall on an 
uncharged conductor, and found that under the influence of the 
rays the conductor became positively charged. After the dis- 
covery of the electrons it was recognised that the cause of this 

electrification was the ejection of electrons from the atoms of the 
conductor. 

This effect is called the “ photo-electric effect ”, and the 
electrons which are emitted are called the ” photo-electrons ”. 
It is now generally known that photo-electrons are emitted from 
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a large number of metals and from some gases, under the influence 
of X-rays, ultra-violet rays and even visible rays. 

It is known, further that if the incident light is monochro- 
matic, the number of electrons emitted per second is proportional 
to the intensity of the light. But the energy of the emitted 
electrons does not depend either on the intensity of the incident 
light or on the temperature of the metal. The only effect of the 
diminishing intensity is that fewer electrons are emitted. The 
energy, and consequently the velocity, of the photo-electrons 
is found to depend only on the frequency v of the incident light. 
These velocities are found to range from zero, upto a certain 
maximum v which depends on the frequency v. If the frequency 
v of the incident light is less than a certain minimum value v 0 , 
no photo-electrons are emitted. The value of v 0 is different for 
different metals. The velocity v of the photo-electron increases 
with the frequency v of the incident light. 

As already remarked, the classical wave-theory of light was 
quite unable to account for these facts of the photo-electric effect. 
In 1905 Einstein showed that they could be explained only when 
recourse is had to a corpuscular theory of light. He assumed 
that light of a definite frequency v consists of particles having 

the energy e = hv, and momentum p — This quantum of 

energy does not get scattered in spherical waves in rib 'directions, 
but remains concentrated in a small region of space. In every 
elementary process of emission and absorption of light, energy 
can be transformed only by an amount ,p v . 

On this hypothesis of the light-quanta, Einstein could easily 
account for the photo-electric phenomena. He pointed out that 
the emission of an electron from ^n atom is due to the absorption 
by the atom of one of these quanta. If « is the energy required to 
remove the electron from the atom, then hv — « is used in giving 
it the kinetic energy of rqotion after the emission, so that if E 
is the kinetic energy with which a photo-electron is ejected, ne 


must have 



If tn is the mass and v the /velocity of the emitted electron, 


( 1 ) 

then 


w r e have 
This equation 


hmv 2 =- E = hv — e. 

gives us the velocity of the 


photo-electron, 



which 


t 

i 



4-4 


Theory of the Photo-electric Effect 


63 


is expelled under the influence of the light of a given wave-length. 


e is constant for a given atom. 


Since 3 mv 2 cannot be negative, we see from (2) that no 
photo-electron can be emitted unless hv ^ e, i.e., unless 


v 


( 3 ) 


6 ^ , e 

- j t < ■ ■ v 3* i'o where r 0 = ■ • 

i' 0 is the lowest frequency under which an electron can be just 
liberated, and then its velocity would be zero. i- 0 is therefore 
called the " threshold frequency 

Combining the equations (2) and (3), we get : 

l mv 2 = h ( v - v 0 ) . (4) 

The maximum value of the velocity v would be when r 0 = 0, 
i.e., on account of (3) when e = 0, i.e., when no work has to be 
done in liberating the electron, this maximum value bcincr 

o 


( 5 ) 



Thus the velocities of the emitted photo-electrons range from 
zero upto the maximum value (5). 

If V is the potential difference, necessary to obtain electrons 
of energy \ m v 2 , then we can write 

bnv 2 = eV, (g) 

where e is the electronic charge. From (6) and (2) : 

bnv 2 — hv — e = eV. ( 7 ) 

This is Binstein s equation, and it was verified experimentally by 
R. A. Millikan in 1916. 


Einstein s theory of light-quanta thus explains all the features 
of the photo-electric effect in detail. The basic conception of 
this theory is Planck’s law, that the interchanges of energy between 
atom and radiation can only occur discontinuously by quanta, 
and not continuously as assumed in the classical theory. 

4-5. Theory of the Compton Effect. 

In the year 1923, A. H. Compton discovered that when a 
beam of X-raj^s fell on a body, the frequency of the scattered 
radiation remained unaltered in the direction of the incident rays 
but became lower in other directions, the frequency being in fact 
a function of the angle of deviation. 

This change in the frequency, or the wave-length, of the 
scattered radiation is contradictory to the electro-dynamical 
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theory of scattering given by J. J. Thomson. According to 
Thomson’s theory the frequency of the scattered radiation must 
be the same as that of the original radiation. The classical 
theory therefore fails to account for the Compton effect. Conse- 
quently, Compton saw himself forced to adopt the light-quantum 
hypothesis put forward by Einstein several years ago, and found 
that the quantum theory gave results in agreement with experi- 
ments. 

According to the classical theory each X-ray affects every 
electron in the matter traversed, and the scattering observed 
is due to the combined effect of all the electrons. Assuming the 
light-quantum hypothesis, Compton pointed out that a quantum 
of X-rays is not scattered by all the electrons in the radiator, but 
gives up all of its energy and momentum to some particular 
electron. This electron, in its turn, scatters the rays in a definite 
direction making the angle 9 with the incident beam. 



This deviation in the path of the quantum of radiation 
results in a change in its momentum. The rest of the momentum 
is spent in giving the electron a motion of recoil in some direction 
Q'. The principles of conservation of energy and momentum 
give the required values of the frequency v' of the scattered radia- 
tion, and the recoil velocity v of the scattering electron. 

This takes it for granted that these conservation principles 
are valid for the elementary quantised processes. Until a year 
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or two ago this was in fact the general conviction among physi- 
cists. The experiments of Bothe and Geiger, and of Compton 
and Simon, were supposed to have established the universal 
validity of these principles. 

But recently some observations have been made in connec- 
tion with the radio-active disintegration of substances, which 
appear not to agree with the principle of conservation of energy. 
This is particularly the case with Shankland’s experiments. 
These observations have led Dirac and others to propose that the 
principle of conservation of energy cannot be retained any longer. 
Pauli and Jordan, however, consider the energy principle 
indispensable, and have put forward the suggestion that certain 
exceedingly small particles are emitted along with ^9-rays, which 
account for the necessary energy balance in the disintegration 
processes. These particles — called “ Neutrinos ” — are supposed to 
have no charge and a vanishingly small mass. Many experiments have 
been carried out to detect them — if they exist—, but so far all 
attempts have been unsuccessful. 


Dirac himself has pointed out that even if the principle 
of conservation of energy is not possible, that part of quantum 
mechanics which is non-relativistic, would not be affected. The 
crucial question itself is, however, by no means settled yet, as 
Shankland’s results have not been confirmed by other experi- 
menters, and throughout the present volume we shall assume 
that both the energy and momentum principles are valid. 


From the energy principle we have therefore in the present 


case : 


hv — hv' + WqC 3 


) 


( 1 ) 


where m 0 is the mass of the electron and v its velocity of recoil. 

We use the principle of the conservation of momentum in the 

two directions along and at right angles to the direction of the 
incident beam, and get : 


hv hv' 


cos 0 -4- 


hv • 


V 


m 0 v 


v z 


cos 6 ' 


( 2 ) 


sin 0 


V 


m 0 v 


sin O'. 


( 3 ) 






vs 


9 
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Instead of these two equations, we can take the single equation 
given by the law of composition of two vectors easily deduced 
from t- ) and (3) : 





1 



( t ) 


+ 


hv'" 


2 hv1u/ - cos 6. 

c c 


(4) 


From the equation (1) we get : 

/■’(>■ - >•') 


1 


V 1 - 


v 


2 


- 1, 


c- 


or, transposing and squaring : 

1 


1 


* 1 W 

t' 


- w 

L “ 


m 0 c 2 


i i o h{ T ZLT'1 j_ l^ v ~ I ' , ) a 

^ "T .2 ' 


m 0 c 


m 0 2 c 4 


so that 


1 


v 2 


l ^ 2 — *h). _|_ *(* _ " )‘ 


1 - - 
c- 


m 0 c 


2 


V1q 2 C* 


It’. , 


V- 


1 



2h{v — v') h 2 (v -- v') 2 

vi 0 m 0 2 c 2 


( 5 ) 


/l 2 ,2 I '2 

—o\V + V 


2vv cos 6), 


Substituting (5) in (4) we get 

2hm v (v — v') + K {v — . v ') 2 = 

\S ^ 

or, simplifying and rearranging, 

2/z 2 

2m 0 h(v — v) = - (1 — cos 6), 

c 

Q 

or, dividing both sides by 2m 0 hvu' t since 1 — cos 6 = 2 sin 2 -» 


1 

v 


1 2h . „9 

- = r, sin 2 

v m 0 c 2 2 


(6) 


If A, A' are the wave-lengths of the incident and scattered quanta 


respectively, then since A 


A'=^4» we get from (6) 

V V 


A' ~ A 


2 h 


sm 


9 


h 


(1 — cos 9). 


( 7 ) 


m 0 c 2 m 0 c 

This is the fundamental equation of the Compton effect, giving 
the change in the wave-length of the scattered radiation dependent 
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on the angle of deviation. The value of A A = A' — A, found 

experimentally by Compton is in close agreement with that given 
by (7). 


To find the value of the recoil velocity v of the scattering 
electron, we put 

h v h 


a 


m 0 c 1 2 ni 0 cA 0 ’ 
then from (6) we have on multiplying both sides by v 


V 

i 

V 


1 


2 hv . J 

• sin - - 

m 0 c 2 2 


9 • „ d 

2a sin- -> 

A 


so that 


( 8 ) 


V 

V 


1 + 2a sill 2 | 

A 


(9) 

But, from the equation (1), we have on dividing both sides by hv : 


i _ v m 0 c 

' V ^ hv 




or 




- 1 + a (l - r). 
Substituting (9) in (10), we get : 







= 1 


a. 


2 a sin 2 ~ 

A 


1 + 2a sin 2 ^ 

A 

1 + 2a(l + a) sin 2 ^ 
1 + 2a sin 2 | 

U 



6 $ 


The Quantum Theory of Radiation 


§ 4-5 


Therefore, taking inverse square of both sides 

]l 4" 2a (1 +a)sin=|} 2 

or 

... (l + Casin' 

' _ jl +2*0 +a)si„>-T 

% 

■j 1 4- 2a ( 1 + a) sin 2 |}* - Jl + 2a sin 2 |j* 

[l + 2a (1 -fa) sin 2 || 2 

-la 2 (2a -f a 2 J sin 1 ^ -f- 4a 2 sin 2 ^ 

jl -h 2a {L +a) sin 2 ^ 

Consequently, we get for the velocity v : 

0 J ( 2a + «*) sin2 1 + 1 

V — 2 aC sill r • — • 

1 + 2a (1 + a) sill 2 ^ 



This theory of the scattering of an X-ray quantum by an 
electron shows that the problem is similar to that of the collision 
of two perfectly elastic smooth balls, for which also, as we know 
from dynamics, the two laws of conservation of momentum 
and energy must be obeyed. 


Chapter V. 

BOHR'S QUANTUM THEORY OE THE ATOM. 


5 ■ 1 . 


Classical Theory of the Hydrogen Atom. 


In sections 3-1 and 3-2, we gave a brief accouut of Rutherford’s 
researches on the structure of the atom. This picture is, however, 
still incomplete, as we do not know how the peripheral electrons 
are arranged in an atom, and how they move. We must apply 
the classical electrodynamics to examine these questions, but 
we find that the theory breaks down completely. 


Thus, we consider the simplest atom, that of hydrogen, with 
its own electron revolving round the positively charged nucleus. 
The mass of the electron is m, its charge - and the charge on 
the nucleus is -f e. It is easily calculated that the electric force 
between the electron and the proton is about 2 x IQ 39 times the 
gravitational force, so that the latter can be neglected. 

Suppose, for the sake of simplicity, that the path of the electron 

is a circle of radius a with its centre at the nucleus. 



Let o> be the frequency, i.e., the number of 
second, so that the angular velocity xji is given by 


revolutions per 


0 




^ w 

and the linear velocity at the point P is 

v = 2ttci<d. 

Now, the equation of motion is 

a a} 

so that substituting the value of v from (2) we get 

* 


CO 


hrhna ** 



2 tt V ma z 


(i) 


( 2 ) 


(3) 


( 4 ) 


Z h* io ^^ a P° tential > i.e., the amount of energy 
required to remove the electron from the atom. Then if tie 
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energy of the ionised atom is taken to be zero, the energy of the 
normal atom is — W. So that if we denote the total energy of 
the atom by E, then since the kinetic energy is £ mv 2 , and the 

c 2 

potential energy is — , we get 

Cl 

E = — W — - J mi’ 2 — 





mv 2 . 


Substituting in this the value of mv 2 from (3) we get 




thus 




and therefore from (4) and (G) 




7 rmc' 



According to the classical electrodynamics, the electron, 
being in an accelerated motion, must emit radiation energy. >n 
that E would continuously decrease, i.c., W, being equal to - E. 
would continuously increase. Therefore, as indicated b> t le 
equation (7), ta would continuously increase. Since m a mass o 
gas, there would be hydrogen atoms in different states having 
all possible frequencies, and as the frequency a, of the orbit i> 
also the frequency of the corresponding spectral line, the remit 
would be a continuous spectrum, not a line spectrum. But i is 
well known experimentally that the spectrum of a gaseous element 
is discontinuous, consisting of definite lines corresponding to 


definite wave-lengths. 

There is yet another difficulty with the classical theory. 
From equation (6) we see that the radius a of th- or 
decreases continuously, and this process "ill £° on un i 
dimensions of the orbit are of the same order ot magnitude 
the dimensions of the electrons, or those of the nuc eiu>. 
atom would thus be a very unstable system, different rorn “ 
atomic system occurring in nature, which appears to a\e a 

lutely fixed dimensions. 
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5 • 2. Bohr’s Postulates. 

These considerations led Niels Bohr to the conclusion that 
the classical electrodynamics is inadequate to describe the 
behaviour of subatomic phenomena. We have seen in § 4*3, that 
Max Planck was already forced to adopt this view-point in connec- 
tion with his theory of black-body radiation. Bohr suggested 
that Planck s constant h is a universal characteristic of the atom, 
and must enter into any description of the atomic phenomena. 
The essential point in Planck’s theory of radiation is that, con- 
trary to the classical theory, the energy radiation takes place 
discontinuously, the amount of energy radiated out from an 

atomic system of frequency v being equal to nhv, where n is an 
integer. 

Generalising Planck’s idea, Bohr put forward the following 
postulates in 1913. 

1. The energy radiation is not emitted or absorbed continu- 
ously, as assumed in the classical theory, but only during the 
passage of the system between different “ stationary ” states. 

Translated in terms of Rutherford’s atom model, this means 
that the peripheral electrons cannot move in anv arbitrary orbits 
varying continuously, but there are certain privileged ’ discrete 
orbits, on which alone they can move. Each distribution of these 
electronic orbits represents a stationary state, and associated 
with each of these stationary states is an energy value. Thus an 
atomic system has only a discrete set of energy values, or " energy 
levels ” as the stationary states are also called, given by 

Hi, E 2 , • • •, E„. (ij 

The atom is stable in any one of these states, i.e., it can remain 
indefinitely in a stationary state without radiating energy. 
Emission or absorption of energy radiation can take place only 
in a transition of the atom from one stationary state to another. 

2. So long as the atomic system is in a particular stationary 

state E„, its dynamical equilibrium is governed bv the ordinary 

aws of classical mechanics. But in a transition of the system 

from the state E„ to another state E*'. these laws do not hold 
any more. 

.. ?' The radlatlon emitted by an atom or molecule during 

the transition from a stationary state of energy E 2 to another 

avmg a lower energy Ei, is homogeneous ; the relation between 
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the frequency v of the radiation and the total amount c of 
emitted, is given by the formula 

e - K, - Kj hv 

where h is Planck's constant. 


cner ’v 


rj 


Conversely, the absorption of radiation by an atom or m<*l< - 
cule occurs during a transition from a stationary >.tnt<* of ra<-i.:v 
E r to another having a higher energy E> ; and the relation between 
the frequency v of radiation and the total amount € of energy 
absorbed, is given by the same formula (2). The formula i*2j i- 
called " Bohr's frequency relation". 

4. The different stationary states of a simple sr.-dun con- 
sisting of an electron rotating round a positive nucleii-g i.c , for 
a hydrogen-like atom, were determined by the condition that only 
such orbits were permissible in which the angular momentum 

of the electron round the nucleus is an integral multiple of 0 -• i.c-. 


The angular momentum — n 


!i 


'J TT 


lb 


where n is any one of the integres 1, 2, 3, •••*, and where h i- 
again Planck’s constant. 

The equation (3) for determining the stationary orbit- i> 
called " Bohr's quantum condition". 

These are the fundamental assumption- applied by Ivdir 
to Rutherford's atom model in his epoch-making paper published 
in 1913. He was successful in accounting for the rule- gh'cn 
by Balnicr and Rydberg connecting the frequency of the different 
lines in the line spectrum of an element. 

5* 3. BoJir's Theory of the HyJro* en At w. 

In § 5* 1 we saw that the classical theory break- down com- 
pletely for the atom. However, since in postulate 2 Jo - 2, Boar 
has assumed that the dynamical equilibrium in a stationary s^ate 
is governed by classical laws, we can take over equations an ^ 
(6) from §5*1, so that 

c\ 


l7r 2 ;//u 3 tu 2 = t 2 - 0' 


and 


a 


t 

•j w 


( 2 ) 


where W 


■ ^ ^ 

E is the negative energy or ionisation, in the orbit. 
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According to Bohr, these two equations are not sufficient 

for determining the orbit, i.c., the stationary state. We must 

supplement them by a third equation given by the quantum 

condition. The linear momentum of the electron is mv, so 

that the angular momentum, i.e., the moment of momentum 

about the nucleus, would be mva. Thus from the quantum 
condition (3) § 5 • 2 we get 


mva 





But from (2) § 5- 1, v = 2naco, so that (3) becomes 

4 7T 2 m a 2 a> — nh. 

Solving (1) and (4) for a and to, we get 



(4) 

(5) 


OJ 


‘tiT-mc 

h 3 n 3 


a 


o 


( 0 ) 

The possible stationary states, i.e., the possible orbits for 
the electron, are circles with radii proportional to 1, 4, 9, 16,- • .. 

The orbit with the smallest radius a 0 , given from (5) by puttiii" 
n = 1, is called the “ ground orbit ”, ° 

h 2 

4iiT 2 me 2 (?) 

This is the orbit for the " normal ” state of the atom, having 

the minimum energy. All other (larger) orbits are those for the 

excited states. Formula (7) gives the value of a 0 of the order 

10-8, which agrees with the value calculated from other methods 
From the equations (2) and (5) we get 

e 2 4t thne 2 2t rhne* 

(9) 


E 


<n 


w „ 


e a 
2 a 


h 2 n 2 


h 2 n 2 


giving the energy E„ of the stationary state. The integer n 
occurnng in the formate (5) and (9) characterises the stationary 
state, and is called the quantum number of the state ” 

The frequency v of the energy radiation emitted duriim the 
ransition from a state n to another state n' (»' <n ), is gi v ?n by 
Bohr s frequency relation (2) § 5 - 2 : 7 b Y 


h 


or 


v =E « -E„' = W'„ - W„, 


E 


tt 


E« 


W,/ 


W 


h 


h 


( 10 ) 
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Substituting in this the values from (9), we get 

_ 2 --me 

1? ’ 2 


i’ 





If c is the velocity of light and A is the wave-length of the 
spectral line, then since v — we get 


1 _ i> _ 2- 2 )uc i /I IN 

A c ch 3 \«' 2 n 2 ) 


1 


R ( "To 

H - 



( 12 ) 


R 


2 V s me* 
ch? 


(13) 


1 called the “ wave-number ” of the spectral line, and the 
A 

equation (12) shows that the wave-number of any spectral line 
is the difference of the wave-numbers of two other lines. This 
theorem was put forward on purely experimental grounds by 
W. Ritz in 1908, and is called the “ Ritz Combination Principle 


The constant R is the Rydberg constant, and its value 
109700 calculated from (13) agrees very closely with the experi- 
mentally observed value 109677, providing a strong confirma- 
tion of Bohr’s theory. 


If in the formula (12) we put »' = 2, and n — 3, 4, 5, 6 succes- 
sively we get the well-known Baliner lines H a , H/3, H y , H5 of the 
hydrogen spectrum. Giving other values to »' and n, we get the 

other lines of the spectrum. 


The same theory holds for any other heavier atom which is 
ionised so that all except one of its peripheral electrons are 
removed. The singly ionised helium atom He+, and the doubly 
ionised lithium atom I,i ++ , are simple instances of such systems 
in which only one electron is left revolving round the nucleus. 
They are usually called hydrogen-like atoms. 

Thus if N is the atomic number of the element, the charge 
on the nucleus is + Ne, so that for the force ? between the electron 


Ne* 


and the nucleus of the hydrogen atom, we must take now 
consequently in' all the previous formulae e 2 should be replaced 
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by Ne 2 . 


Thus for the equations (5), (9) and (11), we get 



h 2 n 2 




4tt 2 >h Nc 2 





27t 2 ;;/NV i 

~ A 3 


- A 


The wave-number of a hydrogen-like atom is given by 





The spectrum of singly ionised helium is obtained from (17) by 

writing N = 2, and giving various values to n’, n. Similarly for 
doubly ionised lithium w r e put N — 3, and so on. 

The orbit of the electron in this section has been assumed 
to be a circle. But from the classical dynamical theory we know 
that the orbit of a particle under a central force of attraction is 
an ellipse. However, when calculations are made for the elliptic 
orbit, it turns out that the values of a, a and W are exactly the 
same as those found above for the circular orbit. It is also found 
that the energy of the orbit depends only on the length of the major 
axis, being entirely independent of the minor axis, which may 
have any value. Thus the hypothesis of elliptic orbits brings 
nothing essentially new in Bohr’s theory. It shows only that the 
emission of a given line can take place in more than one way. 

For this reason we shall not reproduce the detailed calcula- 
tions for the elliptic orbit. In § 5-7 we shall consider the more 
general problem, taking account of the relativity effect. 


5-4. Motion of the Nucleus. 

In the first presentation of this theory, Bohr considered the 
mass of the nucleus so large compared to that of the revolving 
electron, that the nucleus could be taken to be practically at 
rest. Later he found that resu.ts in better agreemenf with 
experimental facts can be obtained, if account is taken of the 
finite mass of the nucleus. This consideration leads us to the 
problem of two bodies in classical mechanics. 
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Consider two particles of masses in 2 moving at a distance 
r apart under a common attraction F (r) directed along the line 
joining them. As there is no external force acting on the system 



line fixed 

in space 


the centre of mass G has no acceleration, so that G has a constant 
velocity in space, and if it is initially at rest it will be always at 
rest during the subsequent motion of the system. 

Suppose that the distances of the two particles P x and P, 
from G are r x and r 2 respectively, and that the line joining them 
makes at any time an angle 9 with a line fixed in space. 


We have from the definition of G, m i r 1 = m 2 r 2 , so that 


m 


m x 


>\ + r 


7/i^ + tn 2 m 1 + m t 


(1) 


where r = Pj P 2 ; therefore 


7)1 


r, r 2 =-- 


7)1 


Y. 


( 2 ) 

711 y + 7H 2 ’ “ m i + m 2 

The accelerations of relative to G along the radius \ector 
G Pi and perpendicular to it, are 

r x - rg x 2 and i ^ (z-, 2 f?) ; ( 3 ) 

but as the accelerations of G are zero, the complete accelerations 
of 771y are given by (3). Substituting the value of from (2) in 
(3), we get for the complete accelerations of 

in 2 


7Hy + in 3 


(r - re 2 ), 




mi»i 2 

7ii i + in t 


(r 


\ 



it ^ - 

(4) 

771 y + Oh 


are therefore 


- m = 

■■ - F, 

(5) 

w = 

= 0. 

(6) 
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These equations show that the motion of m t relative to m 2 


is the same as if m 2 were fixed and m x were replaced by 

The kinetic energy of the system is 
T = + rfe*) + i m 2 (r 2 2 + r 2 2 e 2 ) 


m x m a 


w t + m 2 


id 


m 2 2 r 2 


2*2 


+ m 2 )' 


tn 2 2 r 2 e 2 ) ( 

+(«, + !“. J (i 7 | r, + 


+ ^ 2 ) 2 


w 

(w 


) 

1 + W 2 ) 2 ) 


tnim 2 


1 (^2 . ,212) 

2 nfj + m- ' ^ 0 '* 


( 7 ) 


This is the same as if m 2 were fixed and were replaced 


by _ w ‘ w » 

nix + m^ 


The angular momentum of the system about G is 


= \»h r id + \m 2 r ib = i 


m%m 


o * 

r r~e, 


( 8 ) 

by 


m x + m 2 

and again is the same as if tn 2 were fixed and nil were replaced 

Thus to allow for the finite mass M N of the nucleus, we can 
make the necessary corrections in Bohr’s formula? (14), (15) and 

(16) of § 3 5 by the mere substitution of f or w, thus giving 

N 


a 


W 


to 


n*h 2 ( m + M s ) 
47r*»iM H Ne 2 ’ 

27r 2 #wM l ,N 2 e 4 
(w + M s ) n 2 A 2 ’ 

47T 2 tnM s N 2 g 4 

(m + Mj,)n 3 h 3 


(9) 


( 10 ) 


( 11 ) 


The frequency of the spectral line due to the transition fro 
a state » to another state n', is given by 


W, 


W 


27t 1 m 


h 


(m + M s ) h 3 


( 12 ) 


It must be remembered that M„ the mass of the nucleus, is 
different for atoms of different elements. 

As remarked above, the formula (12) gives more correct results 
than those given by (16) § 5-3. It has also been very useful in 
clearing doubts about the origin of certain spectral lines left over 
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by the previous formula. The formula (12) can give definite 
answer as to whether a particular spectral line is due to one element 
rather than the other. 

Thus according to the previous formula, the wave-number 
of a helium line due to a transition from 2% to 2 n 2 would be, 
since N = 2 for helium, 

v _ 1 _ 2-n 2 m‘ie i /I 1 \ 

c ~~ A ~~ ch 3 \4h 2 2 inf) 


2-rr me 4 
ch 3 




(13) 


and is the same as the wave-number of a hydrogen line due to the 
transition from n x to n 2 . 

But according to the formula (12), the wave-number of a 
helium line due to a transition from 2 n x to 2 n 2 would be 


1 

A 


27t 2 »zM 


He 


(tn + M He ) ch 3 


*_ /JL 

k 3 VKo 



(H) 

a transition 


(15) 


while the wave-number of a hydrogen line due to 
from « a to n 2 would be 

1 _ 27T 2 mM H e 

A (m + M 

As M the mass of the helium nucleus, is different from M„, 

HC* # 

the mass of the hydrogen nucleus, (14) and (15) would not give 
the same results. 


M H d (Q 

4 ch 3 \^2 



5-5. Generalisation of the Quantum Condition. 

In developing Bohr’s theory for higher and more complex 
atomic systems, the first problem would be to generalise the 

quantum condition (3) §5-2, viz . , 

The angular momentum ( n = 1, 2, • • •). (1) 

which was assumed for a system having a single degree of freedom. 
In § 5 - 3 we saw that for a circular orbit of radius a, described with 

the constant velocity v, (1) became 

mav = , or mv (2?r a) — nh, 

2tt 



where the integral is taken over 


= nh, 

the perimeter of the whole circle. 
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Thus, if a is the period of a whole revolution, then 


a 


VI 


v I $ dt = nh. 


0 


dt 


or, since 


ds 

~dt 


v> 


o 


mv 


2 f dt = nh . 


0 


The kinetic energy T at any point is T = \ mv-, so that 

a 

/2T = nh. ^ 

But if we use the relation that momentum p = m v, and velocity 

q -=v, so that 2T = mv 2 = pq, we can express the quantum 
condition (2) also in the form 

cr 

J pq dt — nh, 

0 

or, in the notation of §1-5, if J is the adiabatically invariant 
action variable, 

J = (J) pdq = nh. ^ 

Thus we see that for a simply periodic system, i.e., one witli 
a srngie degree of freedom, Bohr's original quantum condition 
{6) § 5-2 turns out to be equivalent to the statement that the 


adiabatic invariant 


(4) 


action variable J = (j) 
should be an integral multiple of h : 

J = nh (n = 1,2, • • •). 

Suppose now that the system is multiply periodic, having 

S d ^. r . eeS f fr J edom - We must therefore seek for the quantum 
conditmns for this general case. The guiding principle was supplied 

by P. Ehrenfest m 1914. Considering the influence of the Jowly 

changing external forces on the atomic system, he came to the 

conclusion that the quantum conditions are supplied only by 
equating the adiabatic invariants of the classical theory to nh 

This is the Adiabatic Principle of Ehrenfest”. 

_ ^ § 2 ' 7 , We f ° Und that f0r cyclic co-ordinates in the case of 

on-degenerate systems, we get s action variables defined by 


J 




(r = 1, 2, - - s). 


(5) 



so 
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Planck, Sommerfelcl and Wilson proposed in 1915, that the 
generalised quantum conditions for systems of many degrees of 
freedom should be s in number, given by equating the s action 
variables (2) to integral multiples of h. Thus 

Ji = n-Ji, J 2 = nji, • • •, J , = n s h. (6) 


These conditions are natural generalisations of Bohr’s quantum 
condition (4). 

In 1916, Sclnvarzschild pointed out that although the 
equations (6) are suitably chosen for non-degenerate systems, 
for degenerate systems with only u independent frequencies 
{it <$), the imposition of s quantum conditions unduly restricts 
the number of stationary states. However, for such degenerate 
systems there are always new action variables J/, u in number, 
which can be derived from the J r by a linear transformation. 
These J/ are independent, and Schwarzschild put forward the 
principle that for degenerate systems the quantum conditions 

should be 

J/ = n t h, J,' = n 2 h, • • ■, J,/ = n u h. (7) 

T. M. Burgers proved in 1917 that for non-degenerate systems 
the ] ri and for degenerate systems the J/, are adiabatic invariants, 
so that we see that the conditions (6) or (7), as the case may be, 
satisfy the adiabatic principle of Ehrenfest, and are therefore the 
required generalisation of the quantum conditions. 

5-6. The Correspondence Principle. 


The classical theory has been very much useful in a vast 
domain of the physical world where gross phenomena depend, ng 
on a large number of atoms are considered. But the theory 
insufficient to give ns a true picture of a number of other r pheno- 
mena such as black-bodv radiation, atomic collisions, etc. The 
classical theory will, however, still hold for pl—a which 
lie on the borderland of these two domains. It is reasonable, 

therefore, to expect that for such phenomena the ^ 

should yield no results which differ from those 
theory Thus the fundamental idea of the Correspondence Principle 
s tZ the classical theory shall appear as a limiting ease ofth 
quantum theory. This implies that as the number 

n becomes very large, the quantum laws should ten , P 

tically to the classical laws. 
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For, if a periodic system is in a state characterised by a large 
quantum number n, then the discontinuous variation of the 
actional variable J, due to the quantum condition J = nh, will 
become quite insignificant. Therefore, the behaviour of the 
system will be predicted correctly by the classical theory. Thus, 
the change of energy for a transition of the hydrogen atom from 
n ! to n 2 is given by 

V __ o T 2, r ,4 / 1 1 \ 277 -me* ( 1 1 \ 

L "‘ - -* U„* - JZ‘) ~w - yd' <» 


E 


If both n x and n 2 are large, the value of the right-hand expression 
is very small, showing that the quantum law demanding a dis- 
continuous change of energy, merges asymptotically for large 
quantum numbers into the law of a continuous change of energy 
required by the classical theory. 

Now consider an electrically charged particle with charge e, 
situated at a point (x, y, z). According to classical electro- 
dynamics, the radiation from such a point is determined by its 

electric moment p whose components are given by 

Px = ex, p y = ey, p z = ez. (2) 

hrom equation (G) of § 2-7 we know that if the motion of 
the particle is simply periodic, the angle variable w, with the 
period 1, is given by 

w =:v c t + 1 3, ( 3 ) 

where y e is the frequency in the orbit. Thus each of the co-ordi- 
nates *, y, z will be a periodic function of w, and on account of 
(2), each of the components p x , p y , p z 0 f the electric moment will 
also be a periodic function of w, and consequently capable of 
being expanded in a Fourier series of the type 


oo 


oo 


^C/ cos 2rrlw =£ Q cos 2 t tI ( v J + p). 


(4) 


Thus, on the classical theory, the motion of an electrified 

particle with orbital frequency v c gives rise to spectral lines of 
frequencies v e ,2v e ,3v e , 


Now, in quantum theory, the frequency 
line due to a transition from n, to n 2> is given by 


Vg Of 


the spectral 




h 




n 2 ) 


E 


« 2 


where we have J, = n v h, J 
6 


J«i J« 

nji. 


(«i ~ n 2 ) 


AE 

AJ’ 


( 5 ) 
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In § 2-7 we saw that the Hamiltonian His a function of J 
only, and since H is the total energy E, we can take E to be a 
function of J, and that 



Now, if the energy E changes slowly with J, and the quantum 
numbers and n 2 are not small compared to the difference % — n 2 


between them, then we can replace 
from (6) : 



obtaining 


vg= {>h — >h) V c = An- V c . (7) 

If we put successively An = 1, 2, 3, • • • in (7), we get the 
frequencies v q of the spectral lines, according to the quantum 
theory, by 






agreeing, for large quantum numbers, with the classical frequencies. 
It must be remembered that this agreement is only asymptotical, 
because there can never be any question of an actual identifica- 
tion of the two theories. According to the classical theory, all 
the frequencies v c , 2v c , • • •, are emitted together by one process, 
viz., by the description of a single orbit. But according to the 
quantum theory, each one of the frequencies is emitted in an 
independent process, viz., by the transitions from orbits of 
quantum numbers n + 1, n + 2, n + 3, ■ • • to that of number n. 

This is Bohr’s correspondence principle, which says that 
although the quantum frequency v q is, in general, different from 
the classical frequency lv c , in the limiting case of large quantum 
numbers n the quantum frequencies v q for transitions n + A n 
to n, nearly coincide with the classical frequencies lv c , provided 
An is small compared to n. 

Bohr further extended his correspondence principle to the 
intensities and polarisations of the spectral lines. From the 
classical electrodynamics, we know that the intensity of a spectral 
line of frequency lv c is proportional to C/ 2 , i.e., to the square of 
the corresponding amplitude in the Fourier expression. The 
correspondence principle requires that, in the limiting case of 
large quantum numbers, the classical intensity should agree with 
the intensity given by the quantum theory. From this fact 
alone we can draw some inferences about the possibility of the 
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occurrence of transitions. For instance, if the classical intensity 
of the line with the frequency lv c vanishes, i.e., if the amplitude 
C/= 0, then according to the classical theory, the spectral line 
with the frequency lv c is not emitted. 

In the quantum theory this signifies that for large n the 
transition n + / to n does not occur. It is, of course, compatible 
with the correspondence principle that for small n the transition 
may be possible. But as an extension of his correspondence 
principle, Bohr assumed that even when the quantum number 
n is small, the transition n -f- l to n is not possible. This can be 
explained in the following way. The vanishing of a certain 
coefficient in the Fourier series is a consequence of the symmetry 
in the geometrical configuration of the system. This symmetry 
will be effectual in the quantum theory independently of the 
energy states, and will therefore lead to the impossibility of the 
corresponding transition. 

These considerations provide us with the “ selection rules " 
which explain the anomalies in the occurrence of spectral lines. 

The polarisation properties can be determined at the same 
time as the intensities by a consideration of the components 
p x , p y , pz> °f the electric moment. 

5-7. Relativity Theory of the Fine Structure of Spectral Lines. 

As an application of the foregoing theory we shall consider 
the problem of the hydrogen atom, taking account of the relati- 
vity effect. In §5-3 we remarked that the elliptic orbits yield 
nothing more as regards the energy and frequency than the circular 
orbits considered originally by Bohr. But it is well known on 
the experimental side that each line of the spectrum is split up 
into several components, if examined by spectrographs of high 
resolving power. For instance, the H a line, which is seen as one 
with ordinary instruments, is split up into three components 
when observed through a powerful spectrograph. 

Obviously the theory of § 5-3 is unable to account for this 
“fine structure” of the spectral lines, as it is called. It was 
Sommerfeld who explained it in 1915, by pointing out that Bohr’s 
theory developed in §5-3 is still incomplete, inasmuch as it 
neglects the relativity-effect. In that section we assumed that 
the mass of the electron is constant throughout, whereas it was 
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proved in § 1-6 (1), that the mass of a moving particle changes 
with its velocity. For the electron which is revolving rapidly 
round the nucleus this effect would be appreciable, and ought to 
be taken into account when the motion is considered. Thus 


m 


m 


0 



( 1 ) 


1 


The 


T 


( 2 ) 


where ni 0 is the rest mass and v the velocity of the electron, 
kinetic energy T is then given by 

= c2 ( m ~ m o) = ,, - l), 

where 

v 

y = - • 

c 

Now consider the elliptic orbit of a hydrogen-like atom of 
atomic number N. If the polar co-ordinates of the peripheral 
electron at any point of its orbit are (r, 0), the principle of angular 
momentum gives one equation of motion 

.dd 


mr 


dt 


k, 


( 3 ) 


where k is a constant. Writing n — -> we get 
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or 


dd _ k 

dt ~ r 
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( 4 ) 


If ( x,y ) are the 

it < m4 > 


Cartesian co-ordinates of the particle, 

ku 2 d , .v 

= jn ( m %) 
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The relativity equation of motion in the direction of the 
Y-axis is 


d 

dt 


(m x ) = force parallel to the .Y-axis. 


Therefore, since the force on the electron is 


Xe 2 J 

towards the 


nucleus, we get 

k 2 u 2 - f&-u 


r 2 


k li a ( dl “ i 

m V (10- T 
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Ne 2 , 

— cos 0 
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cos 9, 
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d 2 u 
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NAh Nt ’ 2 ;;/ 0 
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A 3 


Vi - 


y 


( 5 ) 


If V is the potential energy, E the total energy, then 

= constant = E, 

= — N e-u, we get from (2) 


T + \ 


so that, since V — 


Ne 2 
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Vl 


- 1 
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) - Ne 2 « 


E. 


( 6 ) 


To g 


et the diff erenti al equation of the orbit, we must substitute 
the value of Vl - y from (6) in (5). Now from (6) we get 

1 E + NVhf 

- + l ; 


Vl 


y 


m 0 c 2 


therefore substituting this in (5) we get 


dhi , 
dO i + “ 


N e 2 m 


or 


o / H + N e-u 
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1 
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we get finally 


E ' t Ne2 

k 2 c 2 e * 


( 7 ) 


d 2 u 

d¥ 


+ A 2 u = A, 


( 8 ) 


which is the differential equation of the orbit. We can write the 
equation (8) in the form 

d 2 f A 


dd 2 



f) + A! (“ - f) - ». 
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of which th 


o 


solution is immediately recognised to be 

A 


u — , — B cos (XO -f /?) 

or by choosing the initial line so that the initial phase fi 
we get 


0, 


u = B co? A 0 + ‘v, 

A 2 


Now write 
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A 2 BA : 
A • "A 


« ; 


(9) 


Then the equation of the orbit becomes 


/ 

r 


1 


cos A 0 


( 10 ) 

1, the equation 


In the limiting case when c -> «>, he., A 
(10) reduces to that of an ordinary conic. 

The minimum value of r is ~ when cos A 0 = 1, i.e., 

1 + e 

when A 0 — 0, 2rr, Irr, • • • • ; and the maximum value of r is 


when cos XO 

1 — e 


— 1, i.f., when XO —tt, 3 n, 5 it, 


• » • 


Thu? the apses of the orbits are r 


l 


1 + « 


and r 


l 


1 


for the above values of XO, and therefore the angle between 
successive apse lines is given by 


— e 

the 


1=7 


i 


9c0 (' + 24%0 ”” +8, 


where 8 - v S'- The small angle between successive lines to 

2 k~c z 


the perihelion is therefore 


9 3 

2 ' S “ Wc* 


( 11 ) 


The orbit is therefore an ellipse rotating in such a way as to 
produce this advance of the perihelion. 

The orbit is of a rosette type whose form is that shown in 
the accompanying figure. This shows that while the electron is 
going round the nucleus in an ellipse, the ellipse itself is revolving 

slowly. 




Fine Structure of Spectral Lines 




OJ 


If OJ is the frequency of the electron in the ellipse, then the 
frequency of the rotation of the line is oj', given by 

OJ () OJ N 2 £ 4 

77 2^ 2 c 2 (12) 

Thus the atomic system has a doubly periodic motion having 
two frequencies «, The fine structure of the spectral lines 
is accounted for by the introduction of this new frequency oj'. 

To give a quantitative account of the resolution of the 

spectral lines, we must calculate the energy, and the action and 
angle variables. 

If {r, 0 ) are the polar co-ordinates of the electron, then 

Ne 2 


H = T + V 


ninC 


( 


where 


°* Wi 


W* r 2 + 


y 


If p x and p 2 are momenta conjugate to the co-ordinates r 9 
respectively, then 


P i 


nir 


m 0 r 


V 1 — y 2 


P 2 


nir 2 Q 


m^h 


Vl 


We must eliminate r. j, from H, and express it as a function 

°V; "• f‘ h °"' y ' as required by the dynamical theory of 
S Z -a. We have 


p? + p 4 - 


m ° r o • o\ 

f- v i (r- + y~F) 


W n 2 y 2 c 2 

f — y 2 
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Therefore 


w 0 2 c 2 + P p A 


... 2.-2 | m 0 2t V _ m * c2 

m 0 C + l ~~ y 2 ~ ! _ y2 


so that 


m 0 c 


vr- / ~ c \l m ° 2 ° 2 + p2 


p* 


Substituting this in H, we get 


H 


aJ »?o 2 c 2 


+ A 2 + ¥ 


>n 0 c - - — 


Nr 2 

Y 


(13) 


>^s 

Writing p x — p 2 — ^- a > we get the Hamilton- Jacobi equation : 


bd 


dSV . 1 fb S\*H 


c \ m ° v + ( I) + 7* 


Nc 


2 


Wi 


J«„C- — 


= '*!' 


(14) 


where a x is the total energy. By an easy calculation it can be 
shown that this equation reduces to 


SS \ 2 
br 


+ 



as 

be 


4 ( 


<*l + 


N <? 2 


)(h + y + 2;« 0 c 2 ) 


(13) 


SH 


But from Hamilton’s canonical equation — — P* 

since H does not contain 9, as seen from (13), we, get />.. 
therefore 

dS __ 
b9 _ 


and 

- 0 . 


p 2 — constant — a a (say) . 


(16) 


From (15) and (16) we 

have then 


(IT - 

CU 2 1 / 

+ ^2 

, Nc 2 \ / , 

f r Jr + 

Nc 2 A 

— + 2m 0 c-J 


/ n \ 

o / 

aAl / , N 2 ,'\ 1 . 


( 2w ° + ^) ai 

+ 2N* 2 (m 0 + 

A r - (-■ - 1= ) ■ 

so that 





ii 

to 

/7> I/O 

— A + — - 

■ % < 17 ' 


A 


B 


C 


a i ( 2w; o + 7 )' j 
Ne 2 (w7 0 


+ 


N 2 c* 



a a 


(18) 


where 



§ 5-7 


Fine Structure of Spectral Lines 


$9 


Now we must find the action variables J 1( J 2 . Thus 


= $ Pi dy = J r dr = a / - A + 


2B 


dr, 

r 2 


(18') 




A r 2 + 2Br - C 


dy 


- v'A(a-f) (r -"/?), 


where a, /3 are the roots of the equation -f r- — ~ r 4- ^ 

A A 


0 


C 

i.e., where a[3 = a -f P 


2B 

A 


Thus P is the minimum value 


of r, and a the maximum value. Since the integration is ex- 
tended over a whole period, i.e., from r min . to r mtx , and back to 
>W> we get 

Jr = 2 VA./t 


V(a - r) (r - p) ' 


Make the transformation r — a sin 2 $ + p cos 2 <J>, then 


7 T 


(a — ft) 2 2 sin 2 ^ cos 2 <i 


J ‘= 2 v5 7 Wm 1 "’ 


7T 


4 VA (a - fi) 2 f - ! in V 


(a — 0) sin 2 <£ + j3 


d*. 


4 VA (a - £) 2 


TT 


X 


/ 


_ sin 2 </> a 

( a ~P) + (« - jS) 

4 VA (a — /3) 2 X 


a P 


(«~P) 


(a - 0) sin 2 <£ + p 


d<f>, 


x 


7T 


n + 


7TCI 


TT 


l(a- p) 1 2 (a — P) 


ap 


{a~P) 


f 

o a sin 2 ^ -{- p cos 2 ^ 


4 VA (a - fi) 2 /- £_ j 7ra 77 ■) 

V [4 (a - B\ + ~ • r— = i 




jt V A ( a + 0 — 2 Va/J) , 


’ v1 (t - V a) - 


B 


V VA 


VO 


(18") 
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Substituting the values of A, B, C from (18) we get 


Ji 


27rNe 2 ( 


m o + 



J ~ a ■ ( 2m » + ?) 


17 V" 


NV 


(19) 


vSimilarly on account of (16) we have 


r « 
J 2 =(P^0 = / 


0 


277 277 

» " - / 


2na 2 . 


( 20 ) 


We must determine from (19) and (20) the value of the total 


energy a 2 in terms of J x and J 2 . 


Let 


a 


477 2 e 4 


» a 


2ve 2 

cli 


( 21 ) 


where h is Planck’s constant, a is called “ Sommerfeld’s fine 
structure constant, ” and it is found that a 2 =5-31 x 10~ 5 . 


Now we have from (20) and (21) : 


277 



NV 


a 2 



477 2 a 


4tt 2 N 2 ^ 


a/ J 2 2 ~ A 2 a 2 N 2 


Substituting this in (19) we get 


J ! + V J 2 3 - AVN 2 = 


c/iaN (ni 0 + 


aJ ~ a i( 2w « + ~j) 



sj - ( w o + 


But 




= E = - W, so that W = - a 1 ; 


therefore 


Ji+ ^ J 


/ra'N 2 = 


/ W\ 

ha N 



W 


2 


/« 


0 


m 


Let 




1 - 


w 


(21a) 
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then 


Ji + V - /x 2 a 2 N 2 


kaNu 


VT - u 2 


or 


1 


u 


2 


/t 2 a 2 N 2 


«- 


or 


i = 1 + 


(Ji+ V Js 2 - /z 2 a 2 N 2 ) 


/x 2 a 2 N 2 


{Ji+ J 2 (l - 



(21 b) 


Since from (21), a is a very small quantity, we neglect powers 
of a greater than 4, so that 


"i = l + * VN 2 {Ji+ J 2 (l 


l+AW* J,+ J,) - 



/i 2 a 2 N 2 \)“ 2 

fit )s 

A 2 a 2 N 2 ) - 2 


2J 2 J 


- 1 + 


7z 2 a 2 N 2 


(Jx + J 2) 2 


i 1 - 


, , A 2 a 2 N 2 / 

1 + , t '■> 1 1 + 


1 + 


(Ji+ Jz ) 2 

/z 2 a 2 N 2 


/x 2 a 2 N 2 ) 

2 J 2 ( J 1 J 2 )-( 

A 2 a 2 N 2 ) 


- 2 


Ja ( Ji + J 2 )l 


+ 


A 4 a 4 N 4 


(Jx+J 3 ) 2 Js (Jx+Js) 1 


Therefore 


„ _ f, , A 2 a 2 N 2 , h*a* N 4 )-l 

1 + (Ji+J*) 8 + J,(Ji + Ji?l ' 


1 - 


/z 2 a 2 N 2 


hW N 4 


1 


2(Ji + J 2 ) 2 2J 2 (J , -f- J 2 ) a 

7z 2 a 2 N 2 h* a 4 N 4 (J 2 + 4J,) 

2 (Ji + J 2) 2 “SjTdT+TaF 


. 3 7z 4 a 4 N 4 

* o 


8 (Jx+J 2 ) 4 


Substituting the value of u, we get 


1 


W 

m„c 


1 


AVN 2 7z 4 a 4 N 4 (J 2 +4J,) 

2 (Jx+L) 2 8J 2 (Jj -j- J 2 ) 4 


Therefore, we get finally for the negative energy 


W = WocWN 2 (l , TxV (J 2 + 4J,)N 2 ) 

2(Ji+J 2 ) 2 | + "4J 2 (J, + LFl 

AVN= ( i + L 


w 0 c 2 /* 2 a 2 N 2 

2 (Jx + JF 


1 1 + ui 


+ Jz) 



( 22 ) 
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The quantum conditions are 


Ji = Hi h, J 2 = n 2 h, 

whore Hi and ;i 2 are integers, so (22) becomes 

«• = m 0 c 2 Ira-K 2 c h 2 a~W / , 

2 [>i x h + n,h ) 2 ( + {nji + m 2 /») 8 \* + n 2 h))’ 

We take new integers n and l instead of n x , n 2 , satisfying 


so that 


n — «i -f n 2 , 

n z — / + 1, 

(23) 

l -f 1 < H, 

^ . 

* 

/A 

1 

• 

(24) 


The inequality (21) shows that for any given integer n, l can take 
only the following n values 


0, 1, 2, (n -2), (n - 1). (25) 

It is customary in spectroscopy to call n the “ principle ” quantum 
number, and l the “azimuthal” quantum number. 


Thus oil substituting the value of a 2 , n x and n 2 , we get 




(n i + n 2 ) 2 V 




Each stationary state is therefore characterised by two 
integers n and l, and is denoted as the «/ state. In the limiting 
case when c — > oo, a — > 0 and (26) reduces to the old formula of 

Bohr’s theory. 

To be able to apply (26) to calculate frequencies of spectral 
lines due to transitions, we must have selection rules which would 
be provided by the correspondence principle. 

The transformation function S is obtained by the integration 
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as . 


^ ow is a function of r,a 2 and a 2 , and on account of (2 l>) and (22) , 


°» and a a are functions of J,. J,. Hence ^ is a function of r J, I. 

or • j j x* 

and so we have 


S =/(r. J„ J,) + 


i A 


(27) 


If w u u'j are angle variables conjugate to J,. J a respectively, 
then we get 


= aj- = f>: J,. J,). 


dS 


u ”3 = - =/j; k j,. j.) + . 




(JS) 


~7T 


(29) 


Solving equations (28) for r and 0, we get 

r to. J„ J 2 ). 

0 ^2, T UK, + *(«•». J». J,). 

Therefore, if at and y are the Cartesian co-ordinates and i — — i ( 

x + W = re 10 — <f> (re^j, J,. J 3 ) + <V(“v J,. J 2 ) 

= $ to. Jo Ja) 

Writing 0 to. Ji. Ja) as a Fourier series E Q k where Ca 

k * " 

is a function of J lt J g . we have 

x + iy = E C* e* n ‘ (*“<! + Wj) 

= E Dj e* n >(* v i + vp t 

k 1 

where v x and v t are frequencies given according to 


w 


i — v x t -f ft, 


w 


a — v tf 4- ft. 


2 C cos {2n (kv x + „,) t). 


Thus we see that x, y , and therefore the components j> of 
the electric moment are Fourier series of the type ' 

(30) 

* 

w s corres- 
ponds to v t . The correspondence principle now shows that I Aw, I 

may have any value, but | An, j - 1, i.e., n=n x + 1 

change by any amount, but l - «, - i can only change at the 
toast by unity. This appears from the fact that in faoi 


4 ' V 
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coefficient of tq is k which can have any value, whereas the co- 
efficient of c, is unity. Consequently 


A/ = + 1, - 1, 0. 


(30 a) 


As an illustration, we shall apply this result to the calcula- 
tion of the fine structure of the H a line of the Balmer series. For 
Hydrogen, N = 1, and the frequency v of the spectral line due to 
the transition n -»■ n’ , l -> V is given by 


E - E 

h 

2A»i 0 e i 


W - W 
h 


h 3 n 


h u_ ( — — — 

' 3 { + n'Ar + 1 


3 

4 



n 


2n-»i 0 e i t 

h 3 n 3 | + n 2 \l + 1 



3 

4 ' 



If r 0 is the frequency of the original line without relativity 
effect, and R is the Rydberg constant, then 


i 


c 



n 


l + 


T - *)}■ (3i > 


Thus the single line of frequency v 0 splits up into several lines of 
frequencies given by (31). 

For the line H a , n = 3, n = 2. From (23) we see therefore 
that / < 3 - 1, /' < 2 - 1, i.e., I can have the three values 0, 1, 2, 
and V Tan have the two values 0, 1. From the correspondence 

principle we know that l can change only by unity, i.e., V - l = 
+ 1 or - 1, so that we have the following possible pairs of values 

for l and ^ 

l =0\ l = n l = 2 

V = 1 f /' = 01 V = 1 


(32) 


Substituting these pairs of values in (31) we get the three 
resolved lines of H a . The formula is found to give values in 

close agreement with experiment. 

The fine structure of the lines of any other element can be 

calculated similarly from (SI). 

5-8. Development of Bohr s Theory . 

Durin- the years 1915-22, Bohr’s theory was applied with 
to a number of atomic phenomena, such as the normal 
Zeeman-effect produced by an external magnetic field, and the 
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Stark-effect produced by an external electric Held. The Hamilton- 

Jacobi theory of dynamics, in conjunction with Bohr’s frequency 

relation and quantum conditions, gave the energy in the stationary 

states with sufficient approximation, while an application of the 

correspondence principle supplied the necessary selection and 
polarisation rules. 

We shall consider these problems according to modern 
quantum mechanics, in subsequent chapters. But they were 
explained more or less satisfactorily even on Bohr's theory. 

Thus, it was found that when we bring an external electric 

or magnetic field in a definite direction, we have to introduce a 

new quantum number m, connected with the angle f of the electron 

round the axis of the field. For given values of the principle 

quantum number n and the azimuthal quantum number l, the 

new quantum number vi can assume only the following H 4. 1 
values : o - m 


m 


-l, ~{l - 1 ), • • - ], 0, + 1, . . [i + i)_ 1 


w 

It was also found that only those transitions could 
place for which m changes at the most by unity, i.e., 

Am = - 1 , 0 , + 1 . 


( 1 ) 

take 


( 2 ) 


5 ' 8 t 1 )- Atomic Magnetism. The Magnetic Moment of the Atom. 

Consider an electron moving round in a small circle. Accord- 
ing to the classical electron theory, an electron in motion generates 
a magnetic field, identical in all respects with the field of a small 
magnet placed at the centre, so that the axis of the magnet is 
perpendicular to the plane of the electronic orbit. If j & is the 
angular momentum of the electron in the orbit, the magnetic 
moment M of the equivalent bar magnet is given by 


M 


ej 

2 m 0 c’ 


U) 


where e is the charge and m 0 the mass of the electron. 

. J°, pr ° Ve ; his theorem ’ S “PP° S = that r, 0 are the polar co-ordi- 
nates of the electron, A the area of the orbit, and o the period. 


Then 


dt Would be the rate of description of area, whose value is 
known to be : 


dA 

dt 


x r z 
2 ~ 


de 

dt 
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And since J = m 0 r 2 ~ , we get 



Integrating this over a whole period, and remembering that J is 
constant for a circular orbit, we have 



If the frequency of the electron in the orbit is cd =l/cr, then 

the electron passes a given point on its orbit co times per second, 

£ 

and therefore, is equivalent to a current i = — - co. Now, 

according to the electrodynamic theory, a current i flowing in a 
closed circuit of area A, gives rise to the same field at a great 
distance as a bar magnet of moment 

M = i A, ( 4 ) 

situated at the centre of the orbit, with its axis perpendicular to 
the plane of the orbit. Since i = - - w, we have from (4) 


M 


- ojA. 


(5) 


But from equation (3) we get 


a> 


A 


A 

a 


J 


2 m 0 


therefore 


M 


Je 


2m 0 c 


( 6 ) 


The direction of M is opposed to that of J, because the charge of 
the electron is negative. Thus, we see that the va ue o e 
magnetic moment of the equivalent bar magnet is that given y 
(1) For an atom having several electrons, we have simply to sum 
up the contributions of each one of them to get an expression of 
the same form as (6), but J would then denote the angular mo- 

mentuni of the whole system. 

Thus we see that the orbital motion of the electrons m an 
atom produces a magnetic field, which comes into evi ence m 

the Zeeman-effect. 
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Now, from Bohr’s quantum theory of the circular orbit, 

know that the angular momentum is an integral multiple of 
so that we have 


we 

h 



Substituting this in (1) we get, 



( m integer). 


( 7 ) 

( 8 ) 


For the lowest orbit, characterised by the quantum number 
m — 1, the magnetic moment p, of the atom is given by 

eh 

F = c ~ 0-922 x 10 - 20 gauss centimetres. (9) 

/j. is called the Bohr-Magneton ”, and it is taken as the unit of 

atomic magnetism. For an atom whose Zeeman-effect is normal, 

the magnetic moment measured in magnetons is mu, where m 
is any integer. 


The existence of atomic magnetism, confirming the value of 
M given above, was demonstrated experimentally by W. Gerlach 
and O. Stern in 1921, and in subsequent years. The first experi- 
ment consisted in passing the atoms of silver vapour through a 
non-uniform magnetic field, and measuring the deviation from 
their otherwise rectlinear paths by intercepting them on a screen 
From this deviation the value of the magnetic moment can be 
calculated, which agrees closely with the value given in (8) 


5-8(2). The Spectra of Heavier Atoms. 

From the atom-model proposed by Rutherford we know 
that a neutral atom of any element other than hydrogen consists 
of a positively charged nucleus, around which several electrons 
are rotating. Naturally, such an atom must have a multiplicity 
of stationary states, because there are several possibilities for the 
revolving electrons to arrange themselves in different orbits 
The spectra of these atoms are therefore more complicated than 
the spectrum of the hydrogen atom. Their characteristic feature 
is that they can be grouped in sequences of lines called * ‘ series ’ ’ 
The four main senes are the “ principal ”, “ sharp ”, “ diffuse ” 
and fundamental ” series, 

7 
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In § 5-7, we saw that if we take account of the relativity 
effect, the energy R of the atom in any stationary state is charac- 
terised by two quantum numbers n and l, where n is the principal 
quan lUin number, and l a second quantum number associated 
with the series to which the term belongs. Thus W = — E is a 
function of n and l, which we can denote by W [n, l). We know 
also that l < n, and that l can change by 1 only. 

It is customary in spectroscopy to denote 

(1) \\ (», 0), (/ = 0), (n = 1, 2, 3, • • •) as S terms, 

(-) ^ {»> 1). = 1), (a = 2, 3, 4, • • •) as P terms, 

(3) W (>/, 2), (/ =2), [n — 3, 4, 5, C, • • •) as D terms, 

(4) W 3), (/ = 3), (n — 4, 5, 6, • • •) as F terms. 

A line due to a transition n = 5, l — 2 -> n' = 2, l' — 1 is 

denoted by the notation 6 D -> 2 P. 

The four series mentioned above are given by the transitions 


H P - 

> 1 S (m 

= 2, 3, 4, 

• • •) : Principal series ; 

n S - 

* 2 P {n 

= 2, 3, 4, 

• • •) : Sharp series ; 

n D - 

> 2 P (n 

— 3, 4, 5, 

• • •) : Diffuse series ; 

n F - 

> 3 D (n 

= 4, 5, 6, 

• • •) : Fundamental series. 


The series lines, when observed through spectrographs of 
high resolving power, are found, in general, to be multiple in struc- 
ture ; they are therefore called “multiplets”. Thus it is found that, 
in the case of the alkali metals, the S terms remain single, but 
the P, D and F terms each split up into two, giving rise to doublets. 
Thus the alkalies Na, K, etc., have singlets and doublets. Similarly 
the alkaline earths Mg, Ca, etc., have terms which are singlets 
and triplets. To take a concrete example, in the spectrum of 
sodium, the first line of the principal series, the yellow D-line 
is found, when examined by spectrographs of high resolving 
pow r er, to be really two lines separated by 6 A. 

To explain this multiplet structure, Sommerfeld and Lande 
proposed that two quantum numbers n, l are not sufficient to 
describe the terms, but that a third quantum number ' nt ' should 
also be introduced corresponding to the magnetic moment M of 
the atom, .explained in the last section. We have remarked that 
for the Zeeman-effect and the Stark-effect, when we bring an 


\ 
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external magnetic or electric field in a definite direction in space, 
we have to introduce a new quantum number connected with the 
azimuthal angle ^ of the electron round the axis of the field. 
Similarly, the magnetic field due to the atomic magnetism, 
introduces the quantum number to which the multiplet structure 


is due. This number ‘ m ' is called the 
number ”. 


" magnetic quantum 


So far, we see that the negative energy W of a stationary 
state depends on three quantum numbers n, l, m. But in the 
course of investigations on the multiplet structure of series lines, 
it was found that we need yet one more, a fourth, quantum 
number to explain them. 

Thus consider the effect of an external magnetic field on an 
atom. In the normal Zeeman-cffect, it is found that each line of 
the hydrogen spectrum is resolved into three components under 
the influence of the external field. But the case is different for 
the alkali atoms. If the magnetic field is weak, each line of the 
multiplet is resolved into more than three lines. The displacement 
of these new components is proportional to H, but different for 
the various members of the multiplet. This phenomenon is 
called the “anomalous Zeeman-effeet ”. 

It is found further that if the magnetic field is gradually 

increased, the resolution is gradually changed ; and finally when 

the field becomes strong, there remain only three components 

of each line of the multiplet, as in the normal Zeeman-effeet. This 

change on passing from a weak to a strong field, is called the 
“ Paschen-Baek ’’ effect. 

The fourth quantum number mentioned above, was introduced 
to explain these phenomena. It is denoted by s, and is supposed 
to have only the two values + i and - It was at first 
assumed by Lande and others that this fourth quantum number 
s was connected with the angular momentum of the core electrons, 
but in 1921 Pauli showed that this cannot be the case. He pointed 
out that if s were connected with the core electrons, then the 
nature of the Zeeman-effeet would depend upon the atomic 
number N of the atom. But experiment shows that there is no 
such dependence of the Zeeman-effeet upon N. Pauli concluded, 
therefore, that the quantum number s is associated with the 
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series electron, just as the other three numbers are associated 
with it. 

This view was further strengthened by the hypothesis of the 
" spinning electron," proposed by two Dutch Physicists, G. E. 
Uhlenbeck and S. Goudsmit, in October 1925. They suggested 
that the electron should not be considered to be a point charge, as 
hitherto done in Bohr's theory, but must be taken to have a finite 
extension. Further, it should be assumed to be spinning about 
an axis fixed in itself, while at the same time moving in its orbit 
round the nucleus. The angular momentum of the electron is 

taken to be s where s = + A or — J, according as the spin is 

in one direction or the other. The hypothesis of the spin of the 
electron coupled with the relativity theory gave a satisfactory 
explanation of the spin doublets. But in 1928, Dirac showed 
that a systematic relativity theory of the quantum phenomena 
accounts for the spin effect quite naturally, without the arbitrary 
model of the spinning electron (Chap. XI). 

5*8 (3). Paulis Exclusion Principle. 

We have seen in the last section that each stationary state 
of an atom is characterised by the following four quantum 
numbers : 

(1) The principal quantum number n, which can have 
any of the integral values ], 2, 3, • • •, and which in a transition 
can change by any amount. 

(2) The azimuthal quantum number /, which, for a fixed n, 
can have only the following n values (25) § 5-7 : 

0, 1, 2, (n - 1), 

and which, according to (30 < 7 ) §5*7, can change in a transition 
by — 1 or + 1 only. 

(3) The magnetic quantum number tn, which, according to 
(1) § 5-8, has, for given values of n and /, the following (2 / + 1) 
values : 

— (/ — 1), -1,0,1, •••,(/ -1)./, 
and which can change in a transition by — 1, 0, or + 1 only. 

(4) The spin quantum numbers s, which can have only the 
two values — A and + A. 
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Thus the negative energy W, associated with a stationary 

state, is a function of the four numbers n, l, m and s, so that 
we can write 


W = W (», l, m, s). 

Now, from the time of the Greek philosophers, it has been 
taken for granted that two different pieces of matter cannot 
occupy the same part of space at the same time. Generalising 
this idea, W. Pauli put forward, in 1925, as a fundamental postulate 
of the quantum theory, that two electrons not only cannot be 
at the same point simultaneously, they cannot even be in the 


same orbit. As each orbit is characterised by the four quantum 
numbers explained above, this means simply that no two electrons 


can have the same four quantum numbers. In other words, 
each stationary state of the quantum theory is defined completely 
and uniquely by a given set of values of the four numbers n, l, in, s. 
This is Pauli’s " Exclusion Principle ”. It is also called Pauli’s 


“Equivalence Principle” or “ Pauli- Verbot ”. 


This is a most useful principle, and can be applied to find out 
the number and arrangement of the extra-nuclear electrons in 
the atoms of the various chemical elements. 


5-9. Bohr’s Theory of the Structure of Atoms, and the Periodic 

Table of the Elements. 

In § 3-1 we said that the chemical elements can be arranged 

according to their increasing atomic weight, beginning with the 

lightest of them, viz., hydrogen, and ending with the heaviest, 

viz., uranium. In the middle of the nineteenth century the Russian 

chemist, Mendeleef, suggested that as regards their chemical and 

physical properties, such as valency and the emission of spectral 

lines, these chemical elements, which were supposed to be 92 in 

number, can be divided into seven periods, having more or less 

resemblance to each other, and containing 2, 8, 8, 18, 18, 32, and 

6 elements respectively. The properties in each period are 

repeated, and each increase in the length of the period brings 

with it a number of elements with properties different from those 
of the preceding periods. 

When Bohr first proposed his quantum theory of the atom 
in 1913, he suggested that the chemical and physical properties 
depended on the peripheral electrons. Since that time it was 
believed that the repetition of the chemical and physical properties 
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with these periods, and the increasing length of the period, is due 
to a regular building up of the atoms. But it was only in 1922 
that Bohr was able to give a theory of the periodic table. His 
considerations were based on a detailed knowledge of the optical 
and X-ray spectra, the Zeeman-effect, and other phenomena. 
The theory was given a firm basis only after the publication of 
Pauli's Exclusion Principle in 1925. 

In the last section we saw that the energy associated with 
any stationary state is characterised by four quantum numbers 
/, m and s. We know also that only those configurations are 
most probable for which the energy is a minimum. Thus at 
each state the electrons in the neutral atom would be in the orbits 
of the lowest possible energy compatible with the condition of 
stability. These ideas together with the exclusion principle, 
provide the necessary clue for the fixing up of the arrangement 

of electrons in the various atoms. 


When the theory is worked out, it is found that in every 
atom there are two orbits in which the energy is equal and lower 
than in any other orbit. These are nearest to the nucleus, and 

their group is spoken of as the K-shell or K-ring. 

Next to these come eight orbits of equal energy, but sub- 
stantially higher than that of the K-shell. This group is called 
the L -shell. After the E-shell we get 18 orbits of equal but stil 
higher energy, and the group is known as the M-shell. Similarly, 
tta N-shell chains 32 orbits, and the O-shell 50 orbits. The 
atoms are successively built up by the addition of one peripheral 
electron to those of the previous atom. The electrons go into 
the various orbits beginning with the K-shell, and when one shell 
is complete, the additional electron of the next higher atom must go 
into an orbit belonging to the next higher shell. 

From Bohr’s theory of the hydrogen atom, we know that 
the value of the energy in a stationary state depends mainly on 
the principal quantum number n, and it is only the slight cu - 
ferences in energy due to the finer features which bring a ou 
the introduction of the other quantum numbers. 

Thus we see that the various shells are characterised by the 
values of the principal quantum number n = 1, 2, 3 4, 5, etc , 
giving the K — , E— , M— , N— , O — , P - > Q " sheU 

respectively. 




Bohr s Theory of the Structure of Atoms 



From (25) § 5-7 we know that for a fixed value of n, the 
azimuthal quantum number has the n values : 


0, 1, 2, • • •, (n - 1). 

Therefore each shell has n sub-shells characterised by the value 
of l. These sub-shells are distinguished by suffixes. Thus the 
three sub-shells of the M-shell (n = 3), corresponding to the values 
0, 1, 2 of l, are denoted by M 1( M a , M 3 respectively. 


Now we must consider the other two quantum numbers m 
and s. We know that for given values of n and l, the number 
m can have only the (21 -f 1) values : 

— /, — (l — 1), • • •, — 1, 0, + 1, • • (I — i), l t (2) 

and for each of these m, the fourth number s can assume the two 
values + \ and — h For any sub-shell the number of orbits 
would therefore be 2 (2/ + 1). And since each different orbit 
may contain an electron, the number of electrons in each sub- 
shell will be at the most 2 (21 -f- 1). The number of electrons 
in the various sub-shells should be therefore 


2, 6, 10, 14, .... 

The number of electrons in a shell is then 

n — 1 

2 2 ( 2 / + 1 ) = 2 n 2 . 

/ = o 


( 3 ) 

( 4 ) 


This gives the maximum possible number of electrons in each 
sub-shell and shell, calculated from Pauli’s Exclusion Principle 
But the electron configuration must satisfy also the second condi- 
tion that the energy of the atom shall be a minimum. When 
this second condition is taken into account, it is found that the 
higher shells do not have the maximum number of electrons 

calculated from the above theory, but that one shell begins to 
form before the previous shell is complete. 

The prevalent grouping of the electrons into shells and sub- 
shells for the more prominent chemical elements is given in the 

a a 92 is not the upper 

limit for the number of elements. In fact E. Fermi recentlv 

created in his laboratory the element No. 93, which is, however 

extremely unstable. Elements No. 94 and 95 have also been 
reported. 
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Chapter VI. 

HEISENBERG’S QUANTUM MECHANICS. 

6*1. Critique of Bohr’s Theory. 

In the last chapter we gave an account of the origin and develop- 
ment of Bohr’s quantum theory, and pointed out its culmination 
in tne explanation of the periodic table of chemical elements 
published by Bohr in 1922. It became increasingly apparent, 
however, that this theory was not quite complete. It could 
explain the Zeeman-effeet of the hydrogen atom, but gave wrong 
results for the anomalous Zeeman-effeet. Further, the energy 
levels of the hydrogen molecule ion, of the normal and excited 
states of the helium atom, of the normal states of the hydrogen 
molecule, were calculated by many people during the years 
1923-25, but it was found that the results did not at all agree 
with experiments. The quantum theory broke down for °the 
problem of the crossed fields, i.e., the problem of calculating 
the spectrum of an atom under simultaneous electric and 
magnetic fields in different directions. The phenomena of 
dispersion, i.e., of the collision of light with matter, and also 
those of the collision of electrons with gas atoms could not be 
accounted for successfully on Bohr’s theory. 

Indeed, Bohr himself was never in doubt about the incomplete- 
ness of his theory of atom models and electron orbits. Max 
Born, W. Pauli, and many other workers of great repute were 
giving voice to their belief that a reformulation of the whole 
theory was urgently needed. This was felt to be the more 
necessary because the quantum theory was not a coherent whole • 
there was an unsatisfactory looseness about its principles. The 
quantum conditions, the frequency relation and the correspon- 
dence principle are not integral parts of the theory, but are 
added to it as an after-thought, as it were. The theory lacked 
the closeness and unity of the classical mechanics, which did not 
require any external ideas for the explanation of the phenomena 
with which it dealt. Several workers were seeking for a rational 
and unified formulation of the quantum laws, but it was 

reserved for a very young German physicist, W Heisenbere 
to provide the key to the solution. 
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6- 2. Heisenberg’ s Theory. 

Heisenberg pointed out in 1925, that any rational formulation of 
the quantum mechanics should concern itself directly with the 
experimentally observable quantities such as the frequencies 
and intensities of the spectrum. The position of the electron 
in the orbit, the period of revolution and the amplitudes 
can never be expected to be experimentally observed, and should 
not be used directly in the mechanics. 

In the course of the last chapter, we have seen that the 
fundamental ideas of Bohr' s theory are : 

(1) the discrete set of stationary states characterised by 
the values E„ (» = 1, 2, • • • ), of the energy ; 

(2) the frequency v of the energy radiation emitted during 
the transition from a state n to another state n' , given by Bohr’s 


frequency relation v 


E 


ft 


F ' 

r -<7l 


h' 


(3) the orbits of the electrons, selected by the quantum 


< 1 = 


(r = 1, 2, 


• • 


, «) ; 


(4) the assumption that the classical laws hold for the 
description of motion in the stationary states, although they fail 

completely during transitions ; 

(5) the correspondence principle, that the classical theory 

gives the right results in the limiting case of large quantum 
numbers. 

The existence of the discrete set of stationary states 
for the atom has been confirmed more or less directly by the 
experiments of J. Franck and others on collision phenomena. 
The frequency relation can be taken to be an immediate conse 
quence of the Ritz combination principle, which has been abun - 
antly demonstrated during more than half a century. ese 
two conceptions, therefore, must find a place in the new mechanics. 

The case of the electron orbits is, however, quite different. 
It is almost certain that they can never be observed expen- 
mentallv. Accordingly, the orbits should not enter directly m 
the new theory. Heisenberg thus gave up all mechanical 
models of the atom, just as previously, _ Einstein ha g 

up the omnipresent ether of the dassrcai ekctrodj na^ 

Moreover, the quantum conditions, which provided the selection 
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rules for these electron orbits, were completely artificial ; they 
could not be interpreted rationally in terms of the ordinary 
corpuscular conceptions of the nature of matter. Their only 
justification was their agreement with the facts of experiment in 
some cases. All that the adiabatic principle of Ehrenfest and 
the correspondence principle of Bohr could do for the quantum 
conditions, was to make them appear plausible to a certain extent. 

As regards the classical mechanics, Heisenberg put forward 
that it is not the equations of classical mechanics that are at 
fault, but that the mathematical operations by which physical 
results are deduced from these equations require modification. 

Heisenberg considered a simply periodic dynamical system, 
with the orbital frequency co = 2 ttv. The co-ordinate q can 
then be represented by a Fourier series. 


q (0 


a 


: o + d\ cos % Tvt + a 2 cos 2 (27 rvt) + • . . 

' z ’ sin %rvt + b 2 sin 2 ( 2 ? rvt) 

a 0 + \ (a x -‘ L ' 1 1 ' 


+ 


+ &i 

* * 

ib t ) e 2 ”‘ Vi + £ (a 2 - ib 2 ) e 2 (* mV <> 
+ i («x + ib x ) e~ 21Tiv ' + i (a, 
qo + ?i e 2 " ivt 


+ q 2 e 2 

+ q- i e ~ 2 


+ •• • 
e - 2 ( 2 TTiv t ) 


”IV( 


+ q- 


. . . + ^2) 

-f- q 3 e 3(2n,V/) + ... 

2 e ~ 2 < 2n ' w) -f q _ 3 e -3 (2 ”tvt) 


+ ■■ 


4 - 


+ 

s 


q a (2 ”ivt) 


where 


tfa — 2 (^1 1 hi), (for a positive integral), 

and 

= i i a i + i &i)- 

If we denote the complex conjugate of q by q* , then we see 
from the definitions of q a and q- a that 


7 -a — ?a*- ( 2 ) 

Heisenberg assumed that in the new quantum mechanics, the 
coordinate q can be represented by harmonic components of the 
form qe Since in the quantum theory the observable 
frequencies and intensities of the spectral lines depend on a 
transition from a state n to another state m, q and v should be 
characterised by the two integers n and m instead of the one 
integer a of the classical equation (1). Now, according to the 
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Ritz combination principle, the frequency of a spectral line is 
given as a difference of two terms of the set : 


so that 


T, T, T, ■ ■ • T • • • 


v nm — T-. r 


« 


m 


( 3 ) 


is the frequency of the transition from the state n to m. 


Thus 




+ .w = (T„ - T„) + (T m 


T*) 


T„ - T* 


v nk 


which corresponds to the obvious classical relation 


Further, we have 


av + /h* — (a -f /3) v 


T 


T„ =0, 


(4) 


y nn — n 

which embodies the fact that no radiation is emitted so long as 
the system remains in the same state. Similarly 


rnn 


T 


m 


T 


n 


(T„ - T w ) 


nm > 


( 5 ) 

showing that the frequency of the radiation emitted during the 
transition n -> m, is the same as the frequency of the radiation 
absorbed during the reverse transition m — > n. It must be 
remarked that negative frequencies signify absorption in the 
same way as positive frequencies signify emission. 

Heisenberg found, therefore, that instead of the Fourier 
series (1), the co-ordinate q should be represented in the new 
mechanics corresponding to all possible transitions n ( =1, 2, 3) 
to m ( = i ( 2, 3, • • •), by the following two dimensional table : 

.2 ntP 


9 



?n * 

? 2 I e 


2 n*V 


or more, shortly by 


It*. 

q n e 2mv ^’ 

q 13 e* mv i* t , 
% 

2lb 

q 12 e* niv 22 ‘. 

q 2 3 


q 3 2 

q» 3 

V • • I 

q = 

■■ {q„m *”»**?) 

• 


• • 


• • 



( 6 ) 


But from (4) we know that v u = v 22 = v 33 =0, so that all 

the diagonal terms are constants q llt q 23 ,- • Further, since t e 
dynamical variable q is real, and since v m „ = - v nm , we must 
demand that q mn should be the complex conjugate of so that 

qmn ~ Q* nm’ ^ 
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9ntn 9 mu — 1(7 nm | 2 - (8) 

In the classical theory, if two variables * and y belong to 

the same dynamical system with the orbital frequency 
then 

+ °o 

x = 27 x a e a (°- ni ' V! \ 

a = — oo 



and 





Now let 



then 


a -f /} = y, 



where 


*y = 2 & x a y y _ a } 

y a 

= 27 (*y) y 

y 



(*y)y = ^ x a y y - a . 

a 

We see therefore that the same frequencies v, 2v, 3 V 
into the product xy as into x and y alone. 


( 10 ) 

enter 


Heisenberg wanted to find a rule of multiplication for the 

quantum dynamical variables so that no new frequencies should 
appear in the product. Thus if 

X = (x n m v nm t ) l 

y = (ynm e^nmf) , 

then Heisenberg found that it is only when we stipulate that 
the n m component of xy should be calculated by the rule : 

( x y)um = 27 x nk e™ v „k* y km n v 


that no new freqencies appear in the product. In fact 
on account of (3), 


v nk + V km 


(T„ — + (T/Sr — T m ), 

^ m ) = 


nm» 


M) 

(15) 



(16) 
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we have from (11) 

(xy)nm = Z Xntytm e t "* v *k +v im'> t 

k 



x„kykm e 2T7,I W. 



According to this rule, the nm component of the product 
yx would be given by 


(yx) 


nm 




Zy,ik*km e- '»m\ 

k 


(13) 


In the general case, the sums E x„^ y^ m and E y„k Xhn will 

k k 

evidently not be equal, and therefore (xy)„ m =f=- {yx)„ m for all 
values of n and m. Thus the corresponding components in the 
tables for xy and yx are not equal, and therefore 

xy =, fc yx. (14) 

This fact, that the commutative law of multiplication does not 
hold in the new quantum mechanics, was mentioned by Heisenberg 
explicitly in his very first paper published in July 1925. Max 
Born and P. Jordan pointed out in September 1925, that the 
Heisenberg multiplication rule (11) is exactly the same as that 
for matrices, well known to the mathematicians in algebraic 
theory. Thus, the dynamical variables in quantum mechanics 

are " matrices 


6 • 3. The Algebra of Matrices. 

Suppose that x lt x 2 are two variables, which are considered 
to be components of a two dimensional vector x. In the same 
way we shall say that y lt y 2 are components of a vector y ; z v z , 

are components of a vector z ; etc. 

We make the following transformation of variables : 

y x = a 11L X ! + « 12 X 2 > y 2 — a 21 *1 + a 22 X 2 • W 

We arrange the coefficients of this transformation in a square 
table of two rows and two columns : 


/#n a»\ 

V#21 #22' 

th^diasF table is called a “ matrix ” of the 2nd order, 

d amical^ en0 ^ e ^ b ^ fl - ^ ben tbe two e( l ua1 ^ ons * n (*) 
demy d thaf lbolicall y as a ?ort ° f vector e< l uation 


( 2 ) 

and is 
can be 


svt 


y 


ax. 


(3) 
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We transform the variables again from y lt y t to z 1: z 2 by 
means of the transformation 


z l - f 'll + ^12 ^2 . Z 2 = b. n V., -j- b 22 V 2, 


( 4 ) 


or, shortly by 


2 = by. 


where b is the transformation coefficients matrix 


( 5 ) 


b 


_ ( !j i\ b r ,\ 
\^ 2 l b 22/ 


(«) 

Substituting the values of y 2 from (1) in (4), we can find 
the new variables z,, z 2 in terms of the original variables x lt x t as 

-i “bib +c 12 * 2 . z t ~c u x t H- c 2t x 2 , (7) 

where it is easily calculated that 

c n = i «i i + b lx a sl , c l2 =b tl a l2 +ii 2 « 22 , 

c»i = b. n n M + b ,2 a tl , c 2 , =-- b 2l a l2 -f- a n . 

We can write (7) shortly in the symbolical form 


( 8 ) 


z = cx, c 


Substituting (3) in (5) we have 


= ( c " c ^\ 
V^i c z J 


(9) 


z — by = b {ax) = bax, 


( 10 ) 


which means that fat the transformation a is applied on a and 

r;'r t,on 4 is appiied «• <•> 

. . c =ba, (U) 

that 10 to say that the product of two matrices is a third matrix 
whose elements are calculated according to the formula: ffil 

That the product ab is not the same as ba can be readily seen by 
applying the transformations in the ntw Tfaus ™ by 


yj -i u r, +b lt x t , yf =b tl x 1+ b ti x t , 
symbolically, 

y' = bx. 

Applying now the transformation a we ere* 


( 12 ) 

(13) 


or 


~ a iiy\ + a lt y,', Zt > = aMiy . t + ^ 


t > 


Substituting 


ay 


(M) 

( 15 ) 


**' “ + '»*«• V - + d* r„ 


( 10 ) 
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where 


dll = 

a \lb\\ f" ^12^21* ^12 ~ ^11^12 H' ^ 12^22- 


( Ci — 

^21^11 ** 1 " ^22^21* ^22 ^21^12 ^ Ilf 1 21 

07) 

Thus 

- *■ " - C: £> 

(18) 

Substituting (13) 

in (15), we get 



z — ay' = a {bx} ~ abx. 

( 1 9) 


From (18) and (19) we have 

d = ah. ( 29 ) 

Comparing (8) and (17), we see that in general all the four r's, 
viz., c n , c n , c 2l , c 22 , are not the same as all the four d' s, 
d llt d n , d n , d 22 respectively, so that c ^ d, i.c., 

ba =g ah. ( 21 ) 

Thus we see that the commutative law of multiplication does not 
hold for matrices in general. 

Now, let A be the determinant formed of the coefficient of 
the matrix A, and suppose that 


A 


a 

a 


11 

21 


a \2 

a 2l 


0 


( 22 ) 


then from (1), solving for x lf x 2 in terms of v x , v 2 . wo S et 


x 


( h % ^12 , 

A 3 1 A' 32, 


a 


21 


a 


u 


T ’ = A - Vl “ A * 


(23) 


This is called the inverse transformation to (1). and the matrix 
of the coefficients in (23) is called the inverse matrix to a and is 
denoted by a~ x , so that we can write (23) symbolically : 


x 


a ~ ' v, a 


- 1 




(20 


It can be verified by actually carrying out the double trans- 
formations, that 


a~ l ax = a x = x . 


where 


a ~ l a 


aa 


- i 


C n 


(25) 


e matrix (25) is called 
see that every matrix 


the unit matrix of the 2nd order, and 
“ commutes ” with its inverse, in other 
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words, that the commutative law of multiplication holds when 
a matrix is multiplied by its inverse. 

All these results can be generalised to matrices of any order 
Thus 3 



IS called a finite matna of order s. Each of the a mn is called an 
eem lent of the matrix. The elements .1 a„ are said 

to constitute the leading diagonal. If s = the matrix is said 
to be infinite. 


A matrix a is said to be equal to another 
order, if a mn = b mn for all m and all n . 

The matrix c is said to be the sum of 
the same order, if 


matrix b of the same 
two matrices a , b of 


mn ~ a mn + bmn 


) 


. ' " - *»*• •• •, 
this is expressed by the equation c = a + b. 

nf , , The matri f C is £ said t0 be the product of two matrices 
of the same order, if 


a, b 


m n 


J 

kL, a,nk ^kn> 


( 27 ) 

and this is expressed by the equation c = a b This mu n 

evidently that rule sb °ws 

ba ab, 


the commutative law does not hold in general Tf • 
particular instance the two nrodnM-s , a g , L If In a 
the two matrices a b are said " tn l n a are the same, 
" to commute t0 be commutab le. " or simply 

It is easy to see that 

(ab) c ^ a (be), 
a (b + c) =* ab + ac, 

U, the associative and distributive laws hold in general. 

product of two or diffeIen <*. 

matrix, and not an ordinary number. The' matrix thi ^ 


F 
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and every element is zero, i.e., for which a m „ = 0 for all m and 
all n, is called a “ zero matrix,” and is denoted simply by 0. 

It is easy to give examples of two matrices a, b of which 
each one is different from a zero matrix, and yet the product ab 
is a zero matrix. This is simply a consequence of the definitions 
and the rule of multiplication, and should not cause any surprise 
to the reader. We define a set of quantities 8 mn as 

8 mn = 1 for n = m. 


— 0 for n m. 



The matrix whose elements are 8 m „, i.e., the matrix in which 
all the elements in the leading diagonal are 1, and all the other 
elements are zero, is called a " unit matrix We shall denote 
it by 8, so that 




0 0 
1 0 
0 1 




Now let c — a8, where a is any matrix and 8 is unit matrix 
of the same order. Then from (27) 

e>nn — -17 ct m k 8f lll = a mn . 

k 

Thus c — a. Similarly, it can be shown that if b = 8a, then 
b = a. Hence we get the result 

aS — 8a = a. (30) 

Incidentally, we see from (30) that 8 commutes with every matrix 
of the same order. 


The matrix E mn 8 mn , i.e., one which has non-vanishing 
elements only in the leading diagonal, so that all the elements 
not in the leading diagonal are zero, is called a “ diagonal matrix ”, 
or a “scalar matrix”. Such a matrix is of the tjqje : 




0 0 
E22 0 

0 E33 



(E mn 8 m>t ). 



It is easy to verify that a diagonal matrix commutes with 
every other matrix, so that E a — «E. 


The elements in the leading diagonal of a diagonal matrix 
are called the “Eigenvalues” of this matrix. 
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The inverse matrix a~ l of a is defined by the relation 

a~ l a — S. 

Then we have 


(32) 


a (a 1 a) — ah = a 

of the associative property 
(a a~ 1 ) a = ha. 

a a -1 = 8 = a~ l a. 


ha, 


so that on account 

Consequently 

(33) 

Equation (33) shows, as already mentioned in (25) above, 
that the inverse of every matrix commutes with the matrix itself! 

. 0n account of the non-commutative character of multipli- 
cation, the division of a matrix b by a matrix a is not unique 

There would be in general two different quotients * and y, <dven 
by the two equations ^ 


ax 

ya 


b, 
b 



(34) 


If we multiply the first equation by the inverse matrix «-i 
on the left, we get 

a ~ lax = “-'b, or hx = a~'b, or x = a~'b. 

Similarly, if we multiply the second equation in (34) by «-i on 
the right, we get J uu 

ya a- 1 = ba~\ oryS = ba~ 1 , or y = ba~ l . 

difeS 3 ‘ he tW ° q "° tientS ate r ' h and ba "■ =>« generally 


„ If Umn ~ a » m for a11 m a nd all », the matrix a 
symmetrical” matrix; but if a = 

( { 4 f t?tJt 

skew-symmetrical ” matrix. 


O' tint > a 


is called a 
is called a 


a 


ttnt 


a 


mtt) 


Let denote the quantity conjugate to .... Now, if 

he matrix a is called a ‘ Hermitian ’ matrix The 
properties of such matrices were extensively studied by the 
French mathematician Hermite. They are most important for 
ns, because on account of (7) § 6- 2, we find that the quantum 

tL^ “““ * Vpe, 


a 


nm 


a 


nm 


fr" ■ “ 

matrices, in order to be able to develope their 



116 


Heisenberg' s Quantum Mechanics 


§ 6-3 


mechanics. But this was rather a lengthy and cumbersome 
method. A few days later, in November 1925, P. A. M. Dirac 
of Cambridge, found that if the “ Poisson Bracket ” expres- 
sions of the classical mechanics are introduced, we can avoid 
having to define a differentiation of the matrices. 


6 ■ 4. Poisson Brackets. 

Consider a dynamical sj^stem having s degrees of freedom. 
The generalised co-ordinates are q x , ••*, q s , and the conjugate 
momenta p x , p s . In the classical mechanics, any two 

variables *, y are said to have a “ Poisson Bracket”, given by: 


[x, y ] 


Z ( 

r = 1 \ 


bx by bx by 

bq r dfir <*p r 


(i) 


The importance of a Poisson Bracket* expression lies in the 
fact that they remain invariant under a canonical transforma- 
tion. We shall prove this theorem for the case of a single degree 
of freedom. The argument can be immediately extended to 

several degrees. 

We saw in § 2- 5 that if we change from the variables p,q 

to the new variables, P, Q, given by P = P ( p , q), Q = Q ( P< ?)> 
then the new variables will be canonical if 


pdq + QdP — dW 


( 2 ) 


where W is the transformation function, and where we have 
assumed that the Hamiltonian does not contain the time expli- 
citly, so that H (p, q) = K (P, Q). 


Equation (2) can be written in the expanded form : 


5P 

bq 


3P 

bp 


dp 


bw , . aw,. 

dq + vr d P< 


bq 


bp 


( 3 ) 


which gives 


aw 

bq 


P + Q 


bP aw 

bq * bp 


Q 


bP 

bp 


( 4 ) 


Since we must have 


a 2 w _ a 2 w 

bpbq ~~ bqbp 


bp 


. we get from (4) : 


bq\ J bp) 



ly P.B. for Pofisson Bracket. 


\ 


* Sometimes we shall write si 
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or 


i + ^ + o a!p 


C )p bq 


bpbq 


so that 


— 4- o 

bq bp ^ bqbp 


[Q. P] 


5P 
bq bp 


bQ bP 
bp bq 


1. 


( 5 ) 


This shows that if the transformation to the new variables 

is canonical, the Jacobian (functional determinant) must be equal 
to unity. ^ 

Now let x, y be any two functions of p,q, and consequently 
P,Q. Then the P.B. of x, y is 

l*>y\ = 


of 


bx by 


bQ bP 


bx by 

bq bq 


bq bq 


bQ bQ 

bx by 


bQ b P 


bx by 

bp bp 


bp bp 


bp bP 


_ bx <Vy bx cVy 

bQ bP ~ bP bQ’ (6) 

on account of (5). This proves that the P.B. expression is 
invariant for a canonical transformation. 

Reverting to the general case of several degrees of freedom 
d x is a °y Unction of the q r ’s and p r ’ s, we have : 

— = E *PPx _ bp r \ 

£=] \bq^ bp k bp A bq k ) ~ l x > Pr]> 


bx 

bpr 


ir = 1, 2, S) 


( 7 ) 


E _ bx 

k = 1 bp k bp k bq k ) 


[*. 9r] 


us we find that differentiation w. r. to the variables q r , p r can 
be replaced by P.B. expressions. This makes it possible to 
write Hamilton’s canonical equations of motion in the form • 




m 

bpr 


[H, q r ], 


( r = 1 . 2 , •• S ). 


( 8 ) 


Pr =- 


SH 


[H, />,] 


( 9 ) 


fW ;; . w c 4 u utions 01 motion verifies immediatelv 

that they are mvarrant for a canonical transformation. 7 
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We can immediately prove from definition the following 
properties of the Poisson Brackets. 


( fl ) [Z *] 


& ( 

r = 1 V 


c )q r bp 


by bx 
bp 


Z (Ml M 

r = i b Pr 


' bX \ 
r Mr)’ 

bx by 
bp 


r Mr)' 


\x,y\. 


(b) If c is an ordinary number, then = 0, 


bq r 


bp r 


0, 


therefore 


r , A fbx bC 
[X ’ C] " r £x \bq r *pr 


( c ) 9«] 


for all m and all n, because 


(<*) [Pm . Pn] 


{e) [gmt Pn] 


fbq m 

M„ 

\bq,- 

bpr 

bq,n 

bq H 

bp r 

bpr 

( b Pm 

bpn 

{bqr 

bpr 

bpn, 

_ bp„ 

bq r 

bq r 

(Mm 

bpn 

KMr 

bpr 


bx be 

l )q 

bq m 



0. 


bq m bq^\ _ o 

bp r bq r ) 


0. 


bp 

bp 


m b Pn \ 

r bq r ) 


0 


0. 


0 if m =£= n, 

1 if m = n. 


This result can be expressed more systematically with the 

help of the 8-function defined in § 6- 4 (28) : 


Pn] b mn . 


(/) [*i + **• y] 


^ (b{x 1 4- x 2 ) by _ b[x r + x t ) 3v_l t 

i bq r bpr bp r bq r > 

• fbx x by bx x by \ . A (*x**2_ _**i*2.\ 

~ r ^ 1 \bq r bp r bp r bq r ) + , = 1 \bq r bp r bp r bq r J 

( g ) Similarly, we get 

l x >yi +jy*J = + [*».>*]- 
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The properties (/) and (g) express the fact that the Poisson 
Bracket [x, y] involves x and y linearly. 


( h ) [*i *2, y] 


-i { 

= f i ( h Ji *y_ 

lr = l r 


+ X 1 


| 27 ___ 

1 r = l wjV ^pr 

l*i> y~\ x 2 "H x x ix 2) y] m 


b(x x x 2 ) by 
bq r bp r 

bx x by 
bp ? . bq r 

c).Vo by 

bpr Zq, 


b(x j X 2 ) by 

~ “ 1 4 

dp r bq r 




(0 l x ,yiy 2 ] 


£ ( b jL d (yi y?) 

r= 1 1 


bq r bp 


£ (*Pi_ dyi 

r = 1 \^$r ^ p r 


_ <>*_ t>(.Vi Vi) 
bp r bq r 

bx by x 
bpr c )q 

bx by 2 dv 



V 




bq r bp r bp r bq r )) ’ 


~ [ x >yi]y2 + >’i [x,y 2 ]. 

■ a - r V! “P 01 *® 1 * ln ( /? ) and (*) ^ keep the factors in the order 
indicated here, because although in the classical theory it does 

not matter whether we write [ Xl ,y]. x 2 or x 2 [x lt y], but if we take 

them over into quantum mechanics, they would generallv be 
different since x lt x 2 and y are matrices. 

If we keep this order, we can define the quantum Poisson 
racket so that it also has all these properties. They would be 
calculated formally as in the classical theory. Usually the 
ynamical variables *, y are power series in the generalised 
co-ordinates q r , p r . Then we can build up [x, v] from the values 

properties.' Th'u^’ ^ ^ ^ ^ ° f abo ^-mentioned 

f(7i. Pi 2 ] = [?!, p 1 p l ] = [q lt p i ]p i + r 
But from (5) [q lt p J — ^ therefore 


Similarly, 


[<7i 2 .A 2 ] 


[if. Pi 2 ] 


[<h> Pi 2 ] =2 Pi. 

'■ [?i <h.p x z ] ~ [q lt p * J qi + r p zi 

~ Pi9i 4- 2 qi p v 

[<h 2 <h.pi 2 ] =[pi 2 ,p 1 *]q 1 +qP[q x ,pz] 

2 <Pi9x+1iPi)qi+2q 1 *p l 

-‘Pi ( h +2 qip iqi -f 2 qp p x , 
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and so on. Thus we see that the Poisson Bracket [x, y] can be 
evaluated more conveniently by expressing it in terms of the 
simpler brackets. 


We must give now a formal definition of the quantum 
Poisson Bracket. In order to do this, we shall calculate the value 
of the Poisson Bracket [x x x 2 , y x y 2 ] i n two different ways. 

[XyXo.y^o] = [x 1 .yo’z] x 2 + x x [x^ygy^, 

= {[Xi,yi]y 2 +y i [x lt y 2 ]} x 2 
+ *i {[xz.yilyz +yi [x 2 ,y 2 ]}, 

= \. x i> 3'i] v 2 x 2 +3»! [x ll y 2 ] x 2 + x 1 [x 2 , y x ] y 2 + x l y 1 [x 2 ,y 2 ]. (10) 

Similarly, we get on evaluating in the other way, 

[x 1 x. i ,y i y 2 ] = \x 1 x 2 ,y 1 ]y 2 +y x [x lt x 2 y 2 ], 

= {L x v yil x 2 + x i t* 2 ,yi]}y 2 +y 1 {[xi,y 2 ] x 2 + x x [x 2 ,y 2 ]}, 

= [xi.yj x 2 y 2 + x x [x t ,yi}y a +y 1 [x 1 ,y 2 ] x 2 + y x x x [x 2 ,y 2 ]. (11) 

Equate the two expressions on the right-hand sides of (10) 
and (11), and cancel out x x [x 2 ,y 1 ]y 2 and y x [x 1 ,y 2 J x 2 , which occur 
in both in the same order, then 

[Xi,yi]y 2 x 2 + x x y x [x 2 ,y 2 ]= [x lt y x ] x 2 y 2 +y x x x [x 2 ,y 2 ], 
i.e., on transposing, 

{x 1 y 1 -y x x x ) [x 2 ,y 2 ] =[x 1 ,y 1 ] (x 2 y 2 -y 2 x 2 ). (12) 

In classical mechanics xy — yx = 0, so that each side in (12) 
vanishes. But this is not the case in quantum mechanics, so 
that we get 

ft* ~ **> = = a constant. (13) 

L*i> yi] [x 2 , yi\ 


Evidently, since does not depend on ~x 2 , y%, an< * 


Xjiyz y^y. ^gg no ^. c i e p enf i on X 1 ,y 1 , the constant value of the 

i*2, y2 j 

ratio cannot depend on x 1 ,v 1 , x 2 ,y 2 . Moreover, it must commute 
with x x y x — y 1 x l and x 2 y 2 —y 2 x 2 , so that it cannot be a matrix 
but an ordinary number. 

By the use of the correspondence principle, Dirac found that 
for large quantum numbers the value of the constant comes out 
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27 r* Generalising this result, Dime assumed that always 

x y - y X = l ±[x,y], (14) 

i.e., that the difference between the “Heisenberg products” 
*y and yx of two quantum numbers, is ~ times their Poison 

Itt 

Bracket expression, where i = V — 1 , and h is Planck’s constant. 
This is Dirac s fundamental new postulate in quantum mechanics. 
It is based on the correspondence principle, and we see that this 
principle is woven as an integral part in the new mechanics, and 
not loosely added to it as in the former theory. The formula 
(14) is an axiom of the new theory and requires no formal proof, 
just as Newton’s laws of motion require no formal proof in the 
classical dynamics. All the proof that the formula (14) requires 
is that it should lead to results in agreement with experiments. 

It can be easily verified that the quantum Poisson Brackets 

defined by (14) satisfy all the conditions (a) to ( i ). They are 
thus uniquely determined. 


The equation (14) fills the gap, as it were, left over by the 

non-commutative multiplication of the quantum variables. It 

replaces the classical condition that xy — yx — 0. Further 

it is a natural generalisation of the classical theory, since for the 

limiting case h -> 0, the formula (14) goes over to the classical 
formula xy — yx = 0. 


6-5. The Quantum Conditions and the Equations of Motion. 

In § 2 • 5 we pointed out that a canonical or contact trans- 
formation is one which leaves the form of Hamilton’s canonical 
equations 


9 


<)H 

bp r ’ 


h = ~ 


m 

V 


i r = 1 , 2 , • . S ), 


( 1 ) 


rrf d * a‘" 5 ^ C0 - 0rdinates are Changed canonically 
the equations (1) become V Tne 



We have already mentioned 
Poisson Brackets of the classical 


in the last section that the 

dynamics are invariant under 
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a canonical transformation, so that 


[*. y] 


2 (¥- 

r — i \*qr 


bx cty 


bx by 


bp r bp r b q. 


i ( 2 *. 

r = 1 V»Q, 


£>% cVy 


t)* by 


bF 


bV r bQ 



Consequently, Poisson Brackets are most suited for deter- 
mining the quantum conditions, and equations of motion in the 
new quantum mechanics. 

From Dirac’s equation (If) § 6-4, we have for the generalised 


Pr, 

(r = 1, 2, 

* • • s). 


QmQn 

QnQm ~ 

ih r n 1 

- 2^ l % m > (W* 


pmpn 

1 

** 

$ 

II 

ns 

1 — n 

** 

>• 

a 

(3) 

QmPn 

PnQm — 

= \ Q m> P H ^ 9 

*-77 

! 

i 


for all m and all n. Combining this with the equations (c), (d) and 
(e) of § 6- 4, we get for all m and all n, 


q m q n 

PmPn 

q m pn 


Qn Q m 

PnPm 

Pn Qm 


0 

0, 

0 if m 



n 




ih 

2tt 


if m 


n. 


These are the new quantum conditions, which were deduced at 
first by Heisenberg and Born and others, from the old quantum 

conditions of Bohr’s theory, viz., 

= 1, 2, • • • , s). 



p r dq r — n r h, 


{r 


by a use of the correspondence principle. They are derived here 
by a. method due to Dir&c. 

Differentiation of a Matrix w.r. to time .- Consider any 
dynamical variable * of the classical theory winch does not 

contain the time explicitly, so that it depends only on 

V) p r . Its derivative with respect to time is 

» (bx . , *>% 

-*=.£. Ut , q ' + 


co-ordinates q 


dx 

dt 


bp. 
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°f E, p r from the equations 

_ bx dH 
bp r bq r 


Substituting in this the values 
of motion (]), we get 

X = E 

r = i r 

= [x, H] . 

Thus every derivative with respect to time can be expressed 

as a Poisson Bracket. This result is taken straight into the quantum 
mechanics, and we assume in general 

* = [x, H], 

where H is the Hamiltonian of the dynamical system 
bmed with (14) § C- 4, this gives 

ih . 


( 0 ) 

Com- 


277 


x 


ih 

7 T 


9_ [x. H] 


xU - Hx. 


( 6 ) 


. For , ( ® } , t0 have a meanin S in quantum mechanics, we should 

give a definition of the differentiation of a matrix with respect 

to time. We assume that * is a matrix whose general mn element 

is the time derivative ot the tnn element of the matrix x Thus 
since -mus, 


x 


(Xtii n C 


!2Bfl W) , 

the time derivative comes out to be 


(7) 




m>i 


( 8 ) 


x = (2 mv mn x mn 

If ^ is constant in time, then since „ n 
and v nn =0, all the elements of x not in The leading” fabT T 

are d th , the lea di„ g diagona] J 

matrix I - 0 rLnl 4 « *"• by definiiion, te 

matrix * — 0 . Then from (6) we get rh - TTr 

with the Hamiltonian H. In this case ther f '* * COmmutes 
diagonal matrix. ' therefore - * must be a 

Writing q r , p r in succession for x in (6), we get 


ih 

2lT 

<jr 

= q r H - 

-H q 

ih 

2-77 

Pr 

~ PrR - 

- H p 


(' = 1 . 2 , 


s). (9) 


quantum “Panics 

could have been derived "T r ' C ' aSSical They 

« we knew the mea Lg “ <8> ^ (9 > § 6 ' * 
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It is not difficult to show that any dynamical variable x 
which commutes with p r and with q r , commutes also with any 
function / of p r , q r . In fact, since p r x — xp r , 


0 = p,.x — Xpr = [pr, X] = E ( 

k = l V 


bp r bx 


bX 

bql 


(r = 1 , 2 , 


• • 


s). 


Similarly 


0 = q r x 


xq 


[qr, x] = 2 ( 

k ~ l \ 


c )q r bx 


bx 


(r = 1, 2, •• •, s). 


Therefore 


[/ (qr, Pr), x ] 

so that 


i( 


bf bX 


bf bx 


bqk <>Pk <>Pk 

fx~xf = 0, 


0 


bp r bx 


<>qk ^Pk h Pk 


bq r bx 


zqt t>Pk <>Pk *qt 


(10) 


which proves our theorem. 

Further, if in (5) we replace x by t, we get : 

a - 1 - ['■ H >- 

Comparing this with (5) §6-4, we find that the time t and the 
energy H are a pair of canonical variables. 

6> 6. The Equation of Energy and Bohr's Frequency 

Relation. 


We know that the Hamiltonian H in classical mechanics 
denotes the total energy, i.e., the sum of the kinetic energy and 
the potential energy, and that for dynamical systems under 
conservative forces this total energy is constant in time. In 
the last section we have shown that any quantum dynamica 
variable * which is constant in time must satisfy the equation 
% _ o, that is, x must be a diagonal matrix ( x mn S mn ). 

In order to prove the equation of energy, i.e., that H is con 


stant in time, we must show that 


or 

we 


H = 0, i.e., H = (H ot * S m „), 
that H is a diagonal matrix. This follows imi 
substitute H for * in (5) or (6) § 6- 5. 


It 


lediatelv, 
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We have seen in § 6' 2 that each of the stationary states of 
the dynamical system is characterised by a term value of the set 


Tj, T 2> • • • , T„, ■ • ■ ; 


( 2 ) 


and the Ritz Combination principle says that the frequency of 
a spectral lme due to the transition m to n is given by the relation 

(3) § 6- 2: 


mn 


■= T 


T 

x n- 


(3) 


Now consider the diagonal matrix T given by : 


T a 0 
0 T a 


0 • • • . 
o . . . . 


0 • • • 


where T 


nn 


T„, and T 


(T 


mn °mn 


(4) 


mn 


0 when m =?= n. 


Since both H and T are diagonal matrices, H — hT is also 

a diagonal matrix, and consequently commutes with every other 

matrix. Thus, for any dynamical variable x = [x mn e 2fT ‘ v m>t‘) 
we have, m> ’ 


x (H - hT) - (H - hT) x = 0, 


or taking the mn element : 


(5) 


2{x mk (H^ - hT kn ) - ( K mi - hT mk ) x kn e iniv k„t} = o, 


or 


x mn e 2 TT * V nut t 


mn‘ (H„ - hT„) - (H„ - hT m ) x mn e^v mn t 


Dividing out by we find 


(H„ - hT„) - (H 


hr m ) = o. 


or, on account of (3) : 

- 

Thus we get finally : 


H„ = h (T 


T«) 


mn 


H„, - H 


mn 


( 6 ) 


which is Bohr's frequency relation. 

T - laSt SeCtions we h ^e considered dynamical 
systems having s degrees of freedom. The term-values are there- 
fore characterised, not by one index n, but by s indices n 
• • • , n s , thus x * 21 


n i» « 2 » •••, n s • 



126 


Heisenberg s Quantum Mechanics 


§ 6-6 


Each transition is therefore from a stationary state (m 1 , m 2> - • • , m s ) 
to another state ( n 1 , n 2> - • • , n s ). The dynamical variable is 

represented really by a 2s-dimensional matrix : 





m-2 , 


• • • , Wj- ; «2. * * * i n s 


£. n iVm x , m 2 y m s ; n x , >/ 2 » •••,«*). 


We have taken a single letter m to represent the whole complex 
(ra x , m 2 , •••, mj. It can easily be seen that 2s-dimensional 
matrices have properties analogous to those of the two dimen- 
sional matrices. 


Moreover, it should be remarked that the quantum mecha- 
nical matrices are of an infinite order. In fact, from the quantum 


condition qp 



we get for the nn element : 


E ( SnkPkn 

k 


PnkQkn) 



ih 

2tt' 


Therefore summing for all n , we have 

£ 2] {(JnkPkn PnkQkn) ~ ^ 

n Jc n 


ih 

2tt 




ih_ 

27 T 




If n were finite, the left-hand side would be zero, because 
then the terms would cancel out in pairs. The right-hand side 
shows that it can never be zero, and therefore n must be 

infinite. 

6- 7. The Harmonic Oscillator. 


As an illustration of the application of quantum mechanics, 
we shall consider the simple problem of the harmonic oscillator 
in one dimension. This was actually the problem solved by 
Heisenberg in his first paper in which he outlined the new mecha- 
nics. The details of the theory were supplied by Bom and 

Jordan in September 1925. 


To be able to compare the method and results of the new 
mechanics with those of Bohr’s theory, we give first the treat- 
ment of the problem according to the older theory. 



Suppose that a particle P of mass fx is elastically bound to a 

centre O, so that the force on P is always dir ^" ted i° War p dS 
and is proportional to the distance q between OP. Then ^ 

oscillate linearly about O and is called a " harm, mic oscillator . 
Such oscillators were first introduced by Planck in his theory 
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the black body radiation, when he assumed that the black body 

consisted of harmonic oscillators. If p i s an electrified 

particle, then due to its accelerated motion, it will emit radiation 
of frequency v 0 . 


P 


Let the velocity of the particle be q, and the 
The kinetic and potential energies are 

1 


momentum 


T = 




where k is a constant. 

The Hamiltonian H is therefore 


P\ V = \kq\ 


0) 


H — T + V 


1 


w 

Hamilton's equations of motion are 


2^ 2 + W- 


( 2 ) 


t>H 


P. 


P = ~ 


e>H 


kq. 


*p It' r bq 

Therefore, differentiating the first equation, we get 

P _ - kq _ 


( 3 ) 


• • 


9 


Now, it is known from classical electrodynamics that 

k 




= (Z^o) 2 , 

v 

so that the equation of motion becomes 

q + {2Trv o y q = 0. 

In Bohr’s theory, a solution of this equation is 

q = a cos (2? t v 0 t + a ), 

where a is the amplitude and a the phase. Therefore 

P = M — — m2tt v 0 a sin (2 -nvt + a), 
so that ' 


( 4 ) 


(5) 


( 6 ) 


( 7 ) 


H = 


1 


2 — i/J. {q 2 -f- (2ttv 0 ) 2 q 2 } t 

= J/* {HrV* 2 s in 2 (2 nvj + a ) + 4 cos* ( 2 t 7 V t 

= 2fi7T 2 v 0 2 a 1 . v 0 

We shall now find the action variable J. 


+ a )}, 
( 8 ) 


J = §pd 


1 _ 

Vo 


9 


I pqdt. 


r 

0 ^' rTV,>a s * n ( 277 V + a). 2 77 V 0 ci sin (277^ -f 


(23) 


F 
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Vo 

/x4:77 J V 0 2 « 2 J sill 2 (2tTVqI + o.) dty 

o 

1 277 

477 2 /xv 0 2 a 2 - 2^7 ' f sin 2 0 d9, 


1 r 

4:7T 2 uvQ 2 a 2 • ~ — • 4 • J sin 2 6 dd, 

2 TTV'o O 


so that finally 


J = 4^v,«a«. 2^' 4 • j 

= 277 2 /x a 2 v 0 . 


(9) 


( 11 ) 


(12) 


Comparing (8) and (9) we have 

H = Jv 0 . (10) 

Now we introduce Bohr’s quantum condition 

j = nh, (n integer) (H) 

so that equation (10) becomes 

H = n (Av„). ( 12 ) 

Equation (12) shows that the energy of the oscillator is an integral 
multiple of hv 0 . This was Planck’s original postulate introduced 
in 1900. Eater, it was found experimentally that the energy 

must be a half integral multiple. 

We can find the value of the amplitude a from (9) and (11), 

a 2 = _J_ = -Up- , (13) 

277 2 /LiV 0 277 2 /XV0 


and the displacement q is given by 






nh 

27T 2 fXV 0 


cos (277 + a). 


(14) 


The phase a is indeterminable. 


Equation (12) is not true. Experiments show that we must 

have H = (n + \) hv 0 instead. 

In the new mechanics of Heisenberg, the equations (1) to 

(5) are valid, but q is a matrix 

q = (ft*) - ifl lk (15) 

similarly p is a matrix : 

„ p - (Pi*) = (&* : 

oscilku r . . , . 

, /t a\ tn^amno- in this mecnaniw. 
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elements Ik of the matrix (15), therefore, we get 
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one of the 


From this we see that 


(v 0 2 - v lk *) q lk = 0 . 


(16) 


either q lk = 0 or v lk = ± (17) 

This means that all q lk vanish, except those elements for which 

v lk ~ + v 0 or — v 0 . 

We ° rd M °l nambai ^ the elements Ik is at our disposal. 
We distinguish between the two possibilities „„ = 4 . „ or - v 

by supposing that ' 0 °’ 


v ik 


v ik - 


+ v 0 corresponds to a transition l 

i.e., when k = / — 1 ; 

- v 0 corresponds to a transition l 
i-e., when k = l + 1 . 


I - 1, 1 


l + 1, 


(18) 


« 

I 

J 


For the elements q lk we get therefore from (17) and (18) 


<lik 



0 when k 
0 when k 



l T 1, 

l =F 1. 


(19) 


he matrix x has the following fori 



?12 

0 

?32 

0 

0 


0 

?23 

0 

7«a 

0 


0 

0 

?34 

0 

?54 


0 

0 

0 

?45 

0 


0 

0 

0 

0 

?s# 



(20) 


w m 

formation the equation of motion (5) can 

#e us the value of the non- vanishing elements 
we must use the quantum condition 


qP - pq 


ih . 

2w 8 


' a account ^ = M, we have 

Plk = /*• l‘Triv lk q lkt 

so that taking the element 11 of (21), 

~ &>« ~ W 2 <*,„ q , m 1m . 

IN 

or since v lk — _ 


n - 4- *■ 


( 21 ) 


<"- 2 ) 


9.1m v m i q m i ) 


n 


9 


v i*> the last equation becomes 


'’ 2774 * 




(23) 
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On account of the equations (18) and (19), the sum reduces 
only to two terms, viz., those for which m = l — 1, and m ~l ■ I, 


v u - 1 < 7/./-i 7/- 1,/ + v /./+i <7/./+i ?/ + i./ 


A 


87T 2 /1 


But on account of (18), v u 


+ l ’ o . »'/,/+ 1 


l 


therefore, 


?/,/- i T'-U ~ + i <7/+i./ 

But from (7) § 6- 2, we have 


h 

8 ttV 


* * 

?/-!./ = (7/./-1- ?/,/+! = ( Jl+U' 


so that 


Qi.i-i Qi-i.i — l 2 - 1./ (7/./+1 — I ?/+i./ 1 1 - 


The last equation therefore reduces to 

I ?/+i./ 1 2 — I ?/./- 1 1 2 = 


A 


8 7T 2 / 1 1 


(24) 


We conclude from (24) that the q 2 form an arithmetic scries 
which is unlimited to the right, but must break up on the left, 
since it can contain only positive terms. At what indices we 
break up the series is still arbitrary, since we have as yet deter- 
mined only the relative values of l,k, but not their absolute 
values. We stipulate now that q l 0 shall be the last non-vanishing 
term of the series, and that q 0 - y and all the previous terms 
shall vanish. Then from (24) we get for / =0, 1,2, ' ' ' • 


?i.o I 


A 


877 s n v 0 

I I 2 


I fail 1 


2 A 


8ir l uv 0 


> • • * I 


«A 


877 */ X »’ 0 ’ 


(25) 


that for the elements themselves we get 







1 


?//,« + 1 


V 


(26) 


and * 1 — — 


, c ^rse on account of (18), v„ H _ , = + »■, 

qq ie quantum mechanics furnishes us therefore with the 
■lection ides (18) and (19) for possible transitions, and also the 
mnlitudes # 25) and (26) which give the probabilities of the 
responding transitions, i.e.. the intensities of the spectral 

nes. 
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We go over now to the calculation of the energy values 
associated with the stationary states. For this we take the 
Hamiltonian H given by (2) and (4) : 


H 


2/z 2 ^ 2 — I/* {q 2 + ( 2 t 7 v 0 ) 2 q 2 }. 


(27) 

But q is the matrix (2mv lk q lk ), so that taking the diagonal 
element H WI) we get from (27) : 


H 


nn 


y {Z Mrn + (2/i v 9 ) 3 E q nm q mn ). 


m 


^ ( 2 ~0 5 v n >„q>i m v mu q m it + (2ttv 0 ) 2 E q um q mu }. 


But 


m 


mn 


v ntn> ^nd < 'InmQtnn 


Qntn I 2 , therefore 


H 


2ttV £ {K„ 2 + v 0 2 ) I q„ m | 2 }. 


(28) 

On account of (19), the sum (28) reduces to two terms only 
viz., those for which m — n — 1 and m = « -f- 1, so that 

H~ = 2 "V + V)l |> +(v w > + 

- {([ + + V) | |. + ([- 

= (I I 2 + | B. 

Substituting in this the values of | |. and | „ |. f rom (26) . 


H 


nn 



+ 


y {» +n + 1} 

( n + £) hv 


(» + l)h 

8 7 T 2 /LtV 0 



Again, from (27), we get for the general element H 

m = ?*/?/,„ + ( 2 tt i / 0 ) 2 E q nl q lm } t 

w v 


H 


nm 


(29) 

(»» ¥= «) , 


^ {(2*7 £ v ul q nlVlm q lm + {2vv,yZq niqim]< 


2ir*n E {(v 0 * 


J 


v nl v ml) qniqim) , 


2 *V {( 
+ K* • 


li'.-l.*) qn.n-iq n - l<m 

v ».n + iV n + i. m ) q H ,H+ iq H + x,m) , 

where, on account of (19) m can be only „ _ 2 or „ + , 
« is neither of these, H„„ would vanish, so we have 


(30) 

If 


~ 0 exce Pt when m —n,n~ 2 or « -f- 2 


( 31 ) 
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Now let m =n -2, then from (30) 

H„ „_2 = 2 7 t 2 /li {v 0 2 — v n 2 ) <?«,«- i!7«-i,x-2}- 

But, on account of (18) v n<n _ ! = 1( «-2 = v o» s0 that 

H„.„_ a = 2ttV {(v 0 2 - v 0 *) = °- ( 32 ) 

If w = ;i + 2, then from (30) 

H„ „ + 2 = 2rr 2 /i. {vq 2 — v«,«+ i v « + i.« + 2) ?«,«+ 1?«+ i,«+ *)■ 

But, on account of (18), v„,„ + x = v» +ll „+ 2 = — so that 

H„ „ +. o = 2t7 2 /X {(v 0 2 -v 0 2 ) ?*,* + !?„ + !.«+ 2} = ( 33 ) 

Combining (31), (32) and (33) we get 

= 0 («¥=»)■ ( 34 ) 

From (29) and (34) we find, as was to be expected, that H is 
a diagonal matrix, H is constant in time, verifying the law 

of conservation of energy. 


The diagonal elements H „„ = H„ give therefore the energy 
values associated with the stationary states, so that : 

H „=(»+£) Av 0 , (» =0, 1 , 2,---)- ( 35 ) 

This formula was first derived by Heisenberg, who showed 
that the energy values of the harmonic oscillators are half 
integral multiples of hv 0 , as required by experiment Bohr s 
theory had led to the wrong result (12). This was the rs 
brilliant confirmation of Heisenberg’s mechanics. 


Moreover, from the kinetic theory, we know that the 
internal energy (the heat energy) of a body is due to the osci - 

taS Of the molecules in the body about the.r eqmhbnum 
positions. Experiments with low temperature i had led he 
German physicist W. Nernst to the conclusion that even at 
absolute zero of temperature the body has still a finite energy, 
THZ from zero This hypothesis of Nernst, put forward 
n 1 913 is now the universally accepted third law of Thermo- 
dynamics. The absolute zero of temperature ^ . that plenary 

state for Lrle f Sves zero value 

cannot account for Mi Heisenberg's theory 

for the lowest energy of the atom^^ ^ (f _ _ „ of the 

gives the value * o thermodynamics. In 

srrsrr i ^ ** - * »■* Ncrast 


t 
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and others in statistical theory, long before the advent of 
Heisenberg s mechanics. 

This example serves to show the coherence and power 
of Heisenberg s method, which is based on the calculus of 
matrices. It supplies us by a uniform method the selection rules 
e intensities and the energy values for various problems The 

Sec Hhe a TT” SpeCtmm - the Stark »nd Zeeman- 

fnllv on W 7 Zeeman-efl'ects, etc., were solved suceess- 
fnlly on Heisenberg s theory by various writers. They led to 

the same results m cases where Bohr’s theory was known to mve 

rrect results. But m cases where Bohr’s tlieorv gave wronc 

results or failed completely, Heisenberg’s theory gave results 
ln agreement with experiments. 11 

oscin^rT; eVGn ll thlS ’ the simplest ’ ex ample of the harmonic 

, e see that, though the method is straightforward 

and elementary in principle, the actual calculations are long i„d 

toned b S f ati0n is m ” h in Other problems mem 

tioned above As a matter of fact, quantum mechanics would 

from another source. recelved lmpet " s 

in Jail!; ‘tieticfE Sch^" 

mechanics 5 ; based on The Ideas of'T T 

Broghe about the nature of radiation and 'matter li 

give an account of wave-mechanics in the following' chapters 


6- 8 ( 1 ). The Angular Momentum. 


Suppose a moving particle has co-ordinates * „ , 
linear momenta fc, p, Then its angular momentum TeT 

th^ h bTtt^latta: ^ ^ ^ defined ’ as in classical 


m 


x y P z z Py m y —zp x — xp t , 

The angular momentum thus 
identities which can be proved by 

l*>y] = 


m 


ypx. 


( 1 ) 


t*> Px] 

[x, py ] 


ly.z] 

ly- Py] 

l*> A] 


•=*Py - 

defined satisfies certain 
using the quantum conditions : 


= 0, x] = 0 

: [*' Px] = 1, 

y ‘ p ‘ ] " & fJ = [b p,} =■ [r, p,) 


0 . ( 2 ) 
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( 3 ) 


Then we find, 

[w.v v] =[yps 


[ p y ,y 3 =[ypt,y} - i z Py - y] 


[ v, y] pi + y [pz, y] - [*, V] py - z [Pr y\ = + *• 


Thus we have the following identities: 


[»»*. v] 
inty, x] 
[»«.-. *] 


0, [m x ,y] 
■ z, [m y > y] 

y, [»»,. y] 


2 , [m x , z] 
0, [m y , z ] 
x, [m s , z] 


y> 


o. 




Similarly we have 


[m y , p y ) = [ypi - zp y , p y ] = b’P*‘ Py\ ~ t z Py> ^ 


Thus 


[y, py] pz+y [pz, py] ~ Py] Py “ 2 ^ 


O.v, />*] = 0. i nl x, py] 

[niy, px] -■ - pz, i m y Py] 


[>«s. />*] = 

Further we have 

[nix, >«y] = 


py, [m : , py] 


pz, [ m x ,pz] 

0. [w y , ^> 2 ] 

Px, [w„ £,] 


Py ' 

Px ; 

o. 


( 5 ) 


O*, 2^* — */> z ] : 

[%, 2 ] px + z i m 

ypx %Py — ^ 2 ' 


Xp z ] = [m*, #*] - [*»*, 


2 ] ^ + 2 [w*, £*] - [^- *3 ^ 


Thus 


[>M X) ?wJ = »!„ [%, <| 






[W Z) W*] = niy 


( 6 ) 


From these identities, we find that 

[m x , % 2 +y 2 + * 2 ] = * ii»x, x] + [mx. x]x +y [m x ,y] 

+ [m x , y]y J r z [ m *> z ] + t m * • z ] z 

[m x , x*+y*+ z 2 ] = C nty, x 2 +y 2 + * 2 ] = l>*> * 2 +y*+ * 2 3 - °- (7) 

A S ain A 


[*»„ J) x 2 + Py 2 + Pz 2 ] = [»**, £*] + l>*> ^ + ^ ^ ^ 


L" a/ ^ *ry 1 x * -» ~ - 

+ Py + ^2 ^ ^ 

so that we htwe 

r ■ a ^ « A 1 I Ol f maa /A 2 i - V) » -I- A «1 


[m x , p x 2 4 Py 2 + A 2 ] = [%> p* + ^ + 3 

X 7 A1 


[m z , px 2 +py * + />**] 


0. 


( 8 ) 


L /,v 2 J ■ X / - 

The identities (7p and (8) show that each of w x , m r . * 
commutes with x-» + y* + **. and also with p x + Py 
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T h °! WmM COmral,te with any function of 

at the end of § “ 5 . + K + P ‘ % “ Pr0Ved “ * he theorem 


Moreover, 

[m x , m x 2 -f m 2 + m/] 


[«X. -f w s 2 ] 

w y] + [f»x, ™ y ] nty, 
+ m. [m x , m z ] + [m x , «.] w , 
0. 


Thus, since m 2 — nt x 2 + » 2 y s -f- we g e ^. 

[w^., w 2 ] = [w,, w a J - [m z> m 2j = 0) 

showing that each component of w commutes with w 2 . 

▼ 1 * i 4 


(9) 


w 2 , 


If there are several particles, with angular momenta 7n lt 
, m n , each of them will satisfy the identities (1) to (9). 


The total angular momentum vector M is defined as 


M 


with the components 
M x =27 « M 


n 

E m,., 

r = l 


( 10 ) 


y — E in ry , M, = 27 


Then apart from the quantum conditions of the tyne (2) 
we have further conditions for r* s, (r, s = l, 2 , . . . (2) ’ 

[ Xr \ Xs °' etC - & xr > Pxt] = 0, etc., [p xri q xt ] = o’ etc /jjv 

and momentTof X C °-°“ 

those of another particle. COmmutes Wlti * any function of 

Now, we have for any particle k, 

[N-r, T/ 1 ] [E m rx , — 27 [m rxi y^] 

r r 

= TT. since [w r *, y*] = 

^ on account of (4). 

Thus we get for k = 1, 2, . . . n . 

[M*. = o, [Jfi.yj = . r M . , 

m , i "" ** [y> y*i = o, [M y , Xk ] 

«. .[ !’ * ] - t M *- Ti] = - x k , [M 2 , Zjt,] = o I 

* -Tv . . C ” r “ POndiD » t0 the (5), L obtain for each 

£ m = -T. gf"^ r : 


0 if y =,fc 


0. 


( 12 ) 


(13) 
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Further, we find 

[M*. My] — [Z m rx , Z m S y\ = Z Z [tn rx , m sy ] 

r 9 r 8 

= Z [m rx , m ry ] , since [m rx , m sy ] = 0 if s =£■ r, 

r 

— Z m rz — M 2 , on account of (6). 

r 

Thus, corresponding to the relation (6) for a single particle we 
obtain for the angular momentum of a system : 

[M,, M y ] = M 2 , [My, MJ - M*, [M 2 , MJ = My. (H) 

From (14) we get by a reasoning similar to (9) if we write 

M 2 = M* 2 + My 2 + M/, 

[M„ M 2 ] - [My, M 2 ] = [M„ M 2 ] = 0. (15) 

We see that the angular momentum identities hold not only 
for a single particle, but also for a system of particles. 


6- 8 (2). Selection and Polarisation Rules. 

Suppose that a non-degenerate atomic system is acted upon 
by forces which have a symmetry about an axis which we shall 
take to be the 2 -axis. Then the forces will have no moment 
round the 2 -axis, so that from the principle of angular momentum 


we shall get 


dM 

l 

dt 


0, 


showing that M 2 is a diagonal matrix. 


0, 


Then, from the relation [M 2 , z] = 0, we obtain 

M e z — 2M 2 = 

so that £ ^ z (;/) - 2 (kj) M 2 (jl ) } = 0, 

or, since M 2 is a diagonal matrix, 

Mg [kk) 2 (kl) — 2 ( kl ) M 2 [ll) = 0, 

\ z (kl) {M 2 (kk) — M 2 {ll)} = 0. 


\ 

Similarly, 


from the other two relations [M fl 


[M r , y] 

we get 


x, or M 3 * — xMg 


tA 

2 - 77 - 


y and M s y — jyMg 


( 2 ) 

*] =>'- 
ih 


2 IT 


X, 


\ 


\ 


x ( kl ) v'Mg (kk) - Mg (//)} 
y (kl) (Mg' (kk) - Mg (U)} 


ih_ 

ih_ 

2tt 


y 

x(kl). 


( 3 ) 
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From (3) it appears that, if in a transition k -v l AI [kk\ 
does n° t change then * (kl) _ 0 and y («) « 0, so that ^ 
is polarised parallel to the 2 -axis. 

But if M 2 (AA) does change, i.e., if M (kk) + (//) then 

from (2) we see that 2 (kl) =0. ' ' 

Now suppose that M. is increased by an amount A in a 

transition k — > / i e A — at m\ v n a 

’ ■ •’ A -M. (kk), then from (3), 


x (kl) A 


Tn y{k ’ l )>yW) A 


{x (kl) + iy (A/)}^ A + 


{X (kl) 


- iy (&)}( A 

Thus we must either have 

A _ 

277 

h 


A 

2tt 

_h 

2tt 


Hi , . . 

277 X ^ 1 - 


0. 


0. 


(4) 


A 


or 


0 and x (kl) + iy (kl) = 0| 


A + 7 


2 7T 


0 and X (kl) - iy (kl) 


V 

1 


0. I 

J 


(5) 


This shows that if M, (U) changes, it can only do so by an 

amount ± ^ ; m each case the light is circularly polarised in 
tne plane xy. 

We have thus proved that in general M, (kk) can only change 
by an amount 0 or ± so that M. (kk) must be of the form 

M, (kk) = A (j + constant), (6) 

that j can only change””' ‘o or ± p'lTlLT Zer °' “ fm ' ther 

A; = 0 , -f- l _ j 

A; = 0 corresponds to polarisation parallel to the he, a P ] 
A; = ± 1 to polarisation at right angles to A field ’ “* 

6* 9 ( 1 ). Further Development of Matrix Algebra 

Adjoint Matrix. — From a matrix ^ 7 

at by interchanging the columns and mA^nd^A - 
elements by their complex conjugates: d eplacing the 

/ /T 


a 


11 ^12 a ls , 

a %\ #22 # 


a tn #32 # 


23i 
3 3» 


• ♦ 




♦ • * . 



a 

a 

a 


21 


22 


23 


a 

a 

a 


31 

32 




33 
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• f 

■ . w . t 


a 


t 


inn 


a„m> (»».« = 1 , 2 , •••). 


( 1 ) 


The matrix at is said to be “ adjoint ” to the matrix a. 

From this definition we immediately deduce that 

(a + i)t = «t +it, 

(ab) t = fttflt. 

The relation (2) can be easily established. To prove (3), we 
remark that for all m, n, we have 


( 2 ) 

(3) 



mu 


(ab)- 


it m 


b * 


nk u km * 


= [Z ««* KS = Z a 

k k 

(6t = 2 blpit C^kn — £ b km a nk ~ 


k 


Hermitian Matrix . — As remarked in §6-3, if an adjoint 
matrix a t is equal to the original matrix a, i.e., if 

at = 


a, or a,„J = a 


mn 


a 


nm» 


(4) 


then the matrix a is said to hermitian, or real or self-adjoint. 
We know that the quantum mechanical matrices must be hermi- 
tian, if they are to represent real quantities. The sum of two 
hermitian matrices is itself hermitian, because from at = a, 
and bt = b, we get (a + b)t = at + bt = a + b. But. the 
product of two hermitian matrices is not in general hermitian, 
because («6)t = 6t«t = ba is not in general equal to ab. Thus 
the product of two hermitian matrices a and b is only then 
hermitian when the two matrices are commutative. 


Every matrix a can be expressed in the form 


a 


a x d - 


(5) 


where a x and a 2 are hermitian matrices. For this it is only 


necessary to put 


1 


a 


\ (a -\-at), a 2 — 2 « ( a 


( 6 ) 


It is evident that the expression (5) is unique. 

Theorem 1 . If a is a hermitian matrix, and S is any arbit- 
rary matrix, then _ st aS W 

is also hermitian. 

For we have, since (St)t = S, 

bl = (StaSJt - {St («S)}t = («S)t (St)t 

= st ats = st«s = b. 


( 8 ) 
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Unitary Matrix. -A matrix which is identical with the inverse 

of its ad joint matrix is said to be " unitary ” Thus if u is a 
unitary matrix, then 

From (9), we deduce on taking inverse of both sides 

and remarking that (n- 1 )-* = a , 


u~ l = at. 


Thus a unitary matrix can also be defined as that matrix whose 
further ^ *° adi ° int matrix ' From 0°) obtain 


U lit — util 

where 8 is the unit matrix. 


S. 


( 11 ) 


If we write v 


so that 


: u h then we find 

= (u~ l )t = («t)t 
(vt)~ 


u, 


(Ut)-l = tt-1 = v> 

showing that v = «-■ is also a unitary matrix. 


( 12 ) 


Theorem 


unitary. 


The product of two unitary matrices 


is itself 


For, if u u u 2 ar e two unitary matrices, then 


{UyU^ U 2 f Uy t = H -l U -1 


(«i«a) 


-i 


Theorem 3. If * i s an arbitrary matrix, and 
matrix, and if we define 

b = u~ l 

then 


an . 


For, from (14) we find 


bt = u~\itU' 


(13) 

w a unitary 

(14) 

(15) 


bt ~ (u 'au) t = u t at («-i) t = «-i a t«. 


In particular, if a is hermitian, we see that it — h ru *. • 
theorem^ & ^ alS ° hennitian * we get the following 

thenS =„-.^isl £ lso^ermh™nmairix d “ “ Unitary ' matlix ' 

S a ^trixTueh that" ^ tW ° hermitian matrices, and 


then the matrices 
are also hermitian. 


b = S-^S, or S b 


aS, 


c = SSta, and = StSi, 


(16) 

( 17 ) 
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From (16) we have, since at — a, 

= (S _1 aS)t = Sta (S^t = St a (St)-», (18) 

where we have used (S -1 )t = (St)- 1 , i.e., that for any matrix 
the inverse of its adjoint is equal to the adjoint of its inverse. 


But 6t = b, therefore from (16) and (18) we get 

Sta (St)- 1 = S- J a S, 
or 

SSt a (St)- 1 = SS- 1 aS = aS, 
or 

SSt a (St)- 1 St = a SSt, 
or 

SSta = a SSt = (SSta)t, 

showing that c is a hermitian matrix. 

From (19) we get, 

S _1 SSta = S" 1 aSSt, 


or 

Then 


Sta = 6St. 
StaS = &StS. 


But we have from (16) that aS — S b, therefore, 

StS b iStS = (StS6)t, 

which proves that d is also a hermitian matrix. 





6- 9 (2). Matrix Analysis. 

Matrix- functions. —From the matrices x lt x t , •••, which 
can be considered as variables, we can build up polynomials by 
a finite number of multiplications and additions. Thus 

P (Xj,. • • , X s ) — 2 % C Ul ...u r X ni x ft 2 ' " Xnr ’ ^ ^ 

where the c’s are numerical coefficients, and »„ »„ • ; ■ . »r » W 
arrangement of the numbers 1, 2, . with repet, t.ons, and , 

denotes the degree of the term. 


We define the "adjoint polynomial" by 


Pt (*!, 


• • • 


9 %s) 


From (2) we find easily : 


Z Z 

r n u • • •, n r 


* 

C ni -..n r x *r * • ' x *% 


( 2 ) 


pt [xj > • • • > x s^) 


< r ) 

* 


2 Z Cm* ••nr 

r «i* •••» *r 

{P (X V • • % Xj)}*- 


x n* *n\ 


( 3 ) 
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Thus we see that the adjoint polynomial (2) is characterised by 
fact that it is the adjoint matrix of the original polynomial 

f 1 1U Pt( ' Vl ’ the matrix-variables * 

are replaced by xt 


when 


The polynomial P (x x , •••, x s ) is called “self-adjoint," 




holds identically in x x , • • - , x s . 

If the variables a; are hermitian, i. e . t xt = x, then we eet on 
account of (3) and (4), 5 t( 


{p (*.. • • • . *,m - Pt • ... *,t) - pt 

= P (x x , • • • , x s ), 


showing that a polynomial in hermitian 
hermitian. 


(5) 


variables is itself 


infi„?t tarting fr ° m - polynomiaIs ’ "e can proceed in the limit to 
general matrix functions : 8 * and thus define 

/(* i. • 

Theorem 1. if Xx and Xs are t wo matr j ceg> an( j 

Ti = S 1 i'i S, y 2 = s~ 1 x 2 S l 
where S is any arbitrary matrix, then 


( 6 ) 


For, we have 


+T2 =S- j (x x -f- X 2 ) s, 
Ti T 2 = S- 1 (x x x 2 ) S. 


(7) 


since 


Tr +^ 2 = S-x x, S + S-« * 2 S = S-i [ Xl + *,) S, 
the distributive law holds for matrices. Similarly 

y ' y 2 = ( S ~ lx i S ) ($~ l x 2 S) = $-i Xl (SS-i) * 2 S 
= S 1 x x 8 * 2 S — S- 1 x x x 2 S, 

since the associative law also holds for the matrices. 

in ZZT n o bv rJr the! ° n,ytW matrkeS *■ 

number of matrices ™d to Znv ZZ f *" 

the limit, we conclude that the theorem wouM hold to T *” 8 ‘° 

senes, or for any function which can h » hold for any power 

series. Thus we have the following generalTeoTem^ “ * ^ 
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Theorem 2. If in a matrix-function / (x lt x 2 , x s ), 

the arguments x v x s are replaced by new matrix-variables 

Vj, y. ; , • • • , y. given by 


hi 


S " 1 .Vj S, v 2 = S _1 .v 2 S, • • • , y s = S _1 x } S, 


( 8 ) 


where S is any arbitrary matrix, then the function / (x 1 > - x s ) 
is transformed into the function 


/ (Ti- 


a • ♦ 


V,) =S-‘/(*., 


• • • 


. X t ) S. 


(9) 


Xow let the arguments .Vj, • • • , x t be commutative, i.e., let 

x t X/ = x t x k , (k, l =1,2, • • • , s), 

and let the matrix-function f [x lt • ■ • , x s ) be defined by the 


power series, 

/ [x i , 


. x f ) 


Z 

«!»•••» **S 


C;t x • • • It s % l* 1 * ^2 2 


• ♦ • 




( 10 ) 


If the coefficients c are real, then from (2) we get 


P (x» 


• • 


, x s ) 


Z 

’ll* ** ’i 

z 


C ftl ...„ f x/ l s : -- X 2 "2 Xl n l 


Crt 


y n i Xo n " • • • XTs 

••• n s x i 1 *2 - 


"i 


• • • 




/ {x lt • • • ■ Xs), 


(11) 


showing that / is self-adjoint. 

In particular, we see that every function of a single variable 

with real coefficients, viz., 

f{x )=Zc n x\ W 


is self-adjoint. For example, the exponential function 

OO <Y ft 


is self-adjoint. 


e* = Z 


(13) 


From (13) we deduce immediately that is the unit mates 3. 

Moreover, if *. and * a are commutative matrices, then from 


* » * . • 

(13) we find, as in the ordinary analysis, 


e x x Jr 


Therefore, since 


e x e~ x 


. = e X X c x 2. 

commutes wil 

cx-x = e° = 8 , 


(H) 


shewing that is the inverse of : 

Further, if « is a hermitian matrix, 
we conclude that is also hermitian. 


(15) 

then on account of (5) 
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On the other hand, & will be a Ullitary matrix% for 

(e* a )t = e ia t = e~ ia . (since at 


( e ' a ) l , on account of (15). 


a), 


(16) 


It can be shown that, conversely, each unitary matrix „ 
matrix ^ m tlK f0r "‘ C '“ ni ‘ h the he ‘l> of » hermit'ian 

.. i •• ■!“ T- J r r 

the partial derivative of /with respect t'o * ^ the ration 

d.V 


J * C L w 

hm \{f{x + cS.y.z, . . .) 


where e is an ordinary number. 


fix.y.z,)}, (17) 


From this definition we find immediately : 


dx 

dx 

dx* 

dx 


so that 

i/* 2 \ 

dx 


lira ]{ X + e S - 

iim ~ {(x + e S )2 
€ -> 0 € 


*} = S; 


* 2 }. 


1 


c 1 ?. e f ^ Xmk + e8 «t) (**« + 

Z ( x mrf>*» + &mkXkn) = 2x,„„. 


eS ^«) ~ *«***,} 


Thus, we find 
dx 2 


dx 


2x. 


We find in general the rules fnr , . 

and the product of two matrix-functions / T “ “f ‘ h ? 
g ( x > y, z. •••) : j \ x > y, z,-..) 


(18) 

sum 

and 


and 


dx ^ + ^ 


bx 


(fg) 


i>x + 


~ t? + f bg 

*X 8 + J dx 


(19) 


(20) 


lhe rule (19) is obvious from definition ny. 
see that emution. To prove (20) vve 


f i x + e8,y, z, 


) g { x + eS, v, z, • • 

\ / ~ /{x ’ y ‘ “• U{x,y,z , - 

, !f . ••) {g {x + eS,y, Zi g( xvz 

+ {f(x + e B,y,z, ...j _ /( * ' / 

’ J [X ’ y ’ z > '••)}g(x,y, z, - ..). 


~"f(x + eS,J-, r ( 


)} 
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Dividing both sides of this equation by e and proceeding to the 
limit € 


0, we obtain (20). 

The rules (19) and (20) can 
number of functions. Thus we get 

dx n 


be extended to any finite 


dx 


nx n 


-i 


( 21 ) 


and 


de* 

dx 


= e*. 


( 22 ) 


6- 9 (3). Transformation of a Matrix to a Diagonal Matrix. 

Determination of Eigenvalues. 

We shall first illustrate the method by a particular example, 
in which we take the matrix to be of rank 2 : 


a 


/a lt # 12 \ 
\#21 # 22 ' 


( 1 ) 


Let S be the transformation matrix, and d the diagonal 


matrix 


d 


d 1 0 

0 dn 


( 2 ) 


to which a is transformed by means of the transformations 

S“ x a $ = d, i.e., a S = S d. 

Taking the m, n component of both sides, we obtain 


( 3 ) 


2 a mk $kn 

k * 1 


E dfc n = S mn d ni 


k = 1 


or 


q 

^tnn 


^tn\ ^ m2 ^ 2 n ~ 

We wish to find d x first, so that we set n 
m = 1, 2 we get the two equations 


d n , (m, n = 1, 2). 

= 1 in (4). 


(4) 

Then for 


Ch 1 Sii “f- ^12^12 : — ^11 dl $ 


XI °11 

#11 Sxi + #22 ^21 = ^21 

from which eliminating S n and S 2 i, we obtain 


S 2 i d x, 


#1 i 
#21 


d x 


#12 

#22 


d 1 


0. 


( 5 ) 


we 


In order to find d 2 , we put n = 
get the two equations 

#11 S12 + #12 $22 
#21 $12 + a 22 $22 


2 in (4) ; then for tn = 1. 2, 


Sjo d 2 

S 22 d 2 . 



§6-9(3) 


Determination of Eigenvalues 


145 


Eliminating S 12 and S 22 from these two equations, we obtain 


a 


1 1 
21 


d 


Cl 1 2 
Cl 

M ** 


d 


2 


0 


( 6 ) 

the. : (C) " e “* «• «* ‘"'0 toots of 


(l 1 1 A d 12 

^2i d. Z o 


— A ~ °' (7) 

hcrm.uan matrix, Tims to find the diagonal matrix , ) 

< := ^y the eigenvalues of we have' t ‘ ^ 

Generally, let a be a hermitian matrix of rank r : 


a 


fa mu')* fat » >i — 1 , 2 , ' * • , y) 


and let it be desired to transform it to a diagonal matrix 

‘I - fJ„ ! 

by means of the transformation 


( 8 ) 


d : 


E a 

k = l 


mk §kn 


fa m ^m>i) > 

nation 


(9) 

— d, i.e. t a S = 

S d. 

(10) 

of both sides, 

we get 

^ ^mk d kn = 

A; = l 

^ m n d fl . 

(11) 


writing n = 1 in ( U ) and putting’,,, 
we obtain : 

( fl,I ~ rf i)Su + a n S 21 +« 13 S 31 + 

«2iS n + (a 22 - dj) S 21 + m> 3 S 31 


— j vv 1# 

6 2, . • y successively, 


+ a lr S rl 

+ t7o r S,, 


0, 

0 


( 12 ) 


U r\ Sii + Cl r 2 S 21 + 


♦ • • 


+ 


rf i) S,, = 0. 


Eliminating S lt S 9 , ' “ u °^ =u - 

n* n. ^ from these equations, we find 

1 a J 




u d l a l2 a 13 

21 {l 'Z2 ~~ d x 


« • 


<*lr 

a 2r 


♦ « 


• ♦ 


• ♦ 


a 


r 1 


a 


r 2 


77 


If we had wished to detennine anv’ other”* ' 

Obtarned the same equation except that J, CUtve bet 

V 


a 


dx 


0 


(13) 
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replaced by d 2 , d 3 , •••, d r respectively. We conclude therefore 
that the eigenvalues d it d 2l - • ■ , d r of the matrix a, are the roots 
of the equation 


a ll 

A Clj 2 

* * * &\r 




a 2l 

m • 

Cl 22 “ 

• • • • • 

— A • • • Cl^r 

• 

= 0. 

(14) 

Cl r \ 


• • • /7 — - 

L\ rr 

- A 




These roots are real, since the matrix a is assumed to be 
hermitian. 


It will be noticed that this procedure of determining the 
eigenvalues of a matrix, is the same as that of reducing a homo- 
geneous quadratic expression to its normal form, or that of 
reducing the equation of a second degree surface to the standard 
form with reference to the principal axes. 

It has been proved by Hellinger and Toeplitz that this proce- 
dure for determining the eigenvalues can be extended to infinite 
matrices, with the difference, however, that in the latter ca;-e a 
continuous "spectrum” (range of eigenvalues) is also obtained 

along with the discrete set. 


of 


6- 9(4). Canonical Transformations. 

Let q r , p r 6 =1,2, • • - , n), be the co-ordinates and momenta 
any dynamical system, satisfying the quantum conditions 


q r q s - g*q 


o, p,p s Ps P >' = t 

, ih 

drPs PsQr 9 ~ 


s. 


(1) 


ZTT 


Q, = S - 1 <? A P ; . = S ~'p x S (r = 1, 2,- ■ «). 


We transform to new variables Q r , P, by means of the trans- 
formations 

(-) 

where S is any matrix. Iff (?,, p r ) is any function of the original 
variables q r , p r , and / (Q,, P r ) the same function of the nt w 
variables Q,, P r , then we know from Theorem 2 of $ G- 9 (-), 

(3) 


/(Qr, Pr) =S ~ l f(qr,pr)S. 
On account of (1), we find therefore, 

QrQs - QsQr = S- 1 O S = o, 

- pa - s-> O S = 0 , 

QA s -P,Qr = S-^ 


ih - 

2 tt 


a) 


2tt 
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I he transformations (2) therefore preserve the form of the 
quantum conditions, and are therefore canonical. 

th A* 1 [ l r ’ ^ thC ‘ HaniiIt ° nian of the dynamical system, 
tJien it is transformed to 

H (Q,, P r) ) _ S-> H ( ? „ w s. (5) 

If we wish to find the energy levels of the dynamical system 
we Shan have to calculate the eigenvalues of the Hamiltonian' 
(q ,-,Pr). As we have shown in the last section, the discrete 

to a d p: CUV f UeS ,° f H 15 found by reduci «S the Hamiltonian H 

to a diagonal matrix. x 

In actual dynamical systems, the variables n , „ , 

mu",! aim ™ '1““ * P " «*"■ by 

“LI' ^/“herX;",-— ? •* » 0). wi 

matrix, then St , S is also hermitian. Thus, if we ‘w4 to mafc 
a canon, cal transformation which should preserve the helTti 

character as well, we must take a transformat, on matrix S uch 

that it should satisfy the two conditions : 


Q 

O 


s-^s, 

St q S, 


(0 


i.e., we must take S such that 


St = s-q 


( 7 ) 


This means that S must be a unitary matrix- 'rn 

« transformation matrices in quantum mechanics al Z t fy 



Chapter VII. 

THE WAVE THEORY OF MATTER. 

7- 1. De Broglie's Conception of Matter-Waves. 

In the last chapter we pointed out that from the year 1923 
onwards it was becoming increasingly apparent that the quantum 
theory of the atom as given by Bohr was not completely true. 
In fact, several workers were looking at that time for a revision 
of ideas which would lead to a better theory. Heisenberg’s 
‘ Matrix Theory,’ published in July 1925, was the first alternative 
which was more or less complete, and which was able to give 
quantitative results in the simple instances of the harmonic and 
anharmonic oscillators, and the hydrogen atom. 

Actually, however, another point of view which broke away, 
not only from Bohr’s theory, but from every other theory of 
matter conceived in the whole history of Science, was proposed 
already in January 1924 by the French physicist Louis de Broglie. 
But de Broglie’s ideas were not developed far enough by him to 
lead to any quantitative results, and not much notice was taken 
of them until Schrodinger revived them in 1 926. 

De Broglie was led to his theory by a consideration of the 
quantum theory of light proposed by Einstein, and applied success- 
fully to explain the phenomena of the photo-electric effect, the 
black-body radiation and the Compton effect. He argued that 
as it has been found necessary to introduce a corpuscular concep- 
tion along with the wave-conception in the theory of light, the 
opposite step should also be taken and the wave-concept intro- 
duced along with the corpuscular concept in the theory of matter. 
To the dualism in the conception of radiation would then eones- 
pond an analogous dualism in the conception of matter. De 
Broglie’s fundamental contribution is the idea of waves which 
are associated with the moving particles of matter. 

He assumed that “each individual particle was connected 
ith a system of ‘ phase waves ’ in such a way that the path of 
t particle coincided with a ray of the corresponding wave- 
s n >> The w aves, as it were, carry along the particles and 

henc *ach. particle must possess its own train of waves. 


1 
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'Hm, if tli., energy of the particle is e . and its mas m 
l,K ' u th,: I ,; i r 1 1< 1. - ha.;, a ociatc <1 with itself a <, v r i ’ 

H.,vc ivho,e fr,-,uc,K). , i, K n,„ b j. Kimtc-in's equation : “* 

e -- >nc 2 - In, 


when, h L Planck 9 c on: tant 


(9 


* r 

i 


De Broglie’ s Theory. 


Kiu .t'-inS ideas .lout the U ,r r ,„-a,la, nature of 
radiation, uc a-.-nme that there is a comr I, n 

■**»«" «**<-» and „« u, 4 f, 4 s •„ 

matt-rial rankle-. The only .Mere a i , “ f \ / f f 
material partiele, the real ma s *. j, not 7tro " ‘ 

Then ttirrtspoiidirig to Uk . energy e („r, ,vhat is the same 
thing, the mass tn) and the momentum fi = mv ,{ tf . . 4 

In t,u ‘ c °rpu^eular conception, we shall have U K f r * ^ ^ ° 
■and the wave-long, h A in the tvave-co , ' 

sni x-t. r " f “ " ln * - : 


P ~ mv = hk 


and 


h 

A 


(9 


( = tnc- 


h 


where k is the 


C 4 


wave-number ” defined by 


( 2 ) 


k = 


1 


and 


( 3 ) 


m = 


Now, we have 



(*) 



so that 


c* 
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— m 0 2 c 2 . 


Substituting p — hk and e = hv from (1) and (2) in (5) : 



m 0 2 c 2 




Equation (6) gives us the value of the rest mass m 0 when v and£ 
are known. 


For a photon we 
so that 


know that the velocity of propagation is c, 

c=^=V 


and therefore on account of (6) m 0 — 0, showing that the rest 
mass of a photon is zero, as required. 

But, for a material particle [m 0 0, and the velocity of 

propagation of the phase waves is u given by the relation 



We can determine u from (6) in terms of m 0 and A. 



From (6) 


we get 

V 2 

c 2 

. *2 _ 

R h 2 

or 

1,2 - 1 
k 2 c 2 

m 2 c 2 ni 0 2 c 2 . 2 

~ h 2 k 2 ' h 2 ’ 

or 

V 2 

k 2 c 2 

1 1 ^ X 2 

- 1 + A» A ’ 

so that 

V 2 2 

k 2 ° 

( 1+ ^> 

The velocity « 

of the propagation of phase-waves 


11 

it 



( 8 ) 

is, therefore, 

(9) 


For a material particle 
u > c . This is, however, no 


ni Q > 0, and we see from (9) that 
violation of the theory of relativity, 



§ 7-2 


151 


De Broglie s Theory 

because according to that theory the velocity of no material 
a rticle can exceed c, or even be equal to c. The velocity u is 

with tl V .° C l ty ° f Pr ° Pagation ° f the phase- waves associated 
the particle, and as given by (9) it is always greater than c. 

We can easily find a relation between « and a the latter 
b ™ S the th. material particle. From ( l| and « 


and 


A 


h 

P 


h 



1 


v 

( 

C‘ 


m 0 v 


- > 


( 10 ) 


Therefore 


V 


€ 

h 


me 2 

'h 


m n c 2 


h 



1 


7>- 


( 11 ) 


u 


A 


h 



m 0 c 2 

- --- - - x 

, _ v 2 


h 



1 


v 

4 

c 


2 


m 0 v 


or 


u 


f! 

v 


( 12 ) 


The equation (12) also shows that the velocity u of th 

" -*> greater tha^ W * Z 

velocity c of HgM ^ ^ ^ «»" the 

in t W™ (12 i We deduCe that if v = °> th en u = co • that 

and in which the" ^h 

C in I^“7 el0City - ; 

the wave would conseauemlTh be infinite ’ “ d 

space. quently have the same phase throughout 

simp™forr Ve ‘ f “ nCti ° n “ tUS frame has therefore the most 




Po COS 2 77 Vq t’. 


i-hTh *>“ of reference 

with a velocity „ in the direction 
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observer S. Then from the Lorentz transformation we have : 


t 


xv 


t' 



1 


V 2 


(14) 


For the observer S the wave-f auction would therefore be 


ip — 0o cos 2 7T 


v 


o 



1 


v 



or 


tjj = lfj Q COS 277 v ^ t 



(15) 


where 


v 


o 




1 r 4 - 




/ 

V 







• y 


i 


(16) 


1 


v 


X 






Formula (16) gives the law of transformation of frequency 
for different frames of reference, which is the same as the law of 

transformation of mass. 

The equation (15) shows once again that the wave travels 

c 2 

in the x -direction with a velocity u = 

It is often simpler to express the wave-function p 
exponential function. For (15) we write therefore 


as an 


- 277/, (/ - f) 


ijj ifjQ C 

We wish to introduce here the corpuscular quantities E , p. 
instead of the wave-quantities v, u. Writing v = E/A, W 


becomes : 


ifj •. — e 


*ni x _ e /) 

h \ « ' 


(17) 


But we have, on account of H — mc z and u 


v 


E 

u 


me 

u 


mv — p, 


(18) 


so that (17) becomes finally 

p — p 0 e 


'hul (fix - E /) 
h 


( 19 ) 
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For the sake of convenience we consider a wave com nosed 
d°ftVe° n t ° f tW ° **"* aSsodatcd with particles bavin-' Vhtty 

difterent energres and momenta. The wave-function is then 

a • 




2jTi . 

V {px 


El) 


+ Po e 


277/ 

h 


{(P + &p)x-(E -f AE )/} 


277/ 


0o l 1 + e 


(A p. 


AE./K 27r (fix — El) 

e u 


The resultant wave is therefore the original 
with a variable amplitude 


wave e 


277/ 

h 


( 1 ) 

(Ar ~ El) 


0o 1 1 + e 


277 / 


AE. i) 


( 2 ) 


' v ^ V 

This means that the form nf fi 
as it advances. The velocity with ^ if contlnua lly alters 
group, such as the m ° tWati “- <* 

the " group- velocity ”, P ' s P ro Pagated is called 

this maximum value of the amnli/n P°mt ,r _ o. Suppose 

- **“ * - t T^::n::r s again after a «« 


or 


A P • X 1 - AE • A 


0 


*1 
<1 


AE 


T , . ( 3 ) 

the maximum of the i. 

tirae 50 according to de JttaYhe ^ “ diS ‘ a " Ce ** in 

g Jv en by nnitlon the group-velocity j s 


a/ 


But 

and 




AE 

A p ’ 


AE 


- A {hnv 2 -f const.) 

A P = A (mv) = m Av, 


( 4 ) 


mv At’ 


givmg 


AE 
A p 


mv- Av 

W « A 77 


V. 


( 5 ) 
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From (4) and (5) we conclude that 

w — v, (6) 

i.e., the group-velocity w of the phase-waves is equal to the 
velocity v of the material particle. 

It appears therefore that the material particle is surrounded 
by a group of waves, the group moving with the same velocity v 
as the particle, while the individual waves move with a velocity 


u 


c 

V 


I 

7 • 4. The Analogy between Mechanics and Optics. 

De Broglie’s ideas described in the last three sections were 
developed further by E. Schrodinger in January 1926. Schrodmger 
revived Hamilton’s conceptions about the analogy existing between 

mechanics and optics. 

It is easy to see that there is a complete correspondence 
between the laws of geometrical or rav-optics and those of the 
classical mechanics governing the motion of a particle m a c01iser 
vative field of force, inasmuch as Fermat’s principle o ea 
time in optics, and Manpertius’ principle of least action in 

mechanics have a common basis. 

Fermat’s principle in optics states that the actual n 

between two fixed points A and B is such th ‘^ e no 

light takes to go from A to B is a minimum We can eM ^ 

this condition analytically. Let the refractu - * 

'■nt 'x v of the medium be n (x, y, z), and the ve oci y 

Z y. 4 then from the dehnition of the refractrve 


index we have : 


n 


c 

- or u 
u 


c 

n 


( 1 ) 


Hiere c is the velocity of light in vacuum. 

rhe time that a light ray takes to travel an element ds of rts path 

, ds n d . Therefore Fermat’s principle states that 
;vould be 


ds is a minimum, or 


that 


» 7 > 


0. 


( 2 ) 



7-4 


The Analogy between Mechanics and Optics 


155 

Similarly, let a particle of mass m move in a field of for 
energy. Then + V where T « the kinetic 


T 


1 

hr 


VIV 


c,2 


E - v. 


(3) 


fha? <21) § 1 ’ ” haVe principle of least JZ 


to 


S / 2T dt = 0 


or 


» * 

s J mv 2 dt 


0 , 


or 


S/ * 


or 


mv Tl dt =. o 


B 


/ 


0 . 


But from (3) we have 


w V = 2/« (E - V) ; 


so that the principle of least action becomes 


B 


/ 


V * = II. 


(<) 


Ziz:7r::i s % ^ r a ^ 

whose refractive index is proportional to Vl^’ “ mCdil,m 
optics to its logicaTXlJ'on. AlTl rgLTtT’t nWChanicS and 

“i^s b °‘^ ^ ft 

optics are the phenomena of rectilin^ Se S ° a ! e P henor nena in 
tion and refraction, and these can be aga . tlon and of reflec- 
geometrical or ray optic which is a sort^f ^ ade< l uateI y by 

Similarly, for the large-scale nhen ° & C ° rpUSClllar theor y. 
bodies, i.e., for phenomena comino- ° f the material 

mechanics, the particle mechanics" dev e l u ^ of 
range, Hanrifton, Jacobi and fi „a,, y by Ei„S, r^XX 
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Bui, for the finer phenomena of physical optics, such as 
interference and diffraction, ray-optics or the corpuscular theory 
i? quite useless, and we must have recourse to a wave-analysis. 

Exactlv in the same way, for the microphenomena taking 
place on an atomic scale, such as the motion of individual elec- 
trons, atoms or molecules, the particle mechanics is totally 
inadequate, and we must use a wave theory. 


I 


). 


Schrodingcr s Wave Equation. 


Consider the differential equation of the wave optics . 

c )-<h | c ) 2 </> <)"</> f_ ^4 , 


i j_ 

bx* r 5v 2 ^ i- 2 


H 2 bt 2 


( 1 ) 


where n is the phase-velocity of light in the medium. Since 
6 is periodic in time, we can write 

( 2 ) 


A (x.y.z.t) =0 ( x >y> 2 ) e ~ V ‘ vt > 


where v is the vibration frequency. 

Substituting (2) in (1), and dividing out by 


we get 


W W - - v 


P , u r I 

Ex 2 + fv 2 a 


+ 0 = °- 


( 2 ') 


u 


ITom (7) § 7 • 2, we know that it A is the wave-length, then 

so that on writing this in (2'), we obtain . 

A 


rA, 2.C., 


u 


i>V , 3 ,3 + *4 •!> 

- ^2 ~r v o i ' « 1 x 9 r 


c>.V 


Ay 2 ^ e>z 2 


A 2 


0. 


(3) 


Now let the wave be a de Broglie wave associated ^ 
a particle of mass >», moving with a vcloci y v ( . y, ^ 

conservative field of ^ wa^length A of 

from equation (1) § " • a, we kouw 
a de Broglie wave is given by 


A - 


h 


h 


momentum mv 


50 that 


1 

A 2 


2<?i2 


m*v 

IT 


( 4 ) 


bowing that the wave-length of a ^ 

,usly from point to point. But, it 
j the total energy, we have 


1 9 
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or 


m 2 v 2 


Combining (4) and (5) we get, 


\>m (F, - V). 


( 5 ) 


1 

A 2 


2w (E — V) 


X s h 2 

Substituting (C) into (3) we have 


— — # 


( 6 ) 


i , d->h 

+ &v 3 + ^ 


8 77 -;;/ 

P 


(E - V) ^ = o 


(E 


This is the famous wave-eanatinn •• t 

i i . L equation or bchrorhno-er wlnVh a- n • i 

Jiere by a simple and direct mpfWi i ■ * h S derived 

mos, significant physical, y^* «* 

dedace de Broglie's m s " a “ 

from Heisenberg's equation (,) § 6 . 0 ^’" 8 " 5 "'“’Equation 

The essence of wave mechanics is that th* f 
a material particle is governed hv * th motlon of 

(7), and not by the first order d iff ° lder wave -equation 

ond Jacobi, as in '****> <* M. 


7 • 6. 


Experiments on the Diffraction of Electrons 

T> 1* - 


ttti , _ . U J mscirons. 

waves associated with f material 

thesis complementary to Einstein’s idea of h ^ 7 3 hypo “ 

rn Schrodinger’s hands this hvpothesis of tl e w ° f Mght - 
to results in perfect agreement with „ electron-waves led 

demonstrated that the wave-theorv of X *? nments - Xt "'as thus 

with the experimental facts Soon iP ^ ^ ^ lncoilsistent 

tbe wave-like behaviour of electrons i^ZtoLnT ° f 

at crystaJlfmadeby C a ««t of “the electrons 

“3. though they had no Me[ a^ th7tl^ 't * in 

of their results, namely that they lnd t i “ 3 !° the significance 
of electrons. They were maWnu ex ' V,th the d »«oti„„ 

distribution-in-angle of okctmastcauii'iE determine the 

mekel. In these experiments they found tint C '"- '" 1 ° f ordinar y 
reSec ed electrons depended to a large extent »f the 

reflection. It was also observed that the on ° n the an » le of 
m certain privileged directions den “ nver S en « °f intensity 
velocities of the electrons. During T ( - S ‘ r ° ngIy ° n th ' 

S a continuation of these 
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investigation?, they were quite accidentally made aware of the 
fact that the structure of the crystals had a profound influence 
on the results. The experimental tube was broken at a time when 
th c target was at a high temperature. This resulted in the 
target being heavily oxidized by the inrushing air. The oxide 
was eventually reduced, and a layer of the target removed by 
vaporization but only after prolonged heating at various high 

temperatures in hydrogen and in vacuum. 

Whan the experiments were continued, it was found that the 
di'tribution-in-angle of the scattered electrons had been completely 
choiro-d Tins marked alteration in the scattering pattern was 
tracA to a recrvstallization of the target that occurred during 
the prolonged heating. Before the accident the target consisted 
of many small crystals, but after the accident it was converted 

into a few large ones. 

Tt teemed probable from this result that the intensity of 
scattering from a single crystal would exhibit a marked depend- 
ence on crystal direction, and the authors set about makmg 
experiments for an investigation of this dependence. Even 
SHE they had not conceived the idea of electron-d.ffract.on. 

In 1925. however, W. Elsasser proposed- that according to 

de Broglie's theory of material waves, the results of Davisson and 
Krmsman hould 'be interpreted as the diffraction of electrons. 
h“ "L on do Broglie's theory the electron ,s cons^m 
°roup of waves whose wave-length is g.ven by the forum 

Where m, is the rest-mass and v the velo- 

city of the electron. For electrons of 25,000 1"“^ 
wave-length A calculated from the above x . rays> 

0-75 X 10- on- ThiS ^ith electrons of this energy should 

and the waves associated In fact, on de 

behave in many respects lrke^ ^ ^ wo The 

quantum effects of X-rays « ^^trons. the motion of 
guided by waves, wW« m ^ is centrcd , fe regarded 

the electric charge of the group G f phase-waves asso- 

datet whh tt" ln° particular, the electron should show diffracts 


as a g 


A 


X 


h 

- 

mv 



1 


m 0 v 
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bv e X-ra"t e of P the ed ‘ l,r0t ’ gh * itoltfcal " ith shown 

- ^ ra 3^ oi the same wave-length. 

Inspired by this suggestion, Davisson and Gerraer tria l t 
confirm it by direct experiments. In April J 9n ! 1 f ° 

incident electron beam vem repiat “ '1™* “ 
matic X-rays of 

electrons were refiected 

" 5 th? £T* cxpeiim “ ts ' t,m “ 

of the direction of reflection The IT ” leaSl ’ red as a '"notion 
general, the velocit h e ^ 0 “ ^ 

changed very slid, Iv and that T " 11:lltcre <l ° r 

reflected in all direction For certdn ZT 

and for certain electronic velocities the red ! , ° , reflect,ons 

to 11 ;: t, speda ' 

“ .of xJ rat 

■ where m is the mass and v the velocity of the 


X-ravs is A 


electron. 


mv 


They concluded that because of these similar** u . 
the scattering of electrons by the crystal and between 

X-rays by 3- and 2-dimensional grating * £ ^ SC f tenn ? oi 
but most simple and natural to believe* that the T J P ° SSlbIe 
diltracted at a crystal exactly as though they behave'dlfe" ave" 
of wave-length A = — . 


mv 


A little later, i.e. t in November of 

Thomson advanced the matter a stage further Sa T ^ P> 

means of other series of experiments that a’ em ° nStratln § b y 

associated with moving electrons. I„ essence T" is 

consisted in sending a fine beam of „ ’ hls experiment 

cathode rays through a very thin h ° m ° geneous 

deuce. According to classical physics the elect!* n ° rmal ind “ 
on the other side of the film as a dkn i 1 ons Would emerge 

moving with a different speed in a differ!' VT^ *** individual 
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When the electrons were received on a photographic plate, 
Thomson found that the central spot formed by the undeflected 
rays is surrounded by rings recalling in appearance the haloes 
formed by mist round the sun. This pattern is identical with 
that obtained in a Debye-Scherrer apparatus with X-rays of the 
same wave-length. This showed that the passage of the electrons 
through the interstices of the metal is like the passage of waves. 

In 1930 and succeeding years, O. Stern and his collaborators 
discovered that atomic and molecular rays of hydrogen and 
helium also show diffraction phenomena when they are reflected 
at the surface of crystals. 

The dual nature, i.e., the corpuscular and wave nature, of 
both matter and radiation is an experimentally established fact, 
and all future physical theories would have to embody it as one 
of the most fundamental data of our knowledge of the universe. 



Chapter VIII. 

WAVE MECHANICS. 

8*1. Eigenvalues and Eigen-functions . 


Consider the differential equation 


d 2 v 

dx 2 


Ay - 0, 


( 1 ) 


and suppose we want to find a regular solution y (*), i. e ., a solu- 

— - 


«ion such that %, g, are continuous, i„ the whole domain 


0 ^ .r ^ 77. 


Suppose also that y satisfies the boundary 


(V 


conditions 


and 


y (0) = 0, 
y (w) = 0. 


(3) 

(4) 

The most 


A is a parameter which does not depend on * 
general solution of (1) is 

y a sin \J\ x -f- b cos VA x. 

But the condition (3) requires that b = 0 The solution +i t 
reduces to ' lfte solution therefore 


(5) 


y = a sin V\ x, 


Where u eannot.be aero, if the solution is not to become trivilh 

1 M /A * at — 1 < J . / a \ 4 


The condition (4) now requires that 

sin V\ tt = 0, 

and this is the case only when VA is an integer « 
we must have & 

A = n 2 (n — 109 > 

' x r O, • • • COJ. 


(7) 

^ T Therefore 

solution except when^the^arameteT A^^ias'one^ f §eneraI ^ n ° 

of values. These values l 2 2 2 3 2 p °, ne , °, 3 ^ screte set 
the boundary problem has a iohitim,,' arTcalleJ 0 thl^T' 0 ' 1 ' 5 

values (proper-values, characteristic values) of 'the l'ff ElSim ' 
equation, and the corresponding solutions Merential 

y*i =a n sin nx (» = 1 2 3 . \ 

are called the -Eigen-functions “ ’(p rooer t (9) 

istic functions) of the equation. P P functlons » character- 


F 
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Every differential equation which contains a parameter, an-.! 
which satisfies certain boundary conditions possesses a set of 
eigen-values and eigen-functions. 


The wave-equation 


b 2 </> , av , b 2 f , 877 hn m 

I" X . O I X O I 7 .1 


bx 2 


by 2 1 


h‘ 


V; >jj — 0, 


( 10 ) 


has also a parameter E, which, being the total energy, does not 
depend on *, y, z. As 1 fj is a physical quantity, it cannot b:' 
infinite anywhere, and we must therefore determine a solution of 
the equation (10) which satisfies the condition that it remain' 
finite, continuous and single valued throughout the whole space 
As we shall see in concrete examples, this will be the case only 
when E has a certain discrete set of values, or a certain continu- 
ous ranee of values. The discrete set E /; of the eigen- valm.-? 

constitutes the energy levels of the atomic system. \\ e can tlm- 

^ ^ 

determine the energy levels quite naturally without tinning u 
necessary to have recourse to any arbitrary assumptions like the 
quantum conditions. The great merit of Schrbdinger's emit li- 
bation lies in having noticed for the first time that the problem 
of quantisation can be reduced to a problem of determining .u- 

eigen-values of differential equations. 

\ 

8-2 The Polynomial Method for Determining tnc 

Eigen-values. 

Having defined the eigen-values in the last section, we 
describe here one or two simple methods of determining them 
For the sake of convenience as well as definiteness, we ihu-traW 
these methods by selecting well-known equations for discu-icn. 

The first method is the so-called “polynomial method, or 
“the method of terminating series 


Consider the differential equation 


... <r-v 

( 1 - ^ -<& 


o v iy ^ 

“ dx ' 


A 


I 


)v- 

— .v , / 


( 1 ) 


where A is the parameter and m is any positive constant. The 
conditions to be satisfied by the solution y(x) is that it must be 
finite, continuous and single-valued for all r alnt^ ot x irom 

— 00 to + 00 . 
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If we divide the equation (1) by (1 - x 2 ), we get 


d 2 v 


\x 


dy 


dx 1 1 — x 2 dx 


+ 


A 


m 


1 


x 


2 


(1 


X 



y = 0 


( 2 ) 


1, * 


1 or x ~ co 


From equation (2) we see that for x = 

-9 ” ~ I A A CO 

the coefficients of & and of y become infinite. Such values of the 
independent variable *, for ivhieh one of the coefficients becomes 
infinite, provided that the coefficient of g is made unity after 

”1.*”"*? " the Si " gl,lar P° ints " •( «>c linear differential 
equation. Thus the singular points of (2) are v = - 1 * - . T 

and x = co ' A ’ x rl 


A singular point is called a " pole ” when there is possible 
an expansion power series in which the terms with negative 
powers are finite in number. Otherwise the singular point is an 
e sent, al singular point ". The singular points of (2) viz 

- F + 1 and + oo are all poles. ’ ’ 

. f. yahle ° f * for w,lich none of the coefficients becomes infinite 
is called an ‘ ordinary point ” of the differential equation. 

For an ordinary point or a nole r — v 

is valid in its neighbourhood can be determined ^as T power 

senes in z =- x — x 0 : a P ower 


v 


Z ° -f- cl I z -= a 2 z 2 -f 


• • 




( 3 ) 


where a is a real number to be determined and the «' s denend 
on the parameter A. oepend 


For the equation (2), we 
set therefore z = x — l or x ^ 


consider first the pole 
= z + 1. Then 


x 


o=l, and 


dy 

dx 


ay 

dz 


dz 

dx 


Substituting % = z + 1 and 


dv 

dx 


dy 

— • ■ • 

dz 
dv . 

ti ln we get 


d 2 y 


dz 


y , 2(* + 1) dy 

2 ' l ~ I C\ \ 7 


A 


+ 


m 2 


z(z + 2) dz \ z (z + 2) 1 z 2 (J-+2) 2 ) y 


0. 


dfy 

dz 3 


From the series (3), we find : 


«o a (° - 1) + Ul (a + I)a 2 «-i + ... 




+ a n ( a + «) (a + n — 1 )*» + «- 2 _j_ 
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Ay 

dz 


— a 0 a z a_1 + a x (a -f 1) z a -f- 


• t 


+ a„ (a -f n) z a + n - 1 -f 


• * I 


3 




a 0 z a -\- a l z ri + l + 


• • 


+ a n % 


a + ;/ _ 


f" 


• • • 


Moreover, we have from the binomial theorem : 


2 (z_+ 1) _ 2 ( z + 1 ) 
z (z + 2) z 


1 


2 1 + > 


i( 2 + I)( 


i 4* ; 



-i 


t (1 + Z) (l - | + 


2: 

4 


2 


• i 


- + 1+ positive powers of z. 


A 


A 


1 


A 


2 (z + 2) 



1 + 



0 + 1) 


-1 


A 

2z 


z , jr 

2 + 4 


• • I 


r~ + 2 + positive powers of z. 

uZ 


in 




z 2 (z + 2) 2 


4 1 + 



2 


( l -f f ) 

4z 2 V 2/ 


4z 

m 2 
4 ? 



1 


+ 


w 


oi + 3* 

" 2 + ^ 4 
3 m 2 


4z 


^ + positive powers of z. 


Substituting these values in (4), we see that the lowest power of 
2 is a - 2 and that the coefficient of z n ~ 2 is 


v m2 } 

a (a — 1) + a — — j 
/ , W 2 \ 

( a * - t) 


a 0 , 


( 5 ) 


Since fl 0 can be taken to be different from zero, we must have : 


a 


m 2 
4 


0. 


This equation to determine the index 
equation " . It has the roots 


( 6 ) 


a is called the "indicial 


a 


, m A 

+ - and a 


m 

2 


( 7 ) 
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and th' £ P ° Je X 1 als °’ We Set tiie same equation (0) 

and the same roots (7). { J 

Since y has to be positive everywhere, a must be the positive 
root - y 

For determining the coefficients a,, it is convenient to 
Change the dependent variable y by taking away from it the 

factor (1 x~) ~ . We write therefore 


m 


so that x — 
Then 

dy 

dx 

d y=a 

dx 2 11 


- 

— 

y 

: (1 — X 2 

?V, 

and x 


+ 1 are 

both ordinary 

m 

- x 2 f 

dv 

dx 

— mx (1 

2-i 

~ x y 

21? d2v 
dx 3 

— 2 

mx (1 — 

2 s?-i dv 

X) dx ~ m 

m [m - 
% 

- 2) 

# 

v 2 (1 - 

2-2 

xy v. 


( 3 ) 


m 

x-) - 


- 1 


V 


• \ / ^ ♦ 

Substituting these values in (!) we get the equation 




2\? +1 

dx 2 


2 (m + 1) x (1 — x 2 ) 


f dv 
dx 


+ (A 


m 


m 


m 2 ) (1 - xy v = 0, 


or on dividing out by (] — x -) 2 , 

d ' v - dy 

dx 


m 

o\ 


u - x 2 ) 


dx 2 


9 ( m + l)x~ + (A 


m 


To integrate (9) we assume 


m 2 ) v = 0. (9) 


V 


( 10 ) 


A -f- w -f m 2 } a h (11) 


— 27 a t x l . 

the - * *» 

(l +2) (/+1) n /+2 ={/ (/_ i } +2(m + l)l 

From (11) we see that the series (10) contains' either^ the 
even powers or only the odd powers of *. Y the 

Now we choose the parameter A so 
coefficient of a t vanishes. Then all a . 
vanish, and the series £ a , * ends at l L + k. 

k {k ~l) -f 2 (m + l) k - 


that for l = k , the 

a A + i' ■ • ■ will also 
Thus 


A -f m + m 2 = o, 
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or 


A = k Ik — 1 ) 4 2 (w + 1 ) k 4 vi 4 m 
— (k 4- >») (& 4 m 4- 1) 


Let us write 


n 


k f m, 


( 12 ) 


(l.T 


so that 


Writing successively k 


A = n (n + 1 ) . 
= L 2, 3, • ■ 


dt 


• • in (13), we get different 

V' 

discrete values of n, and then from (M) we get the whole sti of 
the values of A, giving the discrete set of the required eigcn-valucs. 

The essential feature of this method is terminating the series 
at some particular point, since the solution has to be finite Lr 

all values of x however large. 

8 • 3. Bechert’s Method for Determining the Eigcn-valucs. 

Another simple method for determining the eigcn-valias of 
differential equations has been given by Bechert. It has a great 
advantage over the polynomial method in that the eigen-value.' 
are obtained without actually solving the equation. It requires 
a study of the behaviour of the solution near singular joints 


We shall illustrate this method by taking a concrete example. 


Consider the equation 


d *y — ( A 

dx* ' 1 


x~) V - o. 


(1) 


where A is the parameter. We shall see in the next section that 
the wave-equation of the linear harmonic oscillator can be- rcoucca 

to this form. 

Obviously, the only singular points of this equation are 
and x = 4 eo, all other points being ordinary pcint 
We must therefore examine the behaviour of v m octal a> 


approaches ± 00 ■ 


x'-v 


0. 


( 2 ) 


Now when x is very large, A can be neglected in compa 
with and (1) reduces to 

#y _ 

dx- 

It is easy to see that y behaves very nearly like t 
x is lcir^e. For assuming 


• * 

~ l when 


y 


i* 


( 3 ) 
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we get 


dy 

dx 


xc 


X ' 
2 


d~y 


and since * is very large, we have 


d-y „ 

Jx 2 — *' c " — * 2 y (very nearly). 


Ihus (3) satisfies very nearly the equation (2). 

This shows that the asymptotic form of the solution y of 

therefore ^ T ° »• et ‘ ualio " <» ™ctly. we put 


Then 




7T 

£ 


(4) 


dy 

dx 


= £ 




<? 2 ;y -S 
dx 2 u x s 




^ dn 

2 # — + (* 2 




1) it 


Substituting these values of y and ^ in (1), we get 


*■ 


dhi 
dx 2 


o 

2u s + 


1) + (A 


* 2 ) e 


0, 


or, simplifying and dividing out by « 


2 


r/* 2 * 


2 4‘ + < A 


1) m = o 


We have to study this equation when * is very lar-e 
change the independent variable from * to * by writing & 

z-l 

X 

so that we can study the behaviour when * is very small. 


(5) 

We 


du 
dx 

d 2 u 
dx 2 


( 6 ) 

Then 




du 

dz 

dhi 
dz 2 


i i 


2 z 3 


du 

dz 


On substituting these values in (5), it becomes 


dhi 
dz* 


+ (2* 3 4- 2 z) 


du , 

dz + ( A - 1) « 


0 


( 7 ) 
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Now when * -> oo, 2 — > 0, and since z is very small, we can 
neglect 2 3 and 2 4 in comparison with z. The equation (7) then 
reduces to 



+ (A — 1) u 




This is a first order differential equation in which the variables 
are separable : 




The integral of equation (9) is 

log u + — ^ log 2 = log A 

or 

x - 1 

u z 2 = A, 

where A is an arbitrary constant. Writing again z = ~ , we get 

or 

,, = A /v A (W| 

Since u must be finite for x = 0, the power of x, viz., g— 

must be positive. Moreover, u must be single- valued, and this 
can be the case only when the power of * is a positive integer 

or zero. We have therefore : 

* " 1 - n (ID 

~o. n ’ 




A = (2 n + 1), {n = 0, 1, 2, 3, • • ■)■ 

The eigen-values of the differential equations are 
. • , i.e., the set of odd numbers. 


( 12 ) 

1, 3, 5, 


8-4. The Linear Harmonic Oscillator. 

We shall give a wave-mechanical treatment of the linear 
harmonic oscillator discussed in § 6 • 7 by the matrix mechamca 
method of Heisenberg. 

If x is the displacement of the oscillator of mass n l* 01 * 1 
position of equilibrium, then from (1) § 6 • 7 we know that 

potential energy is 

1 V - \hx\ 
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T/ie Linear Harmonic 0, dilator 


u ‘ l< ' rt ' the elastic cor; t nt 
further 


f ioin (-1) r,t §0-7 v,e have 




v.h'-rc ! 0 i, the fre 


quenev of the O-a illator. Therefore 


\' > — 2 7 . *> 


• 1 o /‘ • (] . 

I or the I in » r o-< ill .?,.»• 4 jo » r i i 

...4 1 . * *'* problem is one-aim»'nsio n aI ami 

”ic* uave-erjuatiou is : ' J 


</- <// 
</.i- 


.< _ l' 




11 (F 


> '* o 


1 I. 1 /Ot ~ ) 'It 


Wo chan-o.- the independent variable fr 


(2; 


The wave-equation f 2 ; then becomes 

,T V„ </ J 6 , 

k Jr T ti ~ ^6- 
or, alter aimplifyinc', 


V a 


oni * to 7 by taking 


( ; 5) 


i; o h 


( / 2 ) '!> -= 0 
*'■ l L 1 0 / 


c/-%/ 


Now write 






(in', ~ ?*) 'A - 0 


(4) 


A T= 


and the equation (li reduces to 


-F 


( 5 ) 


a'- 6 

./</- + iA ( /6 'A ~ 0 




Jbi^ 1, the same equation as jl) $3 . -> . . 

lndejieiii lent variable x ue hav- a '■ , LA f' P that f ° r thft 

variable y ua- haw 0. ^ dtl ' J for the dependent 

*-22^ IS =• — «« «* ,0, 


Thus 


A - 


-« - 1; 


( 7 ) 


-E 

/» | - 
't- I 


= til a. p 


The eigen-value* are therefore 

^‘ n ~~~ /!l 'o \ K — J j, . n ~ () j 0 

mems. a8 " n thl ' *“ mUSral «**«r value 


(8) 

required by exp.-ri- 
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8 • -1 (1). T he Linear Harmonic Oscillator [Polynomial Method). 

To illustrate the polynomial method of finding eigen-values, 
we shall discuss the harmonic oscillator once more, and show 
that it leads to the same result. 


The wave-equation of the oscillator is, from (2) § 8 • 4, 


2 + (E - 2" s v.V* ! ) 4 > = «• 


(i) 


Tet us write 


A 


8tt V ^ 0 . 

Jr/, cl — 


/l 2 


h 


( 2 ) 


then the equation (1) becomes 


gi + a - «v> </■= o 


(3) 


The singular points of this equation are x = - and 
* = +oo, and obvioi'oiy, these are essentially singular points. 

To find the asymptotic behaviour of ^ for lar § e x > we negIect 
A in comparison with a 2 * 2 in (3), and get the equation 


d 2 ijj 

dx 2 


a 2 x 2 tjj = 0. 


(4) 


It is easily seen that </» behaves very much like e 


a x* 

— TT * 


for 


large For, writing 


-a 




( 5 ) 


we get 


_ 

dx 

d 2 if> __ 
dx 2 

Since * is very large, we have 


aXifj, 


a 2 X 2 ifj— cup. 


a 2 x 2 <p (very nearly), 
dx 2 


and therefore (5) satisfies the equation (4). Thus the asymptotic 

. - ■ .-f*’ To solve the 


form of the solution i p of (3) for * 
equation (3) exactly, we put 


m is e 


-A 


__ a -j 

e 7 «. 


( 6 ) 



§ 8 - 4 ( 1 ) Linear Harmonic Oscillator (Polynomial Method) 171 


Then 


cUfj 

dx 

d 2 <ji 

dx 2 


a 

C 2 


“o- * 



e * *’ J d l“ 

dx 2 




2a, 

dx 


~~ an -f a 2 X 2 U 


Substituting these values of ^ and — ^ i n (3), w 

cf yc ** 


e get : 


f * ! / <? 2 n 


2ax 


• • ■ 

dx 


a u -)- 


On \ 

a-x-u 1 


-S * 


(A — a 2 x 2 ) e 2 


// =0 


or, simplifying and dividing out by 


e ~ , we find 


d 2 u 
dx 2 


9 . / \ 

*“U V — r- -f~ (A 


t/* 


a) ?/ 0. 


( 7 ) 


We change the independent variable from 


x to z by writing 


Then 


Va x. 


(*) 


(for 


l a -1— ; 

dz dx 1 


a 


Therefore (7) becomes 


d' 2 u 
dz 2 


a 


dru 

(fo 2 


2a2 




+ 




l 




0 


or 


dz> 


2z d y + 4 

dz ^ Va 


1 


u 


0. 


(9) 


We integrate this equation i 


in series 


CO 


tf/ z l . 


u =z 2 

Substituting this in (9) and equating the 
we get the recurrence formula : 

(/ + 2) (l + i) ai+ 2 + ^ _ 1 _ 


( 10 ) 

coefficient of z l to zero. 


21 



«/ = 0. 


( 11 ) 

Now, since z has to be finite even W i, 

(10) must terminate at some point SvpposelLT T’ ^ 

‘te factor of „ in Lit vanth. 

\ 


A 

a 


2 n =0 > ( n — 0, 1, 2, ...), 
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or 


A 


a 


2n + l, (» =0, 1, 2,3, •••)• 


( 12 ) 


But from (2), we have 


A 


8t7 2 )liE x h 


2E 


- ^ m m « w — — - 

a k 1 X 4 tt 2 ^ v o Av 0 


(13) 


Therefore 


2E 

Av 0 


— 2w + 1, 


and the eigen-values are 


E„ — ”7 l)> 


• • 


) 


(14) 


The corresponding eigen-functions are 


2TT 2 rV 0 X 2 


(*) 



EL f 2tt 


/^o 

V h 


x 



(15) 


where H„ (*) is the " «th Hermitian Polynomial” given by the 
solution of the equation (7) in series : 


u (z) = H*(s) - ( 22 )” 


n (n— 1) 

1 ! 


(2z) 


n- 2 


+ 


n(n — 1) (n — 2 ) ( n ~~ ^) (2z)" -4 


2 ! 


n(n 


- 1) (n — 2) (n — 3) (n — 4) (m — 5) ^ z )«-« -f- • • • (16) 


3 ! 


8 • 5. Hydrogen-like Atom. 

In his very first paper, Schrodinger treated the problem 
the hydrogen atom by a wave-mechamcal method It ^ 
success in deriving the energy values m agreeme 
furnished by Bohr's theory that drew the at entron of p 
to the wave-theory of matter enunciated previously 

de Broglie. 

We take a hydrogen-like atom, i.e. , a single el ^ Ctr °^ f ° ch n arge 

ix and charge ( - e) moving in the fie d of a mrc f 
+ N * where N is the atomic number of the element. P 

tial energy of the electron is therefore 


V 


Ne 2 


(1) 
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where r is its distance from the nucleus Th a 

the electron is then The ^-equatron for 


b',fj 877 2 

0 ‘ I" rTt i 


bx 2 


by 


bz 2 


7T~{k f Ne 2 \ , 

h 1 ( E + ~r) ^ “ °- 


( 2 ) 


by thTreSiot™ ‘ he SPheriCa ‘ PObr “*»*“*» 


f, 9, <j> given 


x - r sin 9 cos 4>, y = r sin 9 sin <j>. 


r cos 9 : 


then it is shown in the hooks on the theory of functions that 
b'lp bh fi b 2 ip 1 b 

•2 ~r n .,2 + 


( 3 ) 


bx 


^>’ 2 ^ 2 r 2 br 


+ 


y'l H 

b) 

1 b'Jj 


+ 


1 


__ ^ ( ■ nbiji 

ddniQ b9\ 0 bi) 


f- sin 2 # bcf > 2 


The wave-equation (2) then becomes in polar co-ordinates : 


0 g) + 


1 


in 9 


b*J>\ 


r 2 sin9 b9 V”"" b9 ) 


+ 


1 8tT 2 U / ]\Jg2x. 

r- sin 2 9 b<j>* ' h 2 ~ + ~) ^ 


= °- (4) 

We assume that the solution of this differential . 

a product of three factors each n f i a * equation is 

variable only. Thus let * 1C 1 d<?iJends on a single- 


0 =R (r)f(8) F ($. 


The conditions to be satisfied bv J, are that it m,it k • V 
valued, continuous and finite in the wide domain ^ 


o < r, 0 < e 


^ 7 r, 


7 T 


< $ < 7T. 


in not enter 

o. therefore the function F tf) is of the form 

/it * 


F (<^>) — 


wdiere m is a constant which mnct ^ ^ 

has to be unique. b En lnteser because F (<j>) 


We write 


g M = 


87T 2 


V- 


h 2 


+ 


Ne 2 


^ “Sf' <C) ' P) “ < 4) 


cr 

& 


(7) 

out by R / f 


+«r) 


7 


_ £ 

9 dd 


(sin 9%, 
V dB 


m y ) 
sn7&| 


0, 
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or 

r 2 (d - R 

R V dr 2 


2 </R 

y dr 


r.?R 


7 {sin ^ rffl l sm 0 dtf J 


OT 2 / 

sin 2 # 


( 8 ) 


The left-hand side of (8) is quite independent of d, whereas the 
rmht-hand side is quite independent of r, so that the two expres- 
sions must be independent of both r and 6. Thus, we must have : 


/rf-l 

R \dr 


<i T + - + «r) 


>■ 




A, 


(9) 


and 


1 ( J_ ( si 

y jsin 9 d6 \ 


dr. a df 

51,1 9 Je 


m 2 f 


sin 2 # 


A, 


( 10 ) 


where A is an absolute constant. 

Ret us consider the equation (10) first. 


It is 


1 


d ( ■ n df 


HIT# de \* m9 dd 


^ A f 

+ ( A sin 2 # ) f 


0 


( 11 ) 


Transform the variables 9, f into *, y by writing 


X 


cos 9, y (x) — / (^)> 


( 12 ) 


then 


dd 


df dcx 
dx dd 


df, 

dx v 


JL d I 

jin 9 dd 


sin d) ; 


df 


fx '■ 5in 9 d) 


in 2 # 


sin 


df 

dx 


l 1 "* 2 ) dx 


Substituting in (11), we get 



in 2 


a - ^ y 


0, 


or 


(l-* 2 ) - 


d°-y 
dx 2 


i +( A 



0. 


/ 1 ' C Q 9 Wg 

This equation (13) is the same as (1) S : ^ ^ 
in that section, that the eigen-values of tin. q 

X = l (l 4- 1), 

where A is a positive integer not less than m. 

The eigen-functions are given by (8), (10) § 8 ' J ' 


(13) 

found 


( 14 ) 


v = (1 -x*V v • 


where x — eos 9, and 


V — 2 a k x , 
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The coefficients are determined by the recurrence formula fll) 
§ 8 ' 2 - F ° r " Partlcular value of /, this solution comes out to be 

f(d) =y= f cos t-me __ ( l ~ «») {l- m ~ 1) 

2(1- m) l { 2 ( 2 fZTTj cod~ m --Q 


+_(l {l— m — 2) (/ — ni _ 3) 

2 • 4 • ( 2/ - 1) (2/ - 3) “ 


-J- 


(15) 


-assnf^nT fl5) , iS den0ted by P/ " (OOS *). **** is called the 
associated Legendre function 

Thus the two factors / (0), F (<f>) in the solution (5) become 
on account of (fij and ( 15 ) : 1 j oecome 

S/ =1(0)1* ( 6 ) = P/* (ccs ffi. (16) 

The function S, (0, i) is called the " Surface Spherical Harmonics ", 

_ We have now to find that: factor of the wave f,,,, *■ 

which depends on r. For this purpose we have the ' t 0 ” ^ 
This i s . 1 -lose we na\e the equation (9). 


<PR 2 dR 
dr 2 r dr 


+ f g 


A 



R = 0, 


or substituting the values of g from (7) ; 

^“R .2 rfR /& -jl Stt^FV 1 

r V h - * + — U— r 


dr 2 T r dr 


A 


On writing 


A 



R = o. 


8tt 2 /j, 

/j2 -R< B 


Fr 2 /xN<? 2 

¥ 


C 


A - 


the equation becomes 


1 V + 1), (17) 


d 2 R , 2 d R / g P , 

r dr +( A + 2 7 + ^)r~0. (18) 

f the hyd **en-like 

can write ' TI,cn A ls als ° ™gative, and we 


A 


1 


2 


(19) 


m order to determine the asymptotic form of the solution 

for large r, we neglect terms with - 1 and 1 ‘ 

1 / 


dr 2 


in (18) and get 


+ AR 


d 2 R _ r 

dr 2 V 2 


= 0. 


(20) 
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The solutions of (20) are of the form 


R 


but since r must be finite when r 


R 


±r. . 


oo 


we must take 


r o 


( 21 ) 


We change the ind ependent variable from r to z by writing 


9.1 


r 


2 V — A r, (0 < z < oo) 


( 22 ) 


o 


The asymptotic solution (21) then becomes : 


R 


z 

7 


(23) 


Further the equation (18) is transformed to 


4 i 2 R , 4 2 rfR 

1 ~ + 


r 0 2 dz 2 


zr 


0 ' 0 


dz 


\ 

U 


2 + Zr 


4B _ 4 l{l + 1) 1 R _ o, 


z 2 r 0 2 



4 


or, dividing out by 

+ } 


dz* 


dz 


f T 2 z 2 
'0 


R = 0. (24) 


For the solution of this equation, we set 


R 


<? %(*)> 


(25) 


then 


dR 

dz 

d 2 R 
dz 2 


-I ( d JL . 

\dz 

- * fd 2 v 
e \dz 2 


2 

dv 

dz 


Substituting these in (24) and simplifying, we have : 

.T-l N 1 “I 1| 


d 2 v 
dz 2 


+ 


0 £ + 





0. (26) 


# • 

' * . . a an d it is 

The only singular point of this equation is series 

a pole. Therefore, to solve this equation, we assume 

12 


V 


Z P 2 akZ k , 

k 


(27) 


• a Tf we substitute 

where p is a number which has to be gt wer 0 f * is 
(261 in (27), we find that the term with the low 

' ' . . ~ . 7 /; i lU /7 a. 


(P 


F 4-2 P — l {1 + I)) a 
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or 


iP \P -r 1) — l (l -r ])} a 0 . 

Since a 0 can be assumed to be different from zero 
the indicia! equation : 

PiP +l)-/(/ + 1) — 0. 

I be solutions of this equation are 

either p =1 or p =. (/ 4. ]) 

Since for z — 0, v must be finite, we 
solution only ; 

P - /• 

The solution of the equation (20) can therefore be written 


we get 


( 20 ) 


must take the first 


(29) 




oo 


£ a ,,z k 


* ^ "k* 

I; = o 


(30) 


Z k + / 

a k : 


Substituting (30) in (2G) and equating the coefficient of 
zero, we get the recurrence formula for determining tho 


{ik + / + ] ) i k + 1) + 2 (k -f- / + ]) / (/ + 1)} ajt+i 

= ( k + l + 1 - u*. 

' 0/ 


(31) 


In order that ?; remains finite even for h r ° e . ;+ 
that v should be a polynomial, i.e„ the seriei m l, , 

at some point. This '-an a .. ' mu st terminate 


rr- • ^ ^ ill be the case only when in -h 

coefficient ol vanishes for some value „/ of k. ' ' 


Thu 


B 


We set 


0 


- >h- + l + 1, (n,. = 0, ], 2, • ■ .). 


(32) 


n 


+/ + 1, 


and see that n can have any of the values 1 . 

be any positive integer. Then from (32) we oet on -a *'*'■ ” 

v on squaring 

B 2 

r ~2 = « 2 , 

'o 

or, substituting the values from (17) and (19) : 


(33) 


can 


u 2 


B 2 

r 0 s 


B 2 

A 


Consequently, 


E 


12 


__ 16 ttV 2 NV 

A* 

2*VNV 
h z n z i n ~ 


x 


h- 




2rr 2 /rN 2 ^ 4 
¥ E~~ 


1, 2, 3, . . . 


(34) 



178 


Wave Mechanics 


§ 8 -? 


These are the discrete energy valu< s, and we sec that t!;< 




n 


Th 


t ' 


8 • ( 1 . 


are identical with the values ( 1 f») §5-3 given by H<>1 
agree, therefore, with experiment. 

If we take E positive, we lind that it remains inditcnniiut- 
The theory therefore leads in this case to a continuous ttnia. 
again in agreement with experiment. 

Heisenberg’s Matrix Mechanics also leads to a dilute a* 
well as a continuous spectrum. 

As remarked by Sonnnerfeld, "it is a particularly E untile] 
feature of Schro finger’s theory, that it connects tlu- «. ontiuu-m- 
spectrum by a uniform analytical process with the line W-ctrmn 
of hydrogen. Bohr’s quantum theory required special a- Muni- 
tions to achieve this result 

The Equivalence of Matrix Mechanics and \Y av:-M echvnes 

Wc have seen that the energy values of the linear harmonic 
oscillator come out to be the same when treated both by the 
Matrix method and the Wave method. It v/-v found that for 

other problems also the results arrived at were essentially tee 

same Now the two methods have apparently quite oppooti 
characters. The matrix theory is " a true theory of a diMor- 
tinuum”, in which the classical continuous variables are npl.net 
bv svstems of discrete numerical quantities which are detinre > 
algebraic equations. On the other hand, wave-nice Innio 

replaces the classical point-mechanics by a continuum theory- 

where we have a continuous fiehl-likc proa>» go\trne<» . 
a single partial-differential equation. In view of this apfaren 

contradiction in the methods of the two theories. .t - - 1"' * 

that both of them should lead to the same result- U ^ 

Sclirivlinger him-vlt who solved this puzzle b> s law n ^ 

two methods were mathematically equivalent. In , . 1^ 

that we can deduce the Heisenberg matrices from t 
functions, and that conversely, we can determine th 
tions from the Heisenberg matrices 

This' discovery was of great importance m t! - e “ metho d 
development of the quantum mechanics. It 
for calculating the matrix elements by simple in. g • 
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Let us first take a dynamical svstem haviim mn i f 

freedom, and suppose that * is the a.rdi lt ^ ,° f 

momentum Then tJlo m ‘ . U - IuI /> the conjugate 

mechanic? is ' ° f matrix 


h 


M - i, h = ■ i . 

— n l 

where 1 is the unit matrix. 

Xow let j {(/) be any function of q. The 

hw'-t + il- 


in 


or, rearranging, and taking /outside : 


This means that 


(i •> ~ 1 1 ) / 


- /'. 


d 

dq 


9 


d 


1 


showing that f q - d • 

dq 1 

the constant . w 


( 2 ) 


q jy !s a unit 


operator. Multiplying (1) by 


M " e S et 


U J 


-rri dq ^ 


0 


k_ d 

'Irrl do 


h 


I 


777 


( 3 ) 


Now, a comparison of (1) with (3) su-msts thnt fi,„ 

P can be taken as a sort of differential operator* " moine « tum 


h d 


'2rri dq 


( 1 ) 


(a. *, V Mcuhocit ies/r » “* ”** c °-°nlinates 

to (4), 1 ‘ ’ U) ‘ theu "' e ">"« have according 


mu 


nix 


h b 1 


))IV 


my 


mw 


mz 


2rri bx 

h b 

2m by 

h b 




( 0 ) 


2 Til bz 
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But according to the relativity theory, the time t has the 
same standing, and any picture of nature must be symmetrical 
in the four co-ordinates x, y, z, ict. From that theory we know 
also that if the energy is E, then - E is the momentum conju- 
gate to the co-ordinate t. This is because p x , p y , p,, E are the 
components of a four-dimensional vector, where E = me-. Thus 
we must add a fourth equation to the three equations (5), given by 


E 


h b 


'Ivi bt 


or 


m 




E 


h b 


2772 bt 


( 6 ) 


We consider again a system having only one degree of free 
dom characterised by the co-ordinate x. We perform the opera 
tions on a function f From the first equation of (5) we have 

, h bp 

mu + = 2771 5V 


or 


c )iff 

bx 


o • mU f 

■ T 


(?) 


where, for the present, we take the velocity « to be uniform. 


The solution of (7) is 


<!j = P o e 


mu * 

2771 or 1 


( 8 ) 


giving 4> as a wave of wave-length A — mn 
momentum mu of the moving particle has 

h 

a train of regular waves of wave-length — 4 


— . This shows that the 


associated with it 


Now apply the operator (6) to the function * : 


V4 


h bip 

2772 bt 


or 


bp 

bt 


„ .E , 

2 Til j, = 


giving for the solution . 

iA = ifj 0 c 


* 


n ■ VIC- . 

2-ru - j p, 

h 


- W t 


Po e 


h 


(91 


( 10 ) 


have vibrations in time cf period E 


h ; ( of 
> • * * * > 

vir 


The waves 



§3-6(1) 


1 he IV avc-h q nation 


181 


frequency v — ^ — ’il c ' ri,,, ■ . , 

h " h IJlUb tlie material particle has ; 


asso- 


ciated with it vibrations in time of frequency v = T ’ ^ h!C \ 

Combining the two formulas (8) and (10) we have ^ A 


l ! J = 'Ao c 


2 77 i 


. Mitt 


U 


(a) 

Tins represents n aves of n ave-length A _ «2 travelling i„ the 


direction of x with a speed 


c- 


it 


c 2 


The phase velocity of the system 


We can deduce in this way a n thc 


of waves is therefore 
results of de Broglie’s original theory. 

If the particle is moving in three-dimensions (.v v z) with 

a vanable velocity (u v « , . , ’ * * ^ 1 

i . . ■> K 9 > a )> 111 a conservative he el of fm 

liaviliv a Dofonfial XT . 1 OI I01 Ce 


i . " v. wuoc i v aii\ tr no r of \ 

having a potential V ( x , y z) then if T i- tn i • 

v Uica, n i is the kinetic energy ; 

T = bn (u- + v- + w-) = E _ v. 

Substituting in this the three equations (5), we get 


( 12 ) 


Performing 


8b m Ur 2 T + & ) 


E - V. 


(13) 


we get 


the operation (13) on a function *, and rearranging 


, d 2 <A , 8b m 

W h ^ + w + -jjr (E - V) 0 


0. 


(14) 

Thus we get again Sehrbdineer’s emiyinn 

rial particle moving in a ¥ showing that a mate- 

it a train with 

just as the wave-length of light' 'TiU T T if’ V ’ 

a refracting substance. " ‘ 1 l-' 35 -- 65 through 

8 ■ 0 (2). Derivation of Ike Matrix Elements from the 

E i gen- fit n ctions. 

« had!: .1 “°™S “ “ Add of potential 


v. 


l >n o (n- + b 


I ~r.o\ 
r~ U' > 


E 


where E is the total energy. Writing T = 
rearranging, we ean put this equation in the "form 

T + V = E. 


-.2 

u 


~r a 2 ), and 
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The properties (7) and (8) are analogous to the properties 
possessed by the set of trigonometric functions : 

sin n-Tivt , cos mrvl (n = 1, 2, '6, ■ ■ •). 


Finallv iust as every function which is periodic, and which 
satisfies certain conditions as regards continuity, can be expressed 
as a Fourier series, similarly, every function which satisfies the 


equation (4) can be expressed as a series of the eigen-functions 
. This property is expressed by saying that the set of eigen- 
functions >/j )t “is complete,’’ and it holds because of the linear 

cliaraeter cf the equation (1). 


Thus the general solution >Jj of equation (1) will be of the 
form 

«A = E e n <£„ , (f)) 

n 

where the c n are the “Fourier coefficients” of the expansion, 
and are determined by the same method used for the Fourier 
series. Thus if we wish to determine c m , we multiply the equa- 
tion (9) by i l»„f and integrate both sides over the whole of q 
space, giving 

J — 2 c n f hnfffq- 


In the sum on the right-hand sides, all the integrals for which 
n zjfc m vanish on account of (7), so that 

/ i p m *<Jjdq = c m J h „ffj m d q . 


On account of (8), this gives for all m 3* 1 



We shall prove now that any constant of integration of the 
dynamical system can be represented by a matrix whose ele- 
ments are constants, there being one row and column of the 
matrix corresponding to each eigen-function ip n . 


If a is any constant of integration of the system, then from 

(5) § 6 - 5, 

a [a, H], 

where a is the time derivative of the matrix a, and [a, H] is the 
Poisson Bracket. Therefore, since a is constant in time, [a, H] = 0, 
so that a must commute with H, giving aH — Ha. Similarly, 
since E is the total energy, a commutes also with E, i.e . , aE - Ea. 
Thus we have the relation 

[a, H - El - 0, 



182 


IVave Mechanics 


§ 8 - 6 ( 2 ) 


1<ct l l>- ( y = 1. ■ • • , s) be the generalised co-ordinates of 

the dynamical system, and p, the corresponding conjugate 

momenta. If we express I' in q r , p r , and V in q r , the above equa- 
tion of energv becomes 


H (q r , Pr) ~ E - 0, (I) 

where II { q r , p r ) is the Hamiltonian of the dynamical svsteui. 

• ** 

Now to make a transition from the particle mechanics to wave- 
mechanics, we found that it is necessary to write 





to ' 



Thus both H and E are differential operators. If we perform 
these operations on the wave-function ip, the wave-equation 
becomes : 

(H - E) P = i), (4) 

where H denotes the operator 



and E denotes the operator (3). 



From the general solution of the differential equation (4), 
the matrices that form the solution of the dynamical problem 
may be very easily obtained. 


Let 

P„, (n = !,->,•••) W 

be a complete independent set of orthogonal and normalised 
eigen-functions of the differential equation (4). Each of these 
terms has a definite meaning. Thus by saying that the set 
p H is orthogonal, we mean that for any m and any n : 

f p M *ip„dq = 0 , (m »). ^ 

where the integral extends over the whole q space, and where 
p m * denotes the conjugate of p,„. 

Similarly, the property of being normal requires that 

f PnP.Al = / I I 2 d( l — !* 

(» = 1, 2, 3, • • •). 


( 8 ) 
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or 


a (H - E) - (H - E) . 7 . 


( 11 ) 


It we apply both the operators in (11) 


on the eigen-function 


ill.,, we get for all n ^ 1 : 

r • o 


a (II — E) t/i„ — (H — E) a <p n . 


( 12 ) 


But, since 


4 ;, 


E a solution of the differential equation (4), we 


have (H — E) 


)// ;/ 0 ( so that for all n 


(H - E) a - 0, 


(13) 


i.c.. a i J)„ is also a solution of (4). 

But we have seen in (0) that every solution of (4) can be 
ex m essed as a series in ifj„ of the type (9), so that 

* /<■ J\ 


a Ji 




(14) 


m 

where the a„ m are the constant development coefficients, which, 
according to (10), arc given by the integral 

= I (15) 

We shall prove now that the quantities a mn are the elements 
of the Heisenberg matrix belonging to a. 


First of all, we see that 


tiff l 


J 4 */i ^ 4 J tn 


SO 


that if a is a real quantity, then for all w, n : 

a nm = I Wu C ^ } 

= J 4*1/1 <4n dy 

— ftf/iji* 


showing that the matrix a is Hermitian. 

Now, suppose b is another constant of integration, t en a 


in (14), we get 


hib n =*Zb mH (« -l- 2 - 3 - • • ■>’ 


(16) 


where 


bf/in I 


( 17 ) 


If and K„ are the elements of Heisenber* matnees, 

the laws of matrix addition and multiplication must 


{a + b) 


mi i 


f 4 f m ( a "1“ ^ 11 ^ 
f 'hnMn dq + / <A 


tnn 


~f" b m n f 


the law of matrix addition holds. 



§ 8-6(2) Matrix Elements from the Eigen-functions 


18 


Similarly, 


— J dq. 

But from ( 14 )> by taking t lie conjugate series : 




and from (17) 


4>k« m k 


M 


*>l 


Therefore 


Z fyv/v- 


(ab) 


mu 


f ^ £ >h dq. 


But, on account of tlie ortlio^oml nnri i 

/ o\ j i • • . . o and noinial proi tidies (7^ in i 

( S/ ’ ^ lls integral is onlv then _ ^ ' aiu 


] ■= k y so that 


then different from zero for cadi k when 


{ab) 


inn 


y , 


^ in fftknt 


Which is the rule for matrix multiplication. 

Ill us we can show* that oc 

Scbiodinger elation completed. aEnZiff n7 

problem a,so. F„ r , „ e C a„ ^*»S" 

' - ^ ° f ** -ehanioa, ““ 


( lmn — J >p qd> „ dq, 


h 


Pmn — / 4>m'p>p n dq =.- f t ] >m 

-TTI bq 


(18 

f L dq. (i!) 

to ^ St “ XlfT ° f the -^ method " - hav, 

q, P are defined according to (18) TnTao! Variablya 

four relations hold : ’ ^ leu *be following 


h 


(«) the quantum condition 

to — qp = 1 ; 

(b) any functi011 V (q) of q can be defined as : 

Vfn>t(q) — fa. *\ri 1 

/, w , r J Pm Vp,i dq ; 

(c) tire function p* is given by : 

{P")mn = f , P m *p i p n dq = J / Jf_ b V 

, „ V ~7ri b(J J 

and finally that the Hamiltonian H [p, q) . 


( 80 ) 


( 21 ) 




( 22 ) 


H(M== 2^f^+V(,), 


( 23 ) 
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is a diagonal matrix. Here the function V ( q ) is taken as the 
potential function, and s is the degree of freedom. 

We shall prove these relations one by one. 

(,?) From the law of multiplication for matrices, we have : 




h r . * b 

27 = 2tti 


i ** - 


where we have written for p,„k its value from (19). Rut from 
(I t), on writing q for a and k for m, we see that q<p !t = 

h 


so that the last equation becomes : 


(pq) 


T-f 4> 

'2 77 7 J T 


mu 


Si 


m 


b 

bq 


q<pn- Aq 


( 24 ) 


Similarlv, we have 


l <7 P) 


tn u 


Z [ ItnkPkn — I 'Pm <1 ^ 'PiPkn * M 

k 


k 


J \ Pm'lP'Pn ( h 


-;/ fcV I*.' * I® 1 


27 Tl 


Thus from (24) and (25) : 


(pq - qp) 


,/h / *.• F- » 


mn 


2tti 


bq 


»=}*■•*• (26) 


In (2) § 8-6 (1) we have shown that — q - q f q 


1, so that 


{pq - qp ) 


h 


mn 


2ttI 

h 


: I 'Pm 'Pn ? 


27 Tl 


. 8 


( 27 ) 


mm 


on account of (7) and (8). This proves (20). 

(b) We show that if (21) is true for the function V (?) 
it will be true for q r+1 also. For, 




if +1 ) 


mn = {q y ' q 1 mn ~~ % 0 f)mkqkn 


k 


I 

ft 


I 


* 

q 


r . 


qPu • dq- 


q 


r + 1 


'Pn &(}• 


( 28 ) 


— j T?n j. • *■ e 

Using Induction, we see that (21) holds for all as 

Now since any analytical function V (?) can e ‘ , s f or any 
a power series V (?) =£c r f, we conclude that (21) holds 


such function. 



§ 8'6 (2) Matrix Elements from the Eigcn-fnnctiom 
( c ) We have 

(/>•-)„ = 27 KtK, “ f K- £ 27 A./v„ ■ 2, 
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2tt/ 


which establishes (22). 


^ n * 2rn la P ' ! ‘" ' d, l = f 

X 

f K* ( 


h b h >) 


t J „ < 


l q 


h x A 2 

'arij So 


3 di l ~ J 


h- h 2 


4^ ^ ^ • 


W We are in a position now to prove that th, U -u • 

H gmm by (23) is a diagonal matrix. For, Ai.at HanU,, ' > »»» 


H 


mu 


/ 


/*, 


i 


2 m 





f J, * f ] y ( - A 2 c ) 2 \ 

7 < " S{ ~ 1 ) + V(q) f * n ■ j q . 


4tt 2 bq 



(29) 


V (?£ the tTgen^aTues 6 E 'and the 3 fieW of 1)0teiltiaI 

by the Schrodinger equation cl g e »-f™ctions are given 


V -"•'U 1 \ 

so that (29) becomes : 


- /z 2 a* \ 

4t 7 2 ^ + v l'/ 


~ }7 a t 'K , 


H 




/ 
E„ S 


/ 


clemeuts° a^. H . “ ? "“** *>** 

values supplied by the wave-mechanics 5, ^ Sa ” K “ C ‘ Sen ' 
The two methods are therefore completely equivalent. 



Chapter IX. 

PERTURBATION THEORY. 

O' 1. Outline of the Perturbation Method. 

lx the preceding chapter, we have given a method of determining 
the eigen- valuer and eigen-functions of differential equations, 
and applied it to one or two simple physical problems. But, 
even for slightly more complicated problems, such as the problem 
of the hvdrogc*n atom in an external electric field, this method 
of determining the eigen- values and eigen-functions is not appli- 
cable. It becomes necessary in these cases to develop approxi- 
mate methods of finding the eigen-values and eigen-functions. 

The first and most important approximate method in wave- 
mechanics was given by Schrodinger, though a similar metLod 
in matrix mechanics was developed by Born, Heisenberg anc 
Jordan previouslv. This is a perturbation method having cose 
resemblance to the method used for the problem of three bodies 
in astronomy, and described in detail by II. Poincare in ns 
classical treatise Methodes nouvelles de la Mecanique Celeste s. 
In 1918 Bohr adopted this method for his quantum theory, an 
his school applied it successfully to the relativistic stark-effec 
and other problems. But the theory of perturbations e y e °1 
by Schrodinger is much simpler and clearer than either o ese. 

The object of the perturbation method is to increase the 
range of application of the eigen- value tlieorv to problems n 
are not directly soluble by the comparatively elementary me ^ 
of the preceding chapter, but which are closely re ate 

directly soluble problem. 

In its main outline, the method consists in breaking P 
Hamiltonian H of the given problem into two parts, H o an * * 
of which H 0 is simple and cH, is small. The first pa # ^ 
be considered as the Hamiltonian of a simple Pf oblen \ d 
kind discussed in the preceding chapter, whose el S e * 1 ^ t p e 
eigen-functions can be determined exactly. The ac 1 na ture 
small term will then require small corrections, mi ^ 

of a perturbation, in the eigen-values and eigen _ IU1C ’ an d 
unperturbed H„ problem. e is a small numerica ’ 

the solution of the equation for the perturbe sys e 
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obtained in the form of a power scries in which mav be brohcn 

pLdded 13 th P01nt • t0 SCt the approximation! 

p omded the senes converges. Even if it does not convert 

the first approximation has been found usually to <-ive fairly 
accurate results. ' ° IJirl > 

I he success ol the perturbation method is due to the fact 
hat the eigen-values and eigen-functions van- continue, v tilh 
the coefficents of the differential e, posticus. ' This is o,» inrnor 
ant theorem in the theory of boundary value problems. 

shal/first ‘df l *° tbc ' mbm joints in the theory, ,ve 

- ' first discuss toe example of the vibrating membrane. ' 

9*2, The Vibrating Membrane. 

m fixcd 

Plane. The differential equation for the ho.\iogcuiemiTmembrine'i! 


<fu bHi 
Zx 2 


bfu 

W 


For the solution of this equation, we write 


(1) 


u -V. 0) = v (x, y) g (/)_ 


and substituting (2) in (1), we get 


( 2 ) 


8 (0 


t) 2 V , d 2 V 


bx* 


+ 


c)j/ 2 


*8 


or dividing both sides by z- (x, y) g (,) : 


v ( x , y) -h 

V J ; dt- 


1 fi> 2 V b 2 v\ 

v (x, y) V Tv 2 + dpi) 


1 d 2 g 


g (t) df ' 


•and tlie^efWrmjd^de°does^Ct* depend *"*, ^ °" *• * 

must be independent of both y and 0 fT *® ch * them 


1 d 2 g 

g(t ) di 2 


A, 


(3) 


where A is an absolute constant which must 


b y 


The equation (3) then gives 


= - A, 

he positive 


( 4 ) 


dfg 

dt 2 


+ A g 


0 
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whose solution is 


g (t) = A cos Va t + B sin v'A h 


( 5 ) 


Equation (4) now becomes 


<) 2 y C> 2 C' x 

f* 2 + + Aw 


o, 


( 6 ) 


with the boundary conditions 

v = 0 for x —0 and x = a, for ally, 
v = 0 for y — 0 and y — b, for all x, 
while A is the eigen- value parameter. 


( 7 ) 


It is easily verified that the solutions, i.e., eigen-functions, 


of (0) are, 


, v . VlrrX ■ nrry 

v m .u (*, y) - Sin — - sin-j - 


( 8 ) 


and the eigen-values 


///,// 


.2 ( m l 

Vn 2 


« 2 \ 

¥J, 


( 9 ) 


(m, « — 1 , 2 , 3 , • • •)■ 


If a and b are incommensurable, there is no other pair m ,n 
such that V. »- - V «• To each eigen-value A . then correspond, 
only one eigen-function i V » (*. W Each eigen-value .s call. 

“ simple ”, and the ease is non-degenerate. 

Now, suppose that an external transversal pressure P ( < J 
acts on the membrane, distributed anyhow over it ; 


equation (6) becomes 


d-v d 2 a , , 

^ 2 + ^ 2+A 


P {x, y), 


( 10 ) 


giving a non-homogeneous equation. 

If the pressure P is periodic, with the period w, an ^ ^ 

coincides with one of the eigen-vibrations of the membra ^ 

will excite the membrane to continually Hicre J limits if 

so" that the disturbance will finally grow eyon ^ KSOrianC e, 

this ^ Catastrophe is not to occur, there mu. ^ Qn the 

ami therefore P cannot on the whole pcrfcnrr finj. 

vibrating Membrane. To represent the van ashing £ * ^ 

mathematically, we notice that if dS is an e em , from 

acted upon by t*e pressure P, the,, since the displace 
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The V ibraling Menibr 


aue 


the position of rest is the condition is 


// 


(I 


to' ”” S ‘ 

theorem holds in general. C<J " ate<l tn *™>. TW, 

Suppose non- that the membrane is a square it / 

Ihcn from (9) we have 1 ' *" ' ~~ * =“ - • 


(m 2 — 

• • a • 


(12) 


Interchanging vi and k -m 

but changes the eigenfunction, thus * eigeU “ Valuo Ranged, 


v 


V, 


sin tnx sin ny 
sin nx sin tny 


^Zn-Z:t 1Z e :% albCr ' ** b0t " ° f «*» ^ to the 

tion^rr.;.™; z zTd:: t i hc t rr mM 

fold. This case is h * ‘™- 

1/ 3. Perturbation Theory for the Non-Degenerate Case. 

has been To^dTh™ ** m <*«««** ^"arnical system 

(H -E)^ = 0, 

"here H is the Hamiltonian of this undisturbed svstem sta 

for flip* tt / h ?) \ ' standing 


nieter. 


( ?r ' sv 49 


Suppose me Pnom the eigen-vaines and eigen,, .notions of 

I 4 / U 


K {n = 1 , 2 , 3 , • • 

(« = I, 2, 3, • • .) 


( 1 ): 


Suppose further that each of +i,„ • 

and that the eigen -functions are ortho^d £££**> 


and 


h 

U. 


0 (?;, 


n )> 


f'l’n dq = ] t 


(2) 


/ 


(3) 
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Let a small perturbation term eAi p be added now to the 
equation (1) on the right-hand side, 


(H — E) ifj = eA 0, 


(4) 


where e is a small numerical factor, and A is a function of the 
q’ s, which is continuous in the whole domain. We wish to find 
out how the new eigen-values E„ and the new eigen-functions 
of the equation (4) stand to the old eigen-values and eigen- 
functions of the equation (1). 

From the continuity properties mentioned at the^ end of 
§9-1, it is evident anyhow that for sufficiently small e, E« must 
lie in’ the neighbourhood of E„, and 0* must lie in the neighbour- 
hood of SO that for a first approximation we may write for 

all r. > 1 : (5) 


E 


n 


F e /x ?; , 


and 


— 0 « + eV n 


( 6 ) 


Substituting (5) and (0) in (4J, we 


o'C’t 

t> L c 


(H - E„ 


e/i«) ( 4>„ + ev„) = eA ( ip„ + «'*). 


or, 


neglecting the terms with : 

(H - E„) *}>» + e { (H - E„) t 


n 




But, on account of (1), (H - E„) <p„ = 0, so that after division 
by e, and transposition, tlie last equation reduces to 

. . s A \ I 


(H — E„) v H — (A + n„) *p n - 


{') 

\ ' r 

The change v H in the eigen-function is thus determined from 
the equation (7). The equation (7) is a nonffiomogem* => 
equation corresponding to the homogeneous equation (1), 
the eigen-value E„ written for E. As remarked m ,H) £ 

the equation (7) possesses a solution when, arffi onh . 

right-hand side is orthogonal to the eigen-funcuon ^ 

ponding to the left-hand expression equated o ze 

we have 


or, 


/* 

h 


0, 


/ 


or, on account of (3) 




f A 'pn dq 

f <A«V« c!( ! 


f | A«* A 'P/i ^‘1 


(8) 
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The equation (8) gives the first order change u i„ 
erget, va ue E, ; due to the perturbation. Wow, as ti e dge " a 

of ^gnmes mechanical energy and r V 

is comparable to motion with enema' E „ 1 f ™ 
gives the complete parallel to the" wcY/Vt Km ^ 

perturbation theory of classic^ t^T? b ^ 

function averaged over the unperturbed moiLn 

We have to determine now the perturbation term ■■ 
eigen-function. We can now suppose that the val” of 
known m the equation (7). We expand both v and (A + \ !* 

m a senes of e.gen-fmrctions * of tire unperturbed problem ^ 


V 


n 


r ~r 

• • c 


kn >h’ 


fc 


and 

(A + /x„) i Jj n = r akn ^ 

where, on account of (15) § 8-6 (2), * 

akn = -f ^ ^ 4 - n u ) lf) n d 

lhus we see from (8) and (2) that 


(9) 

( 10 ) 


a k n ~ f <J> 


0 


for k 
for k 



n, ] 

ii. ) 


( 11 ) 


( 12 ) 


Similarly, for v hl> we would have used the integral 

, , . Vkn = I dq, 

ut since we do not know v,„ this is useless for our purpose 
If we substitute (9) and (10) in (7), we get 

f (H ~ E “> *k = f h. 

But, for each k > 1 we i iavp /p , 

we na\ e (H - E*) ^ = 0, therefore 

0 . H fa « it* fa. 

Substituting this in the last equation we get 

? ”** < E * - E») *i = 2 at,, fr. 

Since fa is an independent set wo 

cients of each and get for all A > , eqi ' ate the «**- 


(13) 


or if h * Vkn ^ ^") ~ a ku> 

or, if k =* n, so that E, ^ E„, then 


(14) 


v kn 


& kn 


13 


e7— e; <**=»> 


(lo) 


F 
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The coefficient v„„ remains indeterminate, because for k = n, 
I-;. = E,„ and we cannot divide (14) by E* - E„. To determine 
we use the still available condition that the new eigen- 


tin 


functions tp„ must be normalised, i.e., that for all n 

J pi* dq = i- 

Substituting (0) in this integral, we have : 

J (h>! + €V S [fn + €V n) dq 


(16) 


= 1 ; 


or, neglecting P, 


J if/,* </>„ dq -f C f dq + e J ij)n v n dq — 1. 

But since the old ip„ are normalised, tlierefoie 


/ dq + / <A 

Substituting (9) in (17) we get 

2 I'kn I hi'l'n dq + 


0. 


(16 a) 


f* 


0. 


(17) 


J; 

Since for k =t= n the integrals are already zero on account of 
(2), and the integrals do not vanish for k =» on accoim . o {), 
we see that in this latter case, viz., for k = n, the coefficien s 


(17) must vanish. Therefore for all n : 


v 


n n 


v 


nn 


0. 


(18) 


Thus, we have determined all the coefficients m the e * pa “ S ^ 
(9), and substituting (9), (11), (15) in the equation ( ), 

for all n > 1 * 


\U n = + € Z Vki&u 

fc 

= ^ 4- * r fo 


(19) 


1 to 


where S’ means that the sum is to be extended from k 

k 

©o except k = n. 

Similarly, from (5) and (8) we have for the new e.gen-r 


E« = E„ - e f 4> 


i A A 


^ 0 2 


. m ft 


\ 
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(19) ^nd^h^vahies ^ ^ fuUCti ° nS 

for the perturbed sysiem. ' -ave-equation (4) 

«, fiKt aP ~‘ i0 "- ™ - determine 


E,; — E„ + €U n + € 2 


V 


1 1 » 


in the following way. 


*pn 


fa + e V„ + e- W„, 


( 21 ) 

( 22 ) 


Substituting (21) and ( j T1 /^\ * , t * 

equations (1, and (7), and neglecth,: TlTllN'™ ° ‘ ^ 
get on equating the coefficients of «*°o„ both sides 1J °"' erS ’ 

(H - E„) at, = A v„ + v. + (23) 

£"£ssrr •r ,Wo ° ^ a 

to the eigen-function of the left-hand ^ , fhn ° nh ° SOml 

/* 


or 


/* 

/* 


0, 


(23«) 


/* 

/(i 




I 


k 


? V kn Cl nk< 

K 


on account of ( 11 ) and (18). Thus 


^ get 






Now suppose 


27 a »* Vkn- 


(24) 


and 

W " = ^ W kn fa, 
k 

(25) 

where 

(A + „,,) v. + „„ _ s Ci i 

(26) 


°kn = f fa* {(A + ,x n ) Vn + Vn ^ j , 



II 

o 

'1 

o 

II 

J 



J fa* (A + ^„) ^ ^ for ^ ^ M ) 

(27) 
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on account of ('23 a) and (2). Therefore, if k =t= n, we have from 
(9): 


Ci. 


I'll 


f 'I’k (A + p n ) {£ V/ u xfi i } dq 

i 

Z i'i n J A ijj/'iff, dq + 2 p n vi tt J dq 


i 


— Z v lH (ifci H j 1 '// v k n , 


(28) 


i 


on account of (11), (2) and (3). 

Substituting (25) and (2G) in (23), we get : 

(H - E„) A 1 xc kn fa = Z Cfi n fa, 

k fc 


or 


2u kn (H - E„) h “ s c k’i fa- 


(29) 


k 


k 


But from (1), H 0* - E k fa, so that from (29) we get for all k>l: 

iv kn (E* - E«) - c t „. ( 3 °) 

If k =j= n, Ex. =h E« (non-degenerate case), therefore 


w k 


c kn 


vi 


% — ^ 

E 


E „ 


1 


E 


E 


n 


2 a k! v /fl 

l - l 


4 l^n v kn 


(31) 


The formula (30) does not give us the diagonal coefficients 
To determine these, we use again the condition that the 
eigen-functions must be normalised. Thus substituting 

in (16) : 


XV nil • 

new 

( 22 ) 


/(■A 


T 


or 


f fa* fa dq + 6 / 


/ 


1, 


(32) 


neglecting 


e 3 and 


higher 


/ fa* fa dq — 1, and on account of (16 a ) , /( 


powers. But on account of (*) 

- , Ci * i i V i /iti — 1 G, 


so that from (32) we get 

/ 


/ 


or 


J {ip n E Wk,* >Pi* + «A«* 2 dq 


f {2 vM {2 v /n *fa dq 

k 1 
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or 


2 7C 


tni 


or 


E c 

k 


kn” > 


) r 

o — - 


v *,r- (n =1,2, • • •) (33) 

approximations. 


fourth and higher 


9-4. 


TheAtom ""for *n Electric Field— The Stark-eJJect. 


th « rr X ! mple ° f the perturbation method we consider 

th. Stanc-eit ect produced bv the applies firm re “ ' 

stS i£t 

fi He tZZ'Z c z lica z 

, e lncreas mg frequency of the line yi,, 

. P ° tientS se P arate out symmetrically on 'either <ide of fh 

components from the t!' ■ " ° £ «* <**« 

itself is proportional to the strength of the field” ' ' A ’ a " d A 

for thZ t“t e, TZrr 1 qmte *> «*•»* 

theorg accounting f„ZZeZSZr:fZ7eff 1U r t ' ,m 

SSK ;“Z a sZ , ElKW " " ^ 

third me, noire in rvhich he developer, the p^turLtion ' 

.Suppose an electric field of intensity V ; 

hydrogen atom in the direction of the zCi, UtenZ” 8 °" 
energy V of the system is <r iveM bv ’ the Potential 


V 


e- 

Z + Fez, 


be at rest. The redativist^ is . considered to 

for a first approximation *“■ ^ * “7 >* neglected 
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Substituting the above value of V in the wave-equation, 
we get 

V=^ + ^( E + £-F«*)* = °. (1) 

so that the perturbation term is — F ez i Jj. This perturbation 
term is added to the hydrogen atom treated in § 8-5. Following 
the method given in the last section, we must expand this pertur- 
bation term in a series of eigen-functions of (2) § 8-5, and proceed 
to find the perturbed energy values. But the problem becomes 
easier if we transform first to the parabolic co-ordinates, and 
then apply the perturbation method. This latter procedure was 
adopted by Epstein in the older quantum theory. 


Thus we write 

X — vgr) cos <f>, 



= V£t) sin (f>, 





the domain of the new co-ordinates being 


0 < £ <, oo, 0 < 1 ) < oo, 


The Jacobian 


of the transformation can 


0 < <f> < 2t7. (3) 

be easily calculated to be 


d (x, y, z) __ 

bx 

by 

bZ 

b (f. 


H 



bx 

by 

bZ 


brj 

brj 

br) 


bx 

by 

bZ 




b<f ) 





and the space element is therefore 

dx iy dz = i-n di = i (? + V) H (6) 

J {£ , 1 > 9) 


Further, we have 

= ** +y 2 + 2 2 =&i +l{£ - qf = i (£ + 

Substituting these values in (1) we easily find that the wa\e 
equation in the new variables becomes : 




277 2 m 

~~W 


-° {E {t + V) + 2(?2 - } P F ^ 
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fore r,- occur expiidtiy in and th ^- 


m 


0, 1, 2, 3. 


• ♦ 


• w 

We therefore assume that the solution of (7) is 


( 8 ) 


^ —'/(£)&(■> ?) ^ W< Ar 


and substituting in (7) get the two equations 


(9) 


<) 


*U + ~hT ( 




drjK 1 drj 


h 2 

2n z )n 0 

~hT 


ieF£* + 




^ m 2 h 2 1 
w 2 A 2 1 

8rr 2 m 


)/ 


(ii) 


where A » another constant which is the eigen-value parameter. 


Both of the equations (10) and (11) are of the type 


dX\ 

t>lV> TO 

where, for (10) we have 


( D £ 2 + H + 2B + A 


( 12 ) 


A 


C- - A). C 


A 2 


' B, =-- 


m 


Di 


and, for (11) we have 


n 2 nt 0 e F 
A 2 


(13) 


A = 2 -^, B, = -J»f ( „ + a,, c , _ * D! _ 

For D = 0, F = 0, the equation (12) reduces to : 


^» (-■ + A). C - 


r^tttneF 


(14) 


H O’ W) + ( A £ + 2B +$) 


0 


which is the equation of the simple hydros of 
parabolic co-ordinates. ^ogen atom 

Now we transform the fnimtinnc _ , , _ 


(15) 

expressed in 


change 


X=C*«, 


(16) 


Then (12) is transformed 

£*f j. m + 1 du 

d* + — e — 


2£V"=A =0. 


(17) 




u 


(18) 
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and (15) is transformed to 

d 2 u L m -f-l du ^ 

W + 6~ dd + 


1 4- 

•i i 


B 


1 


v - Ad 


-An = 0. 


( 10 ) 


In the theory of differential equations, the polynomial which 


satisfies the differential equation 


* § + u - x) % + ky “ °' 


( 20 ) 


where k is an integer, is called the Ath Laguerre Polynomial, and 
is denoted by (x). If we first replace k by m 4 k, and then 
differentiate vi times, we find that the wth derivative of the 
(in + k)th hagucrre Polynomial, which is denoted by h" +t Ui. 

satisfies 


dy 

dx 


l + (m + 1 - x) % + ky 


0. 


( 21 ) 


If we transform (21) by writing y = e ' L" + t (a-), we get the 

equation 


d 2 y in i dy 


dx 


-2 


k 4- 


P ) • •} 

Suppose that m is a fixed integer in 


y 


o. 


( 22 ) 


Then 


~ " XT X 

while k is the eigen-value parameter. 

functions e~* L”* t M corresponding to 
k = 0, 1, 2, 3, • • • Comparing (19) and (22) 

eigen-values of (19) are 


the equation (22), 

(22) has the eigen- 

the eigen-values 

we find that the 




(, ft = 0, 1, 2,3, •••)- 


(23) 


V — A 


and the corresponding eigen-functions are 


-i 


u k (0) “ C +t (*)■ 


(24) 


We have now to calculate the first approx imaBon^_^ 
perturbed eigen-values. The perturbation is .^i-adjoint. *e 

the D-term in (18). To make the equation (18 ^ . 

must multiply it by + 1 throughout, so that 


d m + 1 M 2 + Sm dd + 


D 


/ 


A) 3 


i e m+1 + 




= o. 
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or 


A) 


()»‘ - 2 


]- Q»‘ - i _p 


B 


- 0'"^ 


/ 

' i 


^ =0, 
( 25 ) 


, r ij 
^ l <?*/ r l^nn 

Which is in the -elf-adjoint form, 
e „ ! kC 1 >C D^ ,g fUnCti0n ’ " llich " aS by eA in ( 4 ) 

' " WT-Ti*'"' <**>■ Groover, in that equation the 

cigen-valne j parameter I- liael a factor unitv onlv wli-rm ■ ■ , 
eigen-value parameter has a factor width* •’ „ * * Jn ( ly ) the 

function, ami is usually * w4w) ‘ ’ l ';‘" cd **« *w&r 

(S) of § 9 - 3 , give therefore for the nerturbation 2 ™'’'* ’“l 
Ath eigen-value*: A €/ -‘ ~~ 6 A 4 /* of the 


oo 


*■/ = — 


6 An y d q 
I P u d dq 


]) 


(2 V / _ A; :. 


/ a:,, 


Co 


f 0 m fT m 


(<?)) 2 .70 


“ " ,!n °' Vn fr ° m th ™>- Daguerre Pol,,o m ia ls , £ 



0 m + 2 .. - 0 


1 h,„ : , (d)fdO _-y {.(*« +/<) !}* 


CO 


A! 


f 6 m e~e ir « 

* y "» r 


t W) 2 </0 


_ ((« -i- /d ) ! ; 3 / 

' * ! 7 ( "‘ ! + « + «-• + «* + 3 „, 

■Substituting these values i„ (20 ,. „ e get 

€1 ~ ~ uo-lj . <:•»* + <;/.= + ,1,;. 3 ,„ , L , 

The £th perturbed f ; , “ 7 

and (27) : ^ of ( 2 a) i s therefore, from(23) 

b _ rn -f I 


2 


• k + e> 


v -A 2 (98 i 

Applying this re-ult tn ♦ ' 

given by (13), We get Ration ( 10 ), with the constant 

V - A 




1 


2 


+ 


— — “ *>' ( 29 ) 

function itself. C ' gen functl0ns are teal, the conjugate complex is equ { 
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Similarly, applying (28) to the equation (11), with the 


constants given by (14), we obtain 


B 


m + l 


A 


> 


+ k., -p e* . 


(30) 


Adding (29) and (30) : 


1 


V - a 


(Bj P B 2 ) = w + 1 4- k\ + k-i + + e x 

n + + *k 2 > 


(31) 


where the principle quantum number n is given by 

• . T it 


n 


m -p k i -p k 2 4* 1 ■ 


(32) 


Thus from (31) we get on squaring and solving for A : 


A 


(B[ jp B.>)~ 

(« + +" f x 2 ) 2 

(Bj + B2) 2 


(33) 


1 


n 







to the first approximation, since e kl an x ‘ ; the 

to the approximation we are aiming at e ; 

unperturbed value of A in calculating * #1 and «*,. 

. m Jt , therefore on account 

unperturbed hydrogen atom h, A 2 » 2 


of (13), the unperturbed value of A is : 


A 


2w *,«„E 27 r**, / 2n'-W < ’ JN 4it4,,, ° 2<?4 


/i 2 


/, 


7 2 m 0 e J \ _ _ 

7i 2 n 2 / 


0 

A */; 1 


so that 




(2 V 


$ 


2 


2rrW 2 l 3 __ f . 

/i 2 « i 


(34) 


/i 6 « 3 


Substituting this value and the values of D„ D, from (.3) and .Hi 


m 


the equation (27), we obtain 


_ T ?h*n 


,,, (>» ! + 6 ’"* 


+ 6*, ! + + 3"‘ + 3)' 


_ J*l5L (,„» + 6m*, + 6*,* + 6A = + 3 ”' + 
e ^2 64 ttP»o 2 ^ 5 


so that 


c Xi *r 61- 4 w 0 


6F/i 4 » 3 (,u _ jt s ) (wt + + Aj 


, * 


1) 


1 


JI** (*, - *,1, 

32h 4 IM. , « ,V 


( 35 ) 
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... A)+(cM . A) J 


-2 

~ ‘ 1 9 / i t 


o 


Substituting (35) and (36) in (33). wo get finally 

O Q - 


A 2 


(36) 


A = 27r2, «oE 


A 2 


2n~>n 0 e 

h 


2 \ 2 


1 


2 3FAhi J 

JJ 327 T i lll‘~er5 (^'1 


tt 27T 2 m 0 e 

—V " 


0 


kn)>, 


Il'hl- 


3 F h*n (A, 
8 


*1) 


rr-in^e 


(37) 

and the formula mu- "the 1 ai ’ 1 ' roxII ' latl ° 11 *or the Stark-effeet, 
Bohr’s quantum hi t «“* ^ by Epstein on 

replaced by the nuntber I -T \ numb " * « now 

and mean take the value zero but ' I “ reo .' r " > the numbers *„ h, 
being equal to m +k \h 4. 1 ^ prniclpaI quantum number 

The vahte zero is thtts mrtomatica% ^chX ‘n it “* 

mechanics. Special artifice * ded ,n tIle new quantum 
Bohir’s theory ^ W “ e ^“red for this purpose in 


Writing W = - E, and 


we get from (37) 


* = *2 — k Xt 


(38) 


W = ?!^ol 4 , 3FA 2 

r* o r, 77 A* . 




87 r 2 m n e 


<q nation (32) shows that A, + A l - „ 1 

always be less than S o that from (38) : ' 


(39) 
;w ). must 


I ^ I < n 

l e ’ f ° r fixed *. k can take only +h e foil™ • 

k ~ ~ (n — l). . . . _ , A , , following values : 


(40), 


+ 1, 


V 


The frequency „ of the transition n 

_y ~ W 277 2 ;«o( 3 4 /I lx 

A 


+ (n - 1). 


(41) 


& - 5>) 


+ 


3 FA 


M - ^ — >A' is given by 


T i , ' 8 nhnfjiW k> ~nk). (42) 

field is e<5U “ Cy ° £ the ° risinal Bne in the absence of the 


9„2 


so that if we put 


-ra 0 £ 4 
h z 


(i _ m 

V«'2 „*/ 


A 


JFA 

877^777 


(43) 
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we get 


i 


o 


A (n'k' — nk ) 


(44) 


From (41) we know that for a given n and n ’ , k and k' can 
have the following (2n - 1) and (2 n’ - 1) values respectively : 


k — — ( n 


1). 


(« 


- 2 ) 


1 , 0 , 4 - 1 . 


• * 


, (n 


2; 


(n - 1 ), 


k’ 


in’ 


1), - (W 


o\ 


• • • 


t f 


1 , o, + 1 , • • • * , 

(*' -2 ),k - 1 ); 


and since each of the £ can combine with 
altogether ( 2 n 


1) (2 n -- 1) components 


» 

Thus for the FI a line of the Balmer series, 
(44) becomes : 


each of the k’ , we get 
for the line n 
= Z, n’ =- 2, so that 


n'. 


n 


V 


V* A (2*' - 3A). 


(45) 


1, 


Now since | k | <3, it can have only the five values 2, 

0, 1, 2 ; and since \ k’\ < 2, it can have only the three values 

_ i o + l. Taking each k with each k' , we get 5 X ° 

9 f I 

values of 2k' — 

2k' —3 Ar = — 8, — 6, — 5, 


3/e : 


4, - 3, - 2, 


1, 0, 1, 2, 3, 

4 , 5 , 6 , 8 . 


Thus the H, line is resolved into (fifteen) components, arranged 

on both sides of the original line, and separated by t e by 

A. These results are in good agreement with those 0 

experiment. 


9* 5. 


Perturbation Theory for the Degenerate Case 


We remarked in § 9-2 that it often happens that 
value lias several eigen-functions, in which case - p 
said to be degenerate. 

An eigen-value E* is called a-fold when it possesses a me 
independent eigen-functions : ^ 


> *!•/»> 


fka- 


™ i 1 ™ 2 ’ ' " c exist, 

Linear independence means that no numbers c lf • . « 


which are not all zero, and for which the relation 


£ c, 'bki 


o 


( 2 ) 


i = 1 


holds. The wave-equation 


(H - Ttf) $ 


0 


( 3 ) 
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has therefore the ^solutions (]) The,, it ■ 
each of these a-funetions fl) ; s ' nrf1 k \ easy to see that 

eigen-functions belongin'* to inntl 10g0 ” aI to each of the other 

On the contrary, these a-Bm t’ ^ Wg ? n - Value (*'¥=*). 
to one another. But, by ^itaL^i” 01 ' Se ” Cra1, ortho S°nal 

can alwavs brin<* about this f neai transformations we 

have been made orthoemn, t, 7 ^ ,l0nnalised to R and 

functions fo., but also among themselves ^ eigen_ 

equation itleh a^tTo^'anl ^ 5 ° 1UtiOIlS (1) ° f a ^ar 

tution leaves the mutual ortho" ' 7 ™° ™ ortho S onaI substi- 
the functions (1) a ” stfl! not ^ J * UnaItcred ’ ™ that 
submit them to any arbitrary orl^^ 3 defined ' Rather < we can 

nahtv. f n fact , ff "e S et —Nation and orthogo- 


*** = * hi *ki. 


I 

where fa are the coefficients 

formation, characterised by 


= 1 


of any arbitrary orthogonal 


(4) 


trans- 


P Pl’i fa ~ fa 


and if 


0 if l=t= V 

1 if l - V, 


( 5 ) 


then 


'hi 


2 fry ip 6i , 

i = l 


r 


i 


. * = 1 / = 1 J T fcl 

ut, since the functions (1) are no .. 

I ) are normalised and orthogonal 

f 4'kf >hi dq 8 ;/ = 8, v ~ f 0 * j 

m 

J, 


( 6 ) 


therefore substituting 17) i n ip\ , ^ ^ ‘ 

S (0 m (6) we get on account of (5) : 

/ VW % xbki dq = J ^ /v * 


( 7 ) 


( 8 ) 


showing that the new function, T’ 

normalised. nCtlODS a re also orthogonal and 
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The coefficients fin of the orthogonal transformation (4) 
are arbitrarv. It is of this verv arbitrariness that we make use 
in the perturbation theory. 

A- in the previous section, suppose the perturbed equation is 

(H - E) 0 = eA 4<. (9) 


The perturbation would in general split the a-fold eigen-value 
J'.j. in a simple values E*/, to each of which would correspond a 

single eigen-function \ftki> given by 

E*/ — E* + e /u./, {I — 1 , 2, • • • , a), (10) 

and 

jj /./ = 4 s ki ~ ^ fi/i 4* ki “b (1^) 

1=1 

The index k is of course fixed throughout as we are considering 
the perturbation of the eigen-value V, k only. 

We select a definite perturbed eigen-value and eigen-function 
bv crivin« a definite value to the index l in (10) and (11), and 

m* O ^ 

substitute them in (9) : 



or, neglecting e 2 and transposing, 

{H — Hi) ! ft* + * (H - E») ‘ (A W* +W ,f W ' 

For each * of 1 the fc, we have (H - E*> ^ 'T: 

the last equation we get on dividing up by e, for all l 


(H - E*) i 


27 fin (A + /x/) 4>k>- 


(12) 


This is again a non-homogeneous equatio , ssib le 

as remarked in the preceding sections is only ^ 
when the right-hand side is orthogonal to all the „ ^ niust 

of the homogeneous equation (3) belonging to *• 

have therefore : 


a 

v 


i = 1 


fin f 4>km (A 4 - 4 

(m — 1 , 2 , •■*,«)• 


0, 


(13) 


On account of (8), this reduces to 


film H 


i = 1 


/ 


(W) 


(m = 1, 2, 3, 


, a). 
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Let 

a,m = ~ / vW A *{, ki dq, ( 15 j 

(i, >n = 1 , 2 , - - a ) 

( ) reduce to a system of a linear homogeneous equations 

( 16 ) 

( w = 1, 2, 3. • • a), 

or, writing in the expanded form, 

p l (l ‘ 11 ~ N) + Pls a 21 + + ■■■ + (S/« * ai - 0 

'?."!* .7/; /) + +&•«« ~ h 

l7,a -rfi/>o 2a + / 

It is known from the theory of , . • ~ ' !/) * °' 

a homogeneous linear equations ^h^th^ that the ^ 

fin. ■ ■ • , P M , have a non-trivial so l, .tin i . a _, Uaknown quantities 
of the coefficients vanishes : 11 ^ " len tIle determinant 

a u - to a v , a . 

a n . „ 13 la = (17) 

’ ’ 

“aa — [i/ i 

This is an equation of the degree a in , . 

Algebra that it has a real root- T u’ a?ld 3t ls sho ' vn in 
belongs a special value system of ft ° ^ ° f theSe roots there 

eigen-function fa of the family. P ‘ “ d C0nse( I u ^tly a definite 

of tl^eigen-vahie e” G ~ Perturbati °”s /*/ (/ « 1 , 2 , . . . , 

provided this equation haTno’ ^nltipj 10 " 1 1 ^ equation (17) 

the case. These then give us the ’ which is usually 

of the unperturbed sys S tem. US ^ C ° rres ^ ondin S « eigen-functions 

To determine the t 

equation (9) we have to solve the ° o' f" ° f the P ert «I«d 

hutpose we expand as a series of T , <12) ' For »is 
functions of (3) : ot the complete set of eigen- 

l/ ~~ 2 £ y, 4 ,,, 

> =0/'=! 


V/. k’i’ VW- 


( 18 ) 
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>i milady, we develop the right-liand side expression in (12) in a 
complete set of \ buy : 

x • **•* 


a 

v 


,'V; (A -f* /«/) ki 


OO 

- 27 


a 

27 


1 


x' = 0 /' = 1 


Qi'/' 'I’k’e, 


(19) 


w lie re 


C/./-7' — 2* /?// y* l /'£V* (A + / x /) ^ki tty- 

i = 1 


(20) 


Oil account of the orthogonality of and iff#*, and from the 
equation (13), we get 




A /3// J «/'xV A 2r/, for k' =t= k. 


0, for /;' =- A*. 


( 21 ) 


Substituting (13) and (19) in (12), we get 


CO 

2" 2 1 
*' = 0 /' -= 1 


Yi.t’r (H — Ex) <Axv 


27 27 C/, k’i’ \ Pk'i ' • 

X' = 0i'=0 


( 22 ) 


But H hk'i’ = Ex' i/'x-';'. therefore 


t rv » * - » » 

27 27 yik'i' (Ex' — Ex) 0x'/" » —P P 'l , k'i' • 

i' ’ k' i' 


(23) 


If /„>' /c, then Ex', ¥= Ex, so that equating the coefficients of 

0* v we get, on division, 


— _ — 1 - 27 j8// f pk'i* A tki dq- i 2i ) 

— Ez. Ex' — Ei i = i J 


Y/.k'i' 


Ex 


For k' the coefficients Y/Mmi . cannot be determined from (23) 

To determine them we employ' the still available con ltion a 
the new eigen-functions 0x,/ should be normalised, i.e.. 


I 


1, 


(25) 


or, from (11), 


/( 


1, 


(26) 


or, neglecting e 2 and taking account of (8), 

/ </%/* tV d< l = °* 

Substituting in this from (18) we have 

27 27 f i (tk* Y/.k'i' Pk'i' dq = 

k' k c / o\ j? 0 r 

For A' =# A, the integral in (26) is zero on account o ( )■ 
k’ —k, therefore, y/,x7' should be zero. 1 us or 

“ °> ik’ ~ h). 
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We have thus determined all the coefficient , , . , 

them the function - Wr ^ u ^ “ S Yi.k'i' and with 

11,11 Uc liave therefore, to the first r 


niation 


approxi- 




, . 7 


'Am 


V o I / 00 Q 

Oil < >!u-i ~r e 2 ” Z ■- ‘ r f * , , , 

' “ 1 Y ,<•' =0 / ' == i 1 'V - J ■*'*' A ^ ^ 

f il,,licatra Ulat a11 «- *<£» "it,, e „ * arc . to be m Jfl 

in ti,t"u"'rm'odL ir^r, r ry i ; ni,ortant appiicati ° n 

- — - — - ^ :“,r“ - 

rs. . , v i. v. . 


9 ■ G. 


77/c Theory of the Neutral Helium Atom. 


Several attempts were made hen, re J9“t to tr , 0 . ,, 
iKl.u,,, atom on the- older quantum thorny Bui th "“‘u 
nmvod at wort- hopelessly in contradiction with the t fact'"' f 

sr-j r *n r ,vcnt of ,,k - - ~ 

'* H^n^c^rr^rrs- tack,cd ; ~ 
°‘ ^ skctch 
-I he neutral helium atom r f f i 

round a nucleus. Nmv. these two c’ T “ r ° V ° Ivi "S 

indistinguishable from each other and T “* 

nrade when they are interested t "T™'** Cl ' a "S< ! » 

indistinguishable states are therefore counted a! 

in tile new mechanics. This gives ri«e to • > , ' ame state 

. nicn has no analogue in the classical theorv 
lake the nucleus (of charge + Ne N =- +u 

and suppose that one of the electrons is at th ~ ^ ^ ° ngin ' 

and the other electron is at the point (t v ■ \ I J ° lnt fci-J'i, zf, 

of the first electron from the nucleus hi t ‘that of T 

electron from the nucleus be r and t i ' * . , 1 f Jle sec °nd 

electrons be r 12 . if fh e mass of the i- “ al dlstance of the two 
velocities by («,, v u> w ) {u f ^ ctr ° 31 ls denoted by their 

and total energies of the system by^T ’v" f r klnCtic ’ P otent iel 

T - * * „ : . b5 T : ' aad E «3P«tiveIy. then 

-r \ i <- 1 T 

-W ypi 

+ — - I 

( 1 ) 




r.> 


r + »./ -f a 2 2 4 - m ,, 2 , 

• A ^ * 

t 

r 


14 


H T -f V. 


9 
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In order to make a 
nics to wave-mechanics, 
differential operator : 


transition from the corpuscular mecha- 
we must take each momentum to be a 


i xu x 


l xli 2 


A 

b 


A 

b 


h 

b \ 

2tt» 

dXi* 

llVi - 

2rri 


= 

27 ti 

\ M 
d *l 1 

h 

b 

(XV 2 = 

h 

b 


h 

b r 

2m 


2t rf 

^ 2 ’ 

/X7£' 2 = 

2m 

bz 2 j 

tliese 

in 

►-? 

II 

W 

— V 

, and operatin 

g on 


( 2 ) 


a wave- 


function 0, we get : 

h 2 r b 2 b 2 . b 2 . b 2 b 2 b 2 


8 tt 2 /x (b.Tj 


-I- 


2 ' bjy i 2 + bzp ' b.r 2 2 ' by 2 2 1 bz 


+ 


+ 


+ 


2 


<A = (E - V) 


or 


W + TT (E 


V) (4 


o, 


( 3 ) 


where 


V 2 0 

V i 2 0 

Vs 2 0 


V 1 2 0 + V 2 : 

2 dj 

i 


' b 2 

b 2 

+ 

b 2 

.baq 2 1 

by x 2 

bZj 2 


b 2 

| 

b 2 

,bar 2 2 1 

^ 2 2 

H— 

bZ 2 2 


1 


0 

0 


0) 


■ 

J 




r l*2 


To a first approximation, we neglect the interaction term 
in the potential energy. Then the energy of the system "ill 


( 6 ) 


be the sum of the energies of the two electrons separatelv . 

E — Ei ~f~ E o • 

The function i p in (3) depends on the six co-ordinates x lt >’i> z i- 
Xn , y 2 , z 2 , but to the first approximation, i.e., for the unpertur e t 
system, 0 will be a product of two functions each of which eper. s 
on the co-ordinates of one electron only : 

0 = 0 ( 1 ) 0 ( 2 )- {G) 

The unperturbed equation therefore becomes : 

4 L 


(Vi 2 + V 2 


) [0 (1) 0 (2)} 



8tt 2 /jl 



1 “f 


- E 2 ) 



x {0 ( 1 ) 0 ( 2)1 


0 


or 


N* 2 \ 


1 


0(2) {Vi*0(l) + -p"( El + 

+ 0 (l)jv» ! 0(2) + ^ 


E 



(2) 


1 


0. 
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or, dividing out by 0(1) 0 (2) and transposing, 

( El + tt) 0(1) / 

0 T2) +-j^(E 2 + 


0 ( 


Nf* 


) 


ihe kit-hand side of this equation depends on tx v \ 

only and the right-hand side on (x 2 v. * ) F „ fh f . f J 11 Zl) 

const J. get J, XT’" 

equations * c TJlen the two 


8777 / 


( 


1 


A + 


Ne°- 


0 , 


v.'+m + fg-fa + x + 


0 . 


(7) 

( 8 ) 


-i,- v- r - - 

now called F, — XT? > \ , e><-n\aiue parameter is 

We nttt-gralt- 1 ^ It? nf * 

I'hon front (34) § 8 . 3 . we have l h " * > 1 *<" («). 


E t — A 


_ 277 V N*e« 

/T a ~ 


E 2 -j- A 


The unperturbed 


_ 2tt 2 p N 2 d 

: — - 

h 2 n- 

vvave-funetion is then 
u = *Ai ( 0 (2), 


(9) 


( 10 ) 


; w 


= 0 


( 11 ) 


W S “ tiSfieS “ ,e “'Perturbed wave-equation ; 

V'« + ^ ( E . + Ej + £l ! + Ne>v 
But the wave-function 

w (-9 0„ (I), 

obtained by interchangii.fr t h e two el + • ( ]2 ) 

(”). Each energy value B. + E i T°°l “ aI, ° “ Soi “‘'« of 
proNen, i, degenerate, evee^t when „ =? ^ the 

it resonance-degeneracy * Heisenberg calls 

<4K § ^ * ^r 

W =au +f3 Vi U> v ; 


( 13 ) 
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where the coefficients a, (3 are arbitrary for the present but would 
be determined later. 


Now suppose that in the perturbed equation : 


v¥ 


8-77 2 U / , Nfi 2 N 0 2 

V ' + TT + 77 


ii ) . 

^ 2 / ’ 


0 . 


(14) 


the perturbation term 


e~ 


r x* 


is considered small, and that the eigen- 


value and eigen-function of (14) are given by 


E — - E, + E 2 + v> 


(15) 


and 


ip — 71 ii' — p cb , 


(16) 


where rj and <p are small quantities whose products 


with — may 
r 

i 


r 2 


be neglected. 


Substituting (15) and (16) in (14), we get : 


V 


(*•+*) + 8 -^ (e, + E, + , 


+ - 


bh 2 


r 


~) ( 7£, + ^) =0 


or, neglecting small terms of the second order. 


8tT 2 U / N <? 2 Ntf 2 \ t 8tt 2 ll 

v 2 » + 8 -// (E, + E 2 + — + — )u> + 


h 2 


t 2 \ 

— ) w 

r n/ 


8tT 2 /X / r I 1 

v¥ + 7 ^ ( + E * + 77 + 


Ne 2 \ 




0 . 


Remembering that w satisfies (11), and writing 


A 


87 r 2 /x €- 

h 2 r _ 0 


> € 


87 r 2 /x 


(17) 


we get finally the equation 


) 


(A 


e) zc'. (18) 


As usual, for the non-homogeneous equation (18) t° 
have a solution the right-hand side must be orthogonal tote 
eigen-values u and v of the homogeneous equation (11). 

we get : 


/ 


I 


e) w v dr = 0 , 


( 19 ) 


dr == (h v ! rfvj dz , ) (<?* 2 flh-2 <A 2 ) = ^t 2 . 


where 





Th ‘ r *«”V0/ t/u Xtutral Uehum A ,om 


» / A 

-/A 

■Mlpi*,,,.. M J|r | L . lf ,. 

/ 

I : nrtli.-r t lja\t 



■A i _• 


r.hi i 


t ' t 1 •. 


0 

# 

* 

J 

* '/ i/ r 

- * It 

tr 

j 

r a 

* 2 *T 

* norm 

til ■ 

■<i to I, • 

*o th.it 

a 1 dr 

1 . 

/ 

i Vr 

1 


. o 


0 


/ 

i 


Wi write 


f"' lT ~ J f A x 0 

- u 




/ r a 


/A 


/f 


/A 


/< /r 




^ 1 1 

^ - •’ ” r ' 11 i s - • l «i » 

Substituting * 4II j ; > . 

* \-i). U-) an«J ( J I; in ( jo, ( vu* K .,t 

. J 


/ 


« '-'ll - *) - 

•a r (.»„ 


/ 


i< - ". ) 

«) <> j 


• * ■ r ii j 

Eliminating « and 0 . g „, „ , )Ui ,, ltati( _ ,., lua „,. n 

( . I _ - l i 


for 


(l, U — «) ( J 


II 


*) - u u * ^ 0 


JI3 




> 


(i’ll 


(22) 


( 23 ) 


( 24 ) 


( 25 ) 
v arises 


But A «. *”'»• ** , 

** «•<*»• the 

«.i«l> a "‘ J tK ‘"ti'^tution 

«« have bo,h ,h ‘ '‘"‘runs equally. the rt („„ 


^ fOCf . (25) become* 

*** *wo roots of t 


ii 


(26) 


«u - 


*»* - f * 


(27) 


»P i®to tlie two 


ii 


i*. »t 



ii 


ii 



the unperturbed problem 
different values 


(28) 

( 1 1) breaks 


R, + E ’ + “4. 

* t »« maim.' 



E i + K, + « * 

tW*/! 



(<* 


II 



IS 


0. 


u + £* 




0. 




( 29 ) 


( 30 ) 
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Substituting (30) in (13) we get for the eigen-function correspond- 
ing to (p 


c0 1 — ait — av — a ( it — v ) 

Similarly, from (24) and (28), we have for : 


( 31 ) 


a {a ll 


€ a) T ft — 0 


or 


O.U 22 “I - ft &12 


0 


or 


a + /S — 0, or /5 = a 


Then from (13) we get for the second eigen-function, 




ail -f- av — a (u -f- v). 


( 32 ) 


We have finally to determine the value of a. For this we use 
the condition that both w x and w 2 should be normalised to 1 : 

( 33 ) 


i.e., 


J iv^dr = 1 , 

a 2 J (« — v) z dr 


1. 


which on account of (21) and (22) reduces to 


2a 2 


1, a 


1 


V'2 


( 34 ) 


Thus to a first approximations, the two eigen-functions arc 


iv 


~~ (H -V) •= -~g M*) 


0l(2) <M 1) 


( 35 ) 


w 


V2 


(u + v) 


{ 


( 36 ) 


We see that one of these eigen-functions, viz., rc, is anti-sjmme 
trical in the two electrons, i.e., if we interchange the two elcc ron-. 
its sign is changed. The other function, u- s , is sjmmetnc 
the two electrons, i.e., it does not change if the two e ec 

are interchanged. 

We see therefore that the neutral helium atom has two 
distinct sets of eigen-functions, (<i) anti-symmetnca 
symmetrical. We know also that the eigen- unc lon _ ^ a ]i 

terise in some way the stationary states of the atom. ; ^ 

call the symmetric eigen-functions the Para-terms, or simp ^ 
P-terms, and the anti-symmetric ones Ortho-terms, 

O-terms. 


or 
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/•. G v bh , a11 P1 ^ VC now tliat the tu '° systems of terms (35) and 

srt-trissr ■" - 

1 5 trtsz 

^ J * • V . ^ 

** ev< ; ry “”1’°"““ of / in every 
means that the transition m -> « j s forbidden. 


hor a transition from the state -i— 

i , ^ 

vf [! ‘ ~ ' >n ’ we 


[u 


)m to the state 


/mil — 2 2) (u + II) 


or 


— t) h dr 


J 


mn 


ijj 


(“ ~ *')« <7t„ 


( 38 ) 


' \ v /« ‘WjUTo. 

On account of the anti-symmetrical character of « - t i 

TNi: /" r CtangeS 5, ' S ' 1 “ "" the ti beeiro 15 

• cat, /„„ being symmetrical, is not affected by such an inter- 


change, i.e., 

I 


* =-*///( 1 , 2 ) (« 4 

Comparing ( 38 ) and ( 39 ) we find 


(^ ~ v )n dr 2 . 


( 39 ) 


fmn ' — 0 


for all m and all », showing that there is no transition f ^ 
P-term to an O-term. The existence of the two on ' T- * 
sets of terms, known as the Para-Helium and Ortho He'd , ,W " g 

theory of Bohr could not explain. d lder <i ua 


9 - 7 . 


Systems Containing Similar Particles. 

4 - 1 . 


A jr articles 

atom^a^g^l™ 1 ; °" ^ium 

by him, many hvo^rs suet arD'" ^ ^ «“®«*ted 

and others, attacked the problem of ZT i n ’- Wlgner ' Heitler 
similar particles. A detailed treat t' lnvolvin S several 

knowledge of the theorv nf 111611 • ° Woup 3 require a 

tation-groups come into n 1 ov ^ & U P S * P er nxu- 

° Play ° n account of the fundamental 
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fact, as mentioned in the last section, that particles identical is 
their nature cannot be distinguished from one another by thbv 
position or motion, so that if we make any permutation, or i..’*r- 
change, of any number of the particles among themselves, the 
subsequent state is absolutely indistingui-hable from the origmal 
state as far as observation is concerned. 


We shall content ourselves with giving only the cozxlusioa* 
arrived at by a use of the theory of groups. The fulhwiif 
account is taken from Dirac’s work. 


The results given in the last section for only two electro** 
arc found to hold iti the general case. It is found that the eifu 
functions are divided into a finite number of sets as regards their 
symmetry character. These sets are mutually non -comhiBhf 
or exclusive, that is to say, that there is no transition between 
a member of one set and a member of another set Transit*®* 
can take place only between two members of the same set 

It is further possible to deduce the following theorems abo«t 
the symmetry-character of the eigen-functions 

THEOREM 1. If an eigen-function is initially symmetrical, 
it remains always symmetrical. 

Theorem 2. If an eigen-function i* anti -symmetrical, 
remains always anti-symmetrical . — 

Theorem 3. The property of an eigen-function b*mg 
metrical or anti-symmetrical remains invariant under a f***®®* 



transformation. 

These theorems show that the property of being 
or anti-symmetrical is a property of the states 
not merely a property of the eigen-function?. Tkm 
that the states themselves are symmetrical or anti 

Moreover, the invariance and permanance 
character of the states means that for some 
particles it is quite possible for on 
symmetrical states to occur in nature. The 
iu the case of photons by making use 
tion, and in the case of electrons by 
sioti principle. 








quest »oc 

a law < 4 

use of Pa nil's 




only when we 
t a statistical mechanic? 



leading 
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law of black-body radiifirm 'n * . 

haS bccn *v«lop«d by s. K. Bose and \ ' tiScin “* Ph °‘ 0 " S 

bas IZZ™'- CXChMO ' 1 "hid, 

structure, aud is ■ 

know, postulates that, speaking in terms of R 1 ■"'’u' ** " C 
two electrons can ever be in the same orbit rr *. f eory - 1,0 
the conception of the electron orbit- * UC to avoid 

sion principle in tlie form that M V V™ put Yuli's exclu- 

associated with only one"ec tron lndlVldUaI can be 

Now Dirac remarks that if P ni 1 ip c „ , . 

iiold for a system of electrons such n , ^ chl?lon principle is to 

by an anti-symmetrical dgen-function^FT ^ described 

a system of two electrons. As found in (35) Vo' T Pl °’ COnsider 
metrical eigen-function for these two electron! ' ' ' ™ antls - VIn - 


W 


V2 ] 


^«( 2 ) 0«(i.) 


(i) 


In this function if for ih (•>) (>)\ . ^ 

n ishes second efect ™ iU & 

.tate^i, “ t £ ,K ° ,,Iy aId Asymmetrical 

electrons in the same orbit, which iust ptT’^ n ° States with two 
The statistics for electrons has b U 1 S exclusion Principle 

E. Fermi , and has been * to T 

fon in metals by Sommerfcld and otters' ^ °‘ cond “- 


9 - 8 . 


Perturbation Theory in Matrix Mechanics. 


In s 9.3 n , lr i K q - names. 

theory. We remarked tferettat ff't ' ' m .“ Ila ” cal Perturbation 

system depends on a parameter 7 " 1 ? S d ~a> 

f the eigen-values are known for the parti™? = , (P ' *>■ 

or small values of *, the perturbation in the^T^ ' = °' then 
ermined by an expansion in series ; cl S<m-values can be 

H (p, q> € ) = H 0 (p t q ) + e j Ii ( p , 

We shall now give an account of th ^ ^ ^ + * ' ' ( 2 ) 

developed in matrix mechanics it Perturbati ™ theory as 

hat often the matrix method gives the'r ** applicati o»s, 

m a more elegant form. 6 result m °re quickly and 
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The problem is as follows. The Hamiltonian function 
= H 0 (p, q) defines a certain dynamical system, and the 
solution of the problem 


H 


Pq - qp 


8, H 0 (p, q) ^ E 0 = diagonal matrix, 

Am 


( 2 ) 


is already determined, that is to say that we know certain matrices 
p 0 , q 0 , which actually satisfy the equations (2). We have now a 

slightly different problem 


pq - qp 

where H ( p , q) 
series (1), and 


h 


2ttI 


8, H ( p t q) = E diagonal matrix, 


is supposed to be capable of expansion in 
consequently E can be expanded in the series 


( 3 ) 

the 


E = E 0 + * E l + € 2 E 2 4- 


♦ • 


(4) 


We try to build up the solution of (3) with the help of the 

solution of the problem (2), given by the matrices p 0 , q 0 We 
saw in § 6-9 (4) that all transformation matrices in quantum 
mechanics must be unitary. Let u be such a matrix with the 


property 


H 


t 


U 


- I 


( 0 ) 


then the matrices p 0 , ?o would be transformed to 


P 


u 


- 1 


p 0 U, q = U 1 q o " 


We know from Theorem 1 § 6-9 (1) that p , q are herinitian, 
from § 6-9 (4) that they satisfy the quantum condition : 


( 6 ) 

and 


h 


. S. 


pq - qp =2 im 

Further, we get from Theorem 2 § G-9 (2), 


( 7 ) 


H (p, q) = u- 1 H (p 0 , q o) 


( 8 ) 


or, on account of (3) 


u- 1 H (p o, q o) « = 1 


A 

4 

4 t 


i.c., 


H {p 0 , q 0 ) u = « E * 

Corresponding to the expansions (1) and (4), we set 

a - - I _ 2 St I - • • ■ 


(9) 


u 0 4 € U 1 4- e 2 u 2 + 


( 10 ) 


w V - 

and get from (9), on account of (1) and (4) : 

(H 0 (Po, qo) + eH i 9o) 4- e 2 H a (/> o. q o) + • • 

Y hi n "I € 


{ll 0 + € il l + C 2 «o + 


• • 


x {»„ 4- € »1 4 - 

}{Eo + eE> 4- C 2 E S +•••>■ 


• * } 
(ID 



§ 9-8 


Perturbation Theory in Matrix Mech 


antes 


21 9 


e r*.™ *• ^ <™ 

0 {p< " q °> J E o given by (2), we obtain 


*-o tl o — B 0 , 


K ° + H i — !! o K 1 -f- u, E 0 . 

E ° + Hl + H * "« “ ? 'o E 2 -i- i/, E x + „ 2 E 


( 12 ) 

(13) 

(14) 


When higher approximations are mpuir d w ( j 

cients of e 3 , <r*, etc ^ ec ' ^ e can equate coeffi- 

Undisturbed System Non-degenerate —In thi<= 

energy levels are equal, th ease ’ 110 two 


(15) 

0 are different. 


E 0 («») K 0 (/;;;;?) if ?/ ))t 

so that all the terms of the diavotnl x « 
From no\ U ■ , diagonal matrix E 

rom ( IJ ) we obtain, therefore, 

? {E ° {mk) *'» {kn ) - «0 («»A) E 0 (kn)) : 






0, 


"0 (»»«) {E 0 (»?;>?) - E 0 (tin)} 


0 


/,u » H 1' 0 (wti) = 

Ihis gives, since r 0 (w«) ^ 0 if m 


0. 



(16) 


n, 


n o (mu) = 0 if m ^ 




(17) 


showing that u 0 is a diagonal matrix But +1 
cannot be determined from fl61 t i . le diagonal terms 

to use the fact that u is a unitarv ° + deterniInc tiles e, we have 
nut = S, i.e., J matrix. From (5) we get then 

(^0 + e + e 2 -f f , , 

hence ' ’ ' " + ' 


) - 8 ; 




S, and n Q lfl t + , t 


, * “0 «i- -h 7 /j ■;/ T = 0 

Therefore, we have, since w is t 

. x e 15 a diagonal matrix 

T,i , i " ' 1 ' 1 "• !'.«! J> ■ 1 

It,' t’ 


(18) 


0 | 11 0 _ 

_ « 1 / t 


1 "U pi(h(,i,A 

we can absorb £>*(»») into ,. e • 

write - , Thus we C e al time factor, 

f/ ^ / 

M o 


and 


«o = S (unit matrix) 
The equation (13) now becomes 

E,«, +H, = E, + „, Eo _ or E 


(19) 


«, E 


E, — Hj. 


( 20 ) 



220 


Perturbation T heory 


§ 9-8 


Taking the inn component of both sides, we obtain : 


^ < TT 


k 


f-c-o [ink) u J (kn) — II t (ink) E 0 (/«’;?)} = Ey (mn) — 


or 


or 


'■-i (mn) {E 0 (min) — E 0 (an)} — Ey (inn) — H x (w«), 

/? (;;;;?) r 0 (;;/;?) — Ej (mn) — H, (>;m). 


( 21 ) 


Bui E[ is n diagonal matrix, so that if m =4= n, then 


h H y (inn) !’ 0 (mn) 


H 2 (inn), (in =4= «), 


( 22 ) 


and if in 


n , i’ 0 (inn) — 0, so that 


E x (nn) = Hj (nn). 


(23) 


Thus we see that PIj is not a diagonal matrix, but its diagonal 
terms are those of Ej. 

The " time mean d of a matrix a, is defined, in quantum 
mechanics, as the matrix formed by writing all the terms of a 
zero, except the constant terms, which for a general matrix are 
onlv the diagonal terms : 


* ~ (ft mu ^w«) • 


(24; 


From (23) we obtain therefore 


Ei = Hi 

Thus, we get the eigen-value 

E = E 0 + eHx, 

correct to the first order of approximations. 

This result is analogous to that of the classical theory, 
also to that found in the wave-mechanics. 

We shall now calculate the second approximation. 
Erom (14) we obtain, since u 0 = S, 


(25) 


(26) 


and 


E„tr 2 — « 2 E 


E 


Ho + Uy 'Ey — HjWl- 


(27) 


Therefore, on taking the inn component we get 

Z {E 0 (ink) u 2 (kn) — u 2 (mk) E 0 (kn)} = E, (inn) ~ ( mn ) 
k 4- Z {Uy (mk) Ey (kn) - Hi [ink) Uy (kn)} 


or, 


- <»»> {B. ("'»*) - B. <«”» “ B. «"»> - *<*«»■ 
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or 


h u 2 ( tnn ) Vq (mn) = E> (mu) tt i > 

, i, 3 (*«) - If, (»,n) + < mn) Ei (nn) 


r ( H i («»£) «, 


Writing w - * in ( 28 ). we fin d, since „ 
h * (nn) ^ f FI » (**) lt > <M ) +- H 2 inn) 


( 28 ) 


o (nn) = o. 


E, (««). (29) 


But, from the condition nut = 3 We „ ot P 

the result ( 19 ), viz ti -3 e„ K * as the first approximation 

mat,on «• “i* + «! W 0 t = 0, we obtaj ^ m the second approxi- 


"1 + uj 


0 


m w 

faking the nn component, we find 

11 1 (nn) -t- Ml t (, mJ ^ 0 

*'1 (n«) = c *»*<»»>, 

'vith c real and the phase 4 arbitrary. we get 


( 30 ) 


Writing 


or 


C {£•*(*») 4. (««)j _ 0 

2c cos (f» (nn) =■ o. 


Since the phase d> i s irhif n « 

therefore b ° * we c °nclude that c ^ 0 . and 


«i (nn) = 0 . 


(31) 


Substituting the values of « „ , 

(31) in (29). we obtain * Ud ** (nw > from (22) and 


(nn) = H t (»«) __ s' H ii^)H 1 (>t«) 

* A»t 0 (h n ) 

— H s (nw) 4- 27 ' ?i_( n ^) H, (kn) 

^ f ~ ~ J2£T„ 

«• ^ua 


(32) 


found 


S 


B# + «a + 


* a {h* (nn) + J 7 ' ?Lj!!*L*|i(**)) 

* hv » (n&) / 


f*— ' -I- this case- , 



“* equal, •>., 

*° E, (a**,) 


(33) 
of the discrete 


» • 


.•V, 


E * (»M«r). 


(34) 
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Then from (1G), viz., hv 0 ( mn ) u 0 ( nin ) = 0, we conclude, 
as before, that u 0 (nn), i.e., the diagonal terms of the matrix « 0> 
are not zero. But in the case of degenerac}', we find that in addi- 
tion to the diagonal terms, some of the non-diagonal elements 
are also not zero, viz., those terms u 0 (mn) for which m, n are any 
pair of the set n x , n 2 , ■ • • , n r . Other non-diagonal terms for which 
m , n are not a pair of this set, vanish. 

Now since v 0 (mn) — 0 when m — n, or when m, n are any 
pair of the set n lt n 2 , • • n r , we see that the matrix u 0 consists 
of constant terms only, though it is not a diagonal matrix. 

From the condition u 0 u 0 1 = 8, we get 


u 0 (nn) « 0 1 (nn) 


1 if n =t= «i, n 2 , 


• * 


. n r ; 


i.e . , 


and 


u 0 (nn) | 2 = 1, « o (nn) 


1 if n «i, n 2 , 


> Kr> 


«o n k) 1 if k 


1 2 
■* # “ 9 


• • ♦ 


The equation (13) then becomes 


Hq H'X E o — «o Fj hi j Hq- 


Taking the mn component, we obtain 
E {E 0 (mk) (kn) — u i (mk) E 0 kn)} 

— E {(u 0 (mk) E x (kn) 

ft 


Hi (mk) u 0 (kn)). 


or 


u x (mn) {Eo (mm) -E 0 (mm)} = u 0 («*») E i ( nn ) ~ ^ H i u ° { ' kn) ' 


Thus, if m n and m , n 
we get 

hu x (mn) v 0 (mn) 



«i, n 2 , • • - , n r , then since u 0 (nn) 


(35) 

1. 


H x (mn) « 0 (nn) 


Hj (ntn). 


(36) 


which shows that H t (mn) has a value not zero. 

- • • , n r , in (35) we get 


Writing m = n 

0 == E x (nn) 



n i, n 2 , 

Hi (nn) , or Ex (mm) 


Hi (mm). 


(37) 


Thus the diagonal elements of H, still give those of Ex, except 


when n 






To find the remaining r diagonal elements Ex 

Ex (m 9 m.), • ■ Ex (n r n r ). we put n = »x in (35), and get 

/j«x (m»x) -o («*»i) » «• - (Hi (««») 

-p Hj (mn 9 ) u 0 («a«i) + ' * ' + H r ( mn r) u o ( n r n \)f- 


(M, Mi), 


( 38 ) 
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We put m successively equal to 

note that = 0 for ^ [ = J 

U ° - Win i) - {Hj (n^n-h) u 0 (n^h 



n 


2 > 


♦ • • 


• • 


• W in (38), and 
>'■ Then we obtain 


(k = 1, 2, 


• • 




+ H 1 («*H 2 ) « 0 (« 2 «,) 

-^1 9 b-«i)} = 0 , 

(39) 


/ PI . ' ay) 

weeliSi^ate^ 77^7 eqUationfor E * provided 

° ' 1 1 ’ "® 9'2«l), • • •, 2< 0 ( W „ Hj ) ; 


H 1 (Wj «i)~ Si («,«,), H, (wjrtji, . 

i («a«i). H t (« 2 m 2 ) — K, 


• 4 • I 


♦ • « 


•> H i ('Vb), 

’ ^-1 ( n i n r), 


• • 


H i (>h-n 


• • 


• « 


• • 


• • 


• { n r^ r ) — E! (n pq) 



(40) 


If we had put » = „ - 

have obtained the same equatio^^am^ (3 '^' we Would 

«**» replace l } %°" ^ E ‘ <"*»>> 

equation fc ‘ ( "' n ' ] m th « ' roots of the secular 


{ n i n i) — A, 

H 1 (« 2 Wi), 


■ H, (»,«,.) 

(no)io) — A ... xt / x 
“ ^ (^2^) 


« 0 


( 41 ) 


H i (nrn x ). 


> H 2 {n r n r \ — A. 


o f .h? izzzz ziziizzz iemai ^ 

split up into , different levels. “ ' “ ,ncid «“‘ hvefe H, 

Now, since p n _ n , 

when w ,„ are any pair of the ; et ^ ° nly VVhe n « = «. but also 

H, has constant elements not onlv in tl ’ T.T that the matrix 
at the crossing points of the It th kadln 8 diagonal, but also 

”> th ' • ' ' ■ »rtli columns. Then fl h ' ' Mh rows »•««. the 
moan of a matrix. r Ve know thit S * defi : litio ' 1 of ‘ho time 
the degenerate case since so Hl 1S nQt a dla S onal matrix for 

whTO rrfrr 1 terms ° f »*■ •»- 

matrix E„ thus H ‘ 50 that “ becomes the diagonal 


S‘ii, s = E„ or H ,S -SE, 


(42) 
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Taking the n k m element, this gives 

T II j (n k !) S (/ ui) — 2 S {n k l) E L {hn), 

l l 

or since H x has only terms H x (w*) and H x {n#ni) t where k y l — 
1, 2, •••, r, we obtain 

2 T II x {'U-H/} S ( >1/111 ) = S ( n k m ) Ex (mm), ( 43 ) 

; = 1 

(/o, .a = 1,2, ■ • • , 

On eliminating the S’s from this system, we obtain the same 
equation for the determination of the r terms of E x as (41). 

This shows that if the undisturbed system is degenerate, 
then II x is a matrix of constant terms, though not a diagonal 
matrix. If a transformation S l H x S is carried out so that this 
becomes a diagonal matrix Ex, then the eigen-values of the per- 
turbed system are, to a first approximation, 

E = E 0 + e Ej. ( 44 ) 

The process can be carried to second and higher approxima- 
tions, but we shall not enter into details here. 



Chapter X. 


PHYSICAL INTERPRETATIONS \ND 

HEISENBERG’S PRINCIPLE OF INDETERMINACY. 

10 • 1 (1). Physical Significance of the Wave-Function 

hchrddinger’s Interpretation. 


vSo far we 


have been using the function p freely 


without 


, . uiauiun 

stopping to consider what it actually signifies n • 
lor any aton "c systl ^ ^ ^rgy values 

It was Schrodinger again who first cr ave a nhv • . . 

pretation of the wave-function. To set forth hk mter ' 

consider the problem of a single electron with " rguments - " e 

6. Using Cartesian co-ordinates we have the fell • g ° 

equation for the electron : h folIowm g wave- 


m 


V¥ + ^ (E — V) p 


h 2 


0. 


Multiplying this equation by the factor f 277< f ‘ 


(I) 


1 


ni 


• . ♦ 


V 


2 / i “ ITT { ? 

2 1 i/f e * 


') + % (E 


, we get 


V) U 




0 


or, writing 


<f> (x, y,Z) t) = p ( X> y t ,) 

we get for the wave-equation : 

1 _2i i 87T 2 . 

m V * + 1? (E “ V) i 


- 27 Ti 5 * | 

C h 


( 2 ) 


0. 


v . (3) 

Prom equations (1), (2) of § 7 . 5, we know that the true 

(2). Moreover, the equation p, gives t^L ® ‘° laW 

A 


bp 
bl 


2 77 i 

h 


*4. 


so that in agreement with (6) § 8 . 6 (l), we fi nd . 


E<£ 


h c )(j> 

27 Tt bt 


Substituting (4) in (3) we get 

1 V 2 P ~ ~ vp + tzi 

h * * h bt 


(4) 


m 


0 


( 6 ) 


15 
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Similarly, if 0* is the complex conjugate of <f>, it must satisfy 
the equation 


1 


m 


o ; *> 


VV 


O ° 


7^ 'V 


Irri c )(f> 


h c )t 


- 0. 


( 6 ) 


Multiplying (5) by 0* and (6) by (f>, and subtracting, we get : 


l - (0*v 2 <* — </>V 2 0*) 




- 0 


( 7 ) 


Multiplying (7) by c and rearranging, we have : 


s 


€/l 


A Trim 


(<£* V V - ^vV*) 


o 


( 8 ) 


L,et us define four functions S x , S y , S, and p by the following 


equations : 


y 


«r0*0» 

2L6 


s 


h 


■iTTun 



S s = 




■lm/rt 



• d0 

. c>0 

dy 

* <>0 
c);? 


0 


0 


0 


d0” 

c>* 

ay 

30’ 



(9) 


Then we see immediately that (8) reduces to 


<> p , as^ as^ 

bt bx by 



bS z 

bz 


0. 


( 10 ) 


If we interpret p to represent the density of electric c large, 
and if S A -, S y , S z denote the components of current density, e 
equation (10) is nothing but the equation of continuity m * 
theory of electric currents. Obviously, all the four expressi 
in (9) give us real quantities. According to Schrodinger, e 
fore, the density of electric charge at the point (x, y, z) is P ro P 
tional to 0*0 = 0* 0. But this view of Schrodinger - 

found to be untenable when applied to the genera 
a system more complicated than a single electron. » 
Schrodinger himself had attempted previously to exp tbc 

relation between waves and corpuscles by SUg ^ stin J hbourirl g 
electron is constituted by a group of waves <rf neig ^ 
frequencies— in other words, by a " wave-packet ■ Jd not 

soon pointed out that this simple and interesting v 
be seriously considered. It was open to many o j ec 
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Sc hr tiding ers I nterpretation 

surface of water ^ ^ ° thenvise smooth 

“ wave-packet beln gln^ ve^ ? Q W ° Ul ‘ I 

'u rt her, when the electron is diffracted by a Jrvst^I ' ' ls!>1I ' att:d - 

merits of G. P Tlmmtnn 0 - c -}d,a m the exjvri- 

completely dispersed and ' destroyed ' !!'* K ' aV °' pi ’ cfcet "'ould be 

would have no stable existence ” § ** *• *««*• 

Another hypothesis, put forward by I de R m „u 
nienon. As we know SlTSV * w’ave-pheno- 

the function becomes ^ *** 

uniform motion of a single electron ' de Rro I ' f «"* <* t,le 

of the wave-equation which r i Brogllc ' found a solution 
the velocity of the particle But'”' ih S,rgllI- ' lnt y moving with 
uniform motion of the efectro. 1 CaSe ° f a "°„- 

singulari ty could not L proved a d tt” ? f » “oving 
to be dropped. ’ dc Bro S lle s hypothesis had 


10 ‘ 1 B om’s Interpretation 


these hypotheses of Schrddirwer and dm p 
replaced by a suggestion first put forward bv wfv I " W "°, SOOn 

accepted generally. " * ax -^ orn > and now 

Born was led to the formulation nf 

a remark of Einstein about the relation h t ° f VieU ’ by 

and the light-quanta, Einstein had sa d tha^ "1“ ** *"•«* 

only for the purpose of showing the wav » ' are «>ere 

quanta. I n this sense, he spoke of til, s P-ak, to the light 

a ‘'ghost-field” which determin - m th Waves bein £ a sort of 
quantum to go on a definite way e " 1 1<? probability for the light- 

material 8 waves ^ ^ B ° rn for the 

- ** a inVthenia ticaf^ fiction' ^tT’ ** — 

reahty as the corpuscle. Born renn H f « p0 f Ses£es as much 
mechanics so far developed solves ‘nrohl ^ ^ the q " antum 
stationary states only, whereal'Tt witb the 

Emulating and solving the ^ * 

. Born ado Pted the following point of , • 

sa,mng ^ -4 r„ r 
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whole scientific outlook. lie pointed out that the new rw< ha- 
il ics docs not answer the question : ” How does a part: le i ' , 

rather it answers only the question : " What w the (WobabSty 

that a particle should move in a given way ?” Horn mmbm! 
therefore, that the particles are always accompanied by a ware- 
process. These are the well-known <le brogho-Schn • nger |Jaa 
waves we have considered alwc. The square <<f th irr.; ' ? > 

of these waves determines the probability for a jwrticle to br 
present in a state of motion corresponding to the given phaw 
wave. The underlying idea ltaa been eery dearly slat of by 
Born : " According to this view, the whole course of evmto m 



determined by the laws of probal*ilit> , which is ghrta 
de Broglie wave associated with the state. A mechanical 
is accompanied by a wave-process, the guiding ware, described 
Schrtklinger’s equation, the significance of which is tbat H 
the probability of a definite cour > of tlie machaniral 
If, for example, tlic amplitude of the guiding wave is 
a certain point in space, this means that the probability 
ing the electron at this i>oiiit i- vanishingly small ” 

Physics, p. 83.) 

Born’s interpretation is thus a statistical one. m 

assumes that the function ^ is not a characteristic of 

hni inre the avrtacc bdiavioor of t 


tV 











system. 

To take \ simple case, we consider an atom 
electrons. Then from (5) §10-1 (1). we bane the 
equation for such an atom : 



w - ' * + 4 r % - ® 

where we have written a* for the mam of the electron. tmA a# 
on account of (2) §10-1 (1). we hare a solute*. 




4 s. (*. v. x ; I) - d. {*. r. *) * 

Here K. is the eigen-value and tl »e 
to the nth stationary state. 



The most general solution of (1) is fosrad 






solutions (2). so that 


+ {x .y.*l t) = 2T y. *' * 
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Born's Interpretation 
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where the c„ are the coefficients of the •'Fourier” M 

Smce the eigen-functions are nuFinllv ml , eXpansion - 
lscd - «'c get just as in (10) § S . fi (2) ‘ ’ ll0 S° liaI and normal- 


^ n £ 


- 2 jri 
h 


in 


"here rfy is the volume element dx dv dr no , 

square of the modulus, we get : ^ ' Thcrefore on taking the 


f 


I Iff 


TK W, ^ . -y ¥» l-v, y, Z ; /) civ -■ f r }] 

■ “• «» 

that under the influence of this oertn K * * fimte tlmc ’ and 

a transition to another state Born lm n ~ 101 \ at ° m makes 
tiie “ — * 

~ ^ L 


^ b tnn c m> 


where, on account of the orthogonality, 


( 6 ) 


Zb 

k 


wk^nk ~ 1 when m 

0 wlien m 



n, 


n. 


. #r -j— fl/9 

Born now puts forwn rA i 

S]' re P res «'ts the probability hyp ? 0,esis that 

<!>„. St3te *• 4 ~> Spends of course o„ 


Since it is certain that the atom 
the stationary states, the sum of all 
be a certainty. We get therefore • 


if bG in at Ie ast one of all 

the probabilities | C J. must 


s I I 2 = 1. 

n 


10 


2. Calculation of Intensities, Selection 
and Polarisation Rules. 


( 8 ) 


Suppose that an electron is vibrating so that its r , 
at any instant from its no. ip “ dlsplacei,I ent 

having the components / “ 2 °" o^" * vector 7 

y> z - Obviously thi’c ^ 

^ } , ^ttns represents an 

“ e r ‘ having compo- 


oscillating electric dipole of t-n , 
nents p x = €X t __ P ! ° f mome nt p 

Fx e.r, p y = ey> p z _ ^ 
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Now according to the theory of Hertz, the field of such 
a dipole consists of an electric vector E and a magnetic vector 


H, such that E is at right angles to H, and both are perpendi- 
cular to the direction in which the radiation is propagated, Bet 
0 be the angle between the direction of propagation of the radia- 
tion and the direction of r, and let p denote the distance from 
the centre of the dipole. Then Hertz’s theory gives for the 


values of the vectors E and H : 

E = H = 


sin 6 d l p 

JP 


C *P 


( 1 ) 


provided of course that p is very much greater than the wave' 
length of the radiation emitted. 

From Poynting’s theorem, we know that the energy radia 
ted per second in a given direction is 


S - 


477 


E x H). 


giv 


where E x H denotes the vector product, whose value is 
by EH sin (angle between E and H). But since E is at right 


angles to H, we get 


S 


477 



( 2 ) 


From (1) and (2) we get therefore 

_ c rsin 0 

477 


S 


- 4 

4 77 \ 


sin 6 d 2 p) 2 


c 2 p 



c 2 p 


d*r\ 2 
€ dt* J 


e 2 sin 2 d 
4 :ttc 3 p 2 " \dPj 


(3) 


The total energy I, radiated in unit time, is obtained by integrat- 
ing S over the whole surface of a sphere a : 


// 


4 .ttc 3 p 2 \dt 2 J 


J J sin 2 e P 2 sin 0dOd<f> 


0=0 4 > 


477C 3 




2 € 2 ffcrX 1 

3 c 3 \dt*J 


(*) 


I 
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h - 


The components of the intensity are given by : 

2 £ 2 ld~x y 

v.'ith similar expressions for I y and ^ 

theory fon^a^t^n o-- C ° r ^f P01 f enCe princi P le - 'his classical 
a transition from the , T °" WOttM due to 

now be matrices F or the into > ' * r * ' ' S ° tllat *' - v ’ 2 would 

2 


i. 


li 3 (Px, tm \ 

3c 3 W^7 

2 e_*/ 

3c a V 


fe 


( 6 ) 


I, 


2f2 f d2z n m P 


But from (fij § 5 . o, 

elements according to 


2 e* 

3e 3 V~7/7- y 

we kno "‘ that time enters 


into the matrix 


so that 


.v 




nm ^“ TT/ 


d 2 x 


tim 


.Substituting ( 7 ) 
components : 


rft 2 


(2 


TTl V 


) 


11m ' % 


tint 


111 


the formula* ( 6 ), we get for 


(7) 


the intensity 


I 




I. 


2 

n 

/ -v • 

3 

c* 

(ZttIV M x 2 
y nmt nm * 

2 

e 2 

(2 nSnmY y H m\ 

3 

c 3 

2 

€ 2 

( 2niv nm)* Z nm *. 

3 

c 3 


( 8 ) 


tt° : maMx element?; "^T *!““ “ the fo ™ uI « ( 8 ) above, 
functions according to the rule fr ° m ““ Schr8d inger wave- 


X 


/* 


( 9 ) 


** Si “““ — ionsTorY " 

polari^tioTruIes°also <8) 1° ^ the seIection and 

transition we " S ' f* ha PPcns that for a certain 

radiation of the frequence 7 ~1 we sh ° uld expect no 

4 enc T polarised parallel to the x-axis 



232 Heisenberg' s Principle of Indeterminacy § 10*2 


To get the selection rules, therefore, we must find out under what 
conditions / dv will vanish. 

Moreover, the polarisation of the spectral line with the fre- 
quency i is determined from the values and relative phases of 

j. ^ and 


10 • 3. Complimentary Character of the Corpuscular 

and the Wave Conceptions. 

In the foregoing section we saw how the two ideas of 
corpuscles and waves can be successfully merged into a statistical 
interpretation. There is thus no essential contradiction between 
the two conceptions, as employed in quantum mechanics, nor 
arc they mutually exclusive. As pointed out by Niels Bohr in 
1027, the one representation supplements the other. “Particle’ 
as well as “ wave ’’ are each just half the reality underlying both 
matter and radiation. The word " wavicle " has been coined by 
Bidding ton to describe these ultimate constituents. 

A verv illuminating analysis of the whole problem has been 
given by Dirac with the help of the “ Principle of Superposition . 
In this connection, Dirac also raises the question of the aim and 
object of theoretical physics, and supplies the answer that its 
only object is to calculate results that can be compared with 
experiments, and not to give more detailed answers than can be 

experimentally verified. 

I-'or explaining the principle of superposition, Dirac considers 
the simple case of the polarisation of light. Experiments on the 
photo-electric effect show that if the incident light is plane 
polarised, the photo-electrons are ejected in a preferential irec 
tion. This leads us to the conclusion that “the polansa ion 
( = wave) properties of light are closely connected with its corpus- 
cular properties, and that one must ascribe a polarisation to 
photons. One must consider, for instance, a beam of lig P 

polarised in a certain direction as consisting of photons eac 
which is plane polarised in that direction, and a beam o circ ^ „ 
polarised light as consisting of photons each circular y po ar 

I-'or these considerations to hold, it is necessary _ 
a certain state of polarisation is ascribed to every yhoton. 
the help of this idea of the state of polarisation o a P ^ 
Dirac gives a description of the experimental fac s 
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resolution of light into polarised components o m i , j,n 

sition of these components. *" recompo- 

t ’T Sh ? ™ 

"hich is piano polarised perpendicular to'l, "op c “?* 

classical theory predicts that if the beam is , . 1 ' lllc 

I£ed i:r ; to ^ " --- - 

perpendicular Yo\hf axis pa^cTt hromd !f ^ . ph ° ton poIanstd 

photon polarised parallel to the axis is^Vol While cach 

perform ^ 

through the crystal, then aeec^ t^i"^ f ° t0, ‘ P “ S 
times we shall find that the / 1 * mechanics . some- 

crystal unhindered, and at other fi/ passes through the 

whole photon is absorbed We shaVT We sha11 find that the 

Photon passes through, and part S £ isX^d If ^ ^ 

the experiment a large number of f CC ' If XVe perform 

a fraction sin* a of the total numb 'Tl- "’ 6 ShaI1 1Ind that in 
through the crystal, and in a “ n cos’TuT ^ ^ 
absorbed. This fact is interpreted bv Dim t ph ° ton is 

photon has a probability sin* nf ' ? t0 niean that the 
and a probability cos* a of being th * CTysUl ’ 

the probabilities lead to the correct cD, • t' Th f SC Values for 
dent beam containing a lame number of reSldts for an in ci- 
ality of the photon is° thus a ^ ^ ^vid«- 

- -V-' D ,ac agrees 

rinr ; T - - - 

of parallel and perpendicular ‘ A * ?* 
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we make an observation on it by pas-:.’g it through the crystal 
it is forced entirely into the state of parallel, or entirely into the 
state of perpendicular polarisation, and is thus observed either 
to pass through the crystal or to be absorbed by it Which of 
the two states it will lx- forced into cannot be predicted exactly, 
but is governed only by probability laws. 

Thus in trying to reconcile t lie corpuscular and wave 
ceptions, we arc led necessarily to an uncertainty about 
result of an experiment. At the most we can only pred 
probability of occurrence of each of the jos'iblc result? 
indeterminacy in modern physics was first elucidated in 1S>£ 

W. Heisenberg, who considered the experiments that caa 
performed to determine the position and velocity of an fleet ran. 
and proved that it is impossible to determine simultaneonHJ 
both the position and the velocity of the electron with exactness 
Thus Heisenberg formulated the principle that a certain iMMtr 
minacy is necessarily associated with all measurement' of atomic 
magnitudes. It arises from the fact that every observation 
sarily disturbs the thing observed, but the extent erf thi? disturb* 
ance itself is quite undetermined. We shall illustrate this point 
by describing in detail two experiments, one to fix th* position 
of an electron and another to determine its momentum 


10 • 4. 


EUetrp9 



In order to fix the position of the electron as accurately 
possible, we must illuminate it with the light erf a 
length as possible. For this purpose we shall 
Heisenbere that we are emolovine a v-ray microscope 




1 Prof. Heisenber* himself the author that he haJ 
microscope in 19JM. i>. before he discorered the <1 »***•“ “* c5 “ — 
before he published the uncertainty principle. 
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I^ct the cone of ravs scattered fmv» « 

objective have an angular ope„i„„ „ ,“. C " 1 ""’"'bb the 

the light illuminating i, be A. Ay’ if , ° " aV °' kl ' slh of 

of optics that tlie micro - '"'O'. n lioin tiie ! tv, , 

niKioscope cannot ivsoh-e distances of lets 
than the amount — . Tln\ ;• . 17 , , , 

• slUa ’ ' " l ' a tt! tlic r ‘ - v clvin;^ j,(.u-cr of 

tiic microscope. ^Flms 1 f v w fii i: * * 

on the electron, the uncertaintf 

Of the electron is of the order of -.A.. , G tlnt 

sm a ' lIUU 


A.v 


sin a 


( 1 ) 

From the Comp ton -effect, howcwr tv- l , 

a photon collides with an electron an I ■' ^ k tIlat whcn 

electron also receive- a recoil the 1 ' f . 5cattorecl fron > it , the 

^ <» «* ^tection^r rr ,m 

photon can take any direction Iviim ; n J, ° . . ll! ° mattered 

a and consequently the «Zn*n tn f Z 

between - (1 - J si „ a) a „d * (, + t , f , ... 

A A v ^ s sm thus, u p x j s the 

component of momentum in the direction nf fi 

there is an uncertainty in our knowledge of the* ^ 

the order &e °* tllc momentum of 


A p x 


h . 

j Sin a. 


The product of the two uncertainties is therefore 


( 2 ) 


Ax A p. 


h . 


This is the famous “ uncertainty relation " t w • ^ 

It asserts that the position n „ r l * 1 of Heisenberg. 

determined simultaneously ■ the prod^T 1 ”? Cannot bc e *actlv 

must always be of the oJei —unties 

On account of the importance of ih 
we shall prove its validity in vet anm-l unce rtainty relation, 

diffraction of the electrons at a slit 2h . e ? 1>enment ' th ^ of the 

measure the position of an electron’ rl fT h& cm P l ^d to 

substantially that Siven by Heilbeig JaV" 8 “““* 
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Let a number of electrons pass through a slit of width Ax, 
and produce a diffraction pattern on a screen placed to the right, 
as in the accompanying figure. The fact that a diffraction 
pattern appears merely allows us to assert that each individual 
electron has passed through the slit ; we cannot definitely say 
at what place in the slit the passage actually took place. Thus 
there is an uncertainty of the amount Ax in the specification of 
position perpendicular to the direction of incidence of the electrons. 

After passing through the slit, the individual electron suffers 
deflection, and acquires a component momentum A p, perpendi- 
cular to its original direction of incidence. From the figure it is 
apparent that the mean value of Ap is given by 

A p ~ P sin a, (4) 


where a is the mean angle of deflection. 

The above account is based on the corpuscluar point of 
view. But the wave-theory of matter asserts that the electron 
may also be considered as a de Broglie-wave of the wave-leng 


A given by 


A 


h 

P’ 


or p 


h 

X 


( 5 ) 


where p is the momentum of the electron. Then rom 
of optics, we know that the angle of deflection a is c 
with the wave-length A and the width Ax of the slit by e re 

(6) 


sill a 


A 

A ^ 


Substituting (5) and (6) in (4), we get 

h A h 

Ap ~ p sin a ~ ^ • ~^ x - Ax ’ 



237 


§ 10-4 Determination of the Position of an Electron 

SO that, we have again the uncertainty relation : 

Ap A.r- /;. 

Of the iLwIVirth’r f r r PrOClty between ol,r knowledge 

electron' Ire exltlv T ” ” «lodty of the 

precise would be our knowledge of the velocity' Z kB 

For the «kp nfo . rne ' eiocitj , and vice vena. 

rne sake °i convenience we have i 

nate , Obviously, the argument’ apphis to anther ZZ££ 

^ /N - 


10 • 5 . 


Determination of the Velocity of an Electron. 

-i • . 


an *» 

in th^ro/ 1: r- - - -- 

Observed in the direction of the v-axis We SCattered llght 1S 

SO that according to Ihe tmcertalv r 7 ? kn °" n * nite 

is known about the v-co-ordinate On tl ° 77’ "° tllIng "’hatever 
that the y-eo-ordinate of the "electron i s k nr, We assume 

so that we are completely ignorant about 7 q accuratel >'- 

momentum p y . " t ie component of 

the direction of 71'™^ ^ mattered light in 

y-co-ordinate of the elect™ Thf S ° me kn °"' ,edge ° { the 
duces an element of uncertaintv in JX! ’’~' rlment ' however, intro- 

nent of momentum p to the extent! "°'\ lec]ge of the compo- 
uncettainties will satgy He, 1^7 Z ion “ 

before the collision. Similarly 1 ? eqUency of lf S ht 

electron and the frequenev of light nft ^ ^ energy of the 

bering that the direction of 'the inddent 727 COlhsl0n ' R ™em- 
scattered light y, and appIyi ‘ a wf ‘ ,s * md ^ of the 

energy and momentum to the system /Z !■ COnse,vatio ” of 
and a photon), we get the equations * S ° f electr °n 


E + h 

Px ~f- 
Py 


hv 


= E '+///, 

= Px, 

= Py' + 

Q 


(1) 

(2) 
(3) 



238 


Heisenberg s P rmciple of Indeterminacy 


§ 10-5 


where p x , p y are the components of momentum of the electron 
after the collision. 


Let m be the mass of the electron, then we have 


A 

i 

- / 


2 m 


L PS+P/), K' 


1 


'Am 


(Px" 1 -f py" 1 ) 


(*) 


Thus from (1) and (4), we get 

v') - IT ~ E 

1 


h ( 


V ~ 


2m ^' px 


'2 


+ Py' 2 ) 


(Px Z + Py 2 ) } 


I 


2 m 


(P 


/o 


Ar“) + 


?/)} 


l 


2 m 



X 


px) (px' +px) + (Py' — P. 


)(A/+W}- 


But the difference — p x is very small compared to p x , and 
similarly p y ' — p y is very small compared to p y , we can write 

(5) 


Px + p 


Ipx. py' + /> 


2/>y 


Thus 


h 


JL 

m 



Px) Px + (Py 


py) py] ■ 


Substituting in this from (2) and (3), we get 


h( 


O 


- {- p 

m ( c 1 ‘ 


h 



llv 

me 


( px ‘ /V^' 


(G) 


since v is of the same order of magnitude as v. In the relation 
(G) all quantities except p y arid v' are assumed to be known 
completely ; so that the accuracy of our knowledge of p y depen 
only on the accuracy of the knowledge of I, thus giving us, 
taking the finite differences of both sides, 


h A/~ — A p y 

me } 


or 


A py 


me 


At'. 


To determine v with this accuracy, it is necessary to 
a train of waves of finite length, which in turn, demands 

time T given by 


IV 

observe 
a finite 


(»> 
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We can see that this finite interval nf 
tainty in our knowledge of the position of tfxTekctron "V' 

ba3 Ul,ether the velocit -V of t] ie electron was £r. or Py d 


uring 


A \ 


Substituting the 


Tali’. 


Py) T- 


value of p y - from (3); 


w 


get 



A 

il 

:> 

■ > 
a3 

) 

kv T 

V. 



me 

me 





hv 1 


(9), 

^' e get finally 

me ‘ A^v 7 ' 

(9) 

A 

>' &Py - 

% 

hv 1 

' 

me A i'' 

x — A 

V 

(10) 


— 

h. 




This proves the desired relation 

10. c. Tke Uncertainty Relation. Theory of Operators. 
of speUM^ tlat'the^dTct'T t f° Wa b> ' “ c ‘’" sid «™tio„ 

:: ::: i : the ^ - ° f «» the 
'■ncertaintto — the5e 

consequence cf the quantum l^ t “' nty re!ati °" * a logics, 

h 


pq — qp 


( 1 ) 


ond ^ ~ — 

essential change in the argument. g CaSe bnngS about no 

wave-equation lhe0r> ° f "^'“^chanics, we have the Schrddinger 

/V ^ 


(H -13) p = 0 or H ^ 


Iv^, 


( 2 ) 
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where i p ( q ) is the wave-f unction, and H ( p , q) is the Hamiltonian 
operator, p standing for 


P 


h b 


2rrt c )q 


(3) 


We have seen also that for E < 0, solutions of the equation (2) 
exist only for certain discrete values E„, which are called the 
eigen-values, the corresponding solutions p n being called the 
eieen-functions : 


H p„ 


K„ P n 


(n - 3, 2, 3, 


• • 


) 


( 4 ) 


Generalising this idea, we take any function A ( P , q) as 
a linear operator, which acting upon a wave-function p (?) 
transforms it into another wave-function p (?), and express this 

fact by : 


A p — p. 


( 5 ) 


Special cases of (5) are provided by taking A — q and A — p- 
q p means simply multiplication by q, and p p means, on account 

of (3), — - — • Since the operators are not mere numbers, we 
' ’’ 2 m oq 

can see that in general 


AB BA. 

A particular example of this non-commutative property is gneu 
by the quantum condition from which w r e see that pq=I qp- 

Generally, the function p will be quite different from p in 
(5). If, however, for any p n it happens that the operator 

reproduces it except for a constant factor a„, t.e., if 

* /£\ 

A *Pu — ^ ti n* 

then a n is called an eigen-value and p„ an eigen-function of A 
The adjoint operator At is defined by the condition that if 


( ? ) and -f (?) are any two functions then we must have 


n 


i 


pJq, 


( 7 ) 


where p* denotes the complex conjugate of the function ^and 

where the integral extends over the whole domain o 

nate q. . t 

An operator A is called real if it is identical with .ts adjoi 

At, i.e., if (8) 

A = At. v ' 
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The co-ordinate q and the momentum 

real, according to this definition. For 


so that q 


I P* (<? P) dq = 

Similarly 


/ 


P are easil} 
we have 

= I PlPP pdq, 
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seen to be 


fP* •( pip ) do 


h c )iJj 


i m 4 dq 


k 


2 S w V] - / A 

— // l 


h bp* 


Flow 

[<£* pi 


the boundary 
= 0. so that 


q 


P dq 


condition would be ahvavs 


such that 


f* 



I 


h b6* 
Tq~ 


J 'in 

showing that p = pl_ aud that f is rea] 


o,JL?LPre:P7JT:! ,y ** ** of 

then since At H, W e ° i CqUatI ° n < 7 > ^ 


real 

*P,n 


u 


I 


Pn dq 


if 


Pn dq )* , 


(9) 


«•“: ST ? ; IT-; •; »■ r ,-. 

Hence 6 unction p n , then we have A p n = 


/ 


so that 


/* 




(7 




/ 


/ 


(10) 


In (9), we have proved th^-f- f / * / A , * 

I' 4 ”!* “ 3lS ° rea1 ' 50 th *‘ we see ‘that is Lso reat M ° re ° TCr - 

functions of a tell ^rato^ “ff 3ny * W ° eigen ' 

are mutually orthogonal. ’ For if T gl ? erent ei & en -values 

a real operator A, and 0 ^ tt^ **' * two ei gen-values of 

we have ^ the ^responding eigen-functions. 


^ 'Pm 


«mp m , Ap n ~ a n p n . 


16 
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Taking the complex conjugate of the second equation : 

( Ai A«)* = «*</'**■ 

Therefore we get on multiplying by tp n * and ip m respectively : 

/{ 'P n ( A 0«) — 'Pm ( A 0«)*} dq = (a w - a H ) J ip m if>„* dq (II) 

But since A = At, we have from (7) on writing <j> = ip n , i/r = \p „, : 

/» Pn ( A «A«) dq — f (At </<„)* ip m dq = f (A «/»„)* <A,„ ffy. 

so that the left-hand side of (11) is zero and we get : 

{flfn J 'Pm 'P n dq ~ 0. 


Since a m and a n are different, i.e., since a m =h a„, we get 

f 'Pm 'Pn dq — 0 (in =t= n) . 

We assume that the eigen-functions are all normalised, i.e., 


( 12 ) 


/* 


n 


dq = f | >p n | 2 dq = 1. (n — 1, 2, • • •) 


(13) 

If this is not already the case, we can easily normalise them by 
multiplying j p }l by a suitabl 3 r chosen constant factor, which can 

be determined from the equation (13). 

We can develop any function (p in a " Fourier series of 
the eigen-functions i p n : 


<P 


Z c n p n , c n = / <p 


(It) 


» = 1 


and its complex conjugate <p* by the conjugate series : 


<P 


CO - 

2 Cn 'Pn - Cn = / 


(15) 


U = 1 


Then we have 


/ 


dq = / 


/ 


I*. 


Z c n c n — Z \ C n 


(16) 


n 


Now we define the mean value A of the quantity represented 
by the operator A in a state represented by the function <f> > 

the equation : 

A = f <f>* (A<£) dq = / <f>* {Z c n A 4> n ) dq. (1 

n 

On account of A = a n and (15) we get 

A =Zc n f <f>* a 4*n d<l = Zc n <t n c n 

n " 

= Z I c n | 2 a n . 
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Oil l hi-; 
pro. hut 
A in f I 7 


T/ie L~”c<'riainiy Relation 


definition it can be proved that the 

AA r is never negative. For, 

, wo eot 


m 

writ i no 
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;ln value of the 
^ A 1 in place of 


AM 


-bet us unite A PA 


. \ A 1 


^e wish to 

h'or tliis 


4 • iA.\n/u f 7 (/ ■■=/,//. A tAb/,) Ay. 
~ *• 0,1 ac.vount of (7) we have 

-/<!>' IAX) do fl,M£,'xdq 

----- f < \ l <f,)* <AH) dq 

- I \ AM |0/,y ^ o. 


f K • t < inline- the adjoint of the 


or 


] ' Ur ! ,os "' u< - Jnnlti|,l_v ( 7j ]jy {> and 

4 ( A >,!)) dq = I f ( .\t,4 


r# 


et 


(19) 

operator (/A) t. 


since ( — /.* 






A <0 


On 

Vet 


/ 4' <«* rf* -»•/(- /At*/ * rfy . 

fromTl' 1 " collsi,lcri "S "V it»lf as one 

irom the equation of definition (7; ; 

„ f ^ {ilX) M d ’ ~ I {A’-Vll d) ' , A d 

Comparing ( 20 ) with (21), wo see that 

(, 'Ait = - /At. 


( 20 ) 

operator, we 


( 21 ) 


( 22 ) 


Obviously, therefore we Inv, f r . „ 1 

. IM'C for any tux, operators A an „ B . 

(A -r At __ /jst 

Suppose that A awl B arc . rc .„, rir ' ( 23 ) 

a real number. Wo have shown in (l^th AO ^ ^ A is 

so that we have : ^ adjolRt « ne ver negative, 

(A + >AB) (A AT/XiiTt 
°r. on account of (2:3) and because At = 


o 


or 


b-V~+7ATj) (A 


A. PO = r • 


z 


AB) 


0 


/(A, - ,\- 
Sincc / (A) is real, « 


B- A 2 - /A ("AB - j>a‘. 


>oe that AB 


0. 


(24) 


To determine- the minimum valtTof m, binary. 

- of A " l„ t h maires d > .. . . '' nu t ta ke that 


value of A which make- ^ 


df 

d\ 


Ox 1«* to zero, f.,, thc va ^ for 

1 \ - ~ 


2 B 2 A - i (AB 


BA) = o. 
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Thus the minimum value of / (A) is given by 


A 


1 AB 

2 


BA 


B 


(25) 


Then 

{/(A)} = A* + B 2 <| - 


rmn. 


i AB 

k. « 

> 


BA') 2 


B 2 


i (AB - BA) 


1 AB - BA 

2 B 2 


- A 2 + 
Hence we eet : 


1 (AB 
4 


BA) 


B 2 


0. 


(26) 


A 2 B 2 


4 


(AB - BA) 2 . 


(27) 


It must be remembered that AB — BA is purely imaginary, and 
therefore the right-hand side of (27) is really positive. 


Now let 


SA 


Then 


SA -SB - SB - SA 


- A 

-A, S B = 

: B - B, 


(A - 

- A) (B - B) 

- (B - 

B) (A 

AB - 

- AB — AB 

+ AB 


— 

- BA + BA 

+ BA - 

B A 

AB - 

- BA, 




(28) 


A) 


(29) 

because A and B are not operators but ordinary numbers, and 
therefore AB = BA, both being the same operator. 

Since the relation (27) is true for any two operators, we 
replace A by SA and B by SB : 

1 


(SA) 2 • (SB) 

or, on account of (29) : 


2 {(SA) (SB) -(SB) (SA)} 2 , 


(SA) 2 • (SB) 2 


(AB - BA) 2 . 


(30) 


For A and B we take the momentum p and 
respectively. Then we have : 


the co-ordinate q 


(W • (Sy) 


t ipq - <iP) 2 - 


But from the quantum condition (1), viz., pq 


qp 


h 


2m 


(31) 

. 1, we 


see that {pq — qp) 


h 


,-JTl 


(W* {Sq) 


hf 

47T 2 

h 2 

167 r 2 


> so that 


( 32 ) 
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7 /te L'u certainty AV tat ion 


t , M *?,?*”* "**• in nny 

A ,h " Val "" " I«n- nt it- , let-in, i„„. 

A/> !'0/y;l Ay { oy,.^. 

then we get from h'jji 
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t-h.- wpiare 

O that 

1 3 3 j 


■1 hit i then t Ji« - 

relation, and it 

quantities 


h 

I 77 


( 34 ; 


A p Ay 

! Xa< 1 nnination of Heisenberg 

" '»■ fnr any t«„ . art, u . 


urn t rtaint v 


Since the energy I? and time / ar.- 
gate quantities, we would have acc 


1 


Ah- A t 


-cordinglv 
h 

It r' 4 


correi ponding conju- 


10 • 7 . 


/ rincipU of Indeterminacy and the Concept 

r, f r \ . / • , r 


( 35 ) 


°f C aii'aUty. 


The uncertainty relations force us to tJ, , - 

is impossible simultaneous! v to carry c ut h C ° n ^ U ' ni that it 
the position and the velocity with " f nc ' a - surtR ^-nt of both 

our observations. therefore, ’represent" c atturac >' All 

a much broader range of possibl • v on > a selection out of 
only probabilities of occurrence* bst ' n, ' at,ons * that we get 
to pr^ict with certainty the result 

."Law of contradiction to the 

to this law. the behaviour of a sysU^T Acc&rd ' 

I£ the initial conditions of a ^-ste ^" 1 *° * rigid 

can calculate the state of the system ♦ * glVen ' then 

“ d PKdKtit -ith any desited™™ subsequent time 

^ -‘!USSt^r!&i Ifci, “ ta * *“ •*«» tint 

i* no more vaLd n tnT' ? ^ i,S 
^ ^tre-fnaction ^ a t anv time. ** Said that li w c know 

2rs s?\srs-T- 4 


depends on d the slDce every physical 

» trictly c««al ^ ** behave, after Z ~L 
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A little reflection, however, convinces us that this concep- 
tion of causality is completely empty, and is, therefore, quite 
useless for our purpose. The quantity, which has physical signi- 
ficance, is | ip | 2 , so that initially, we can know only the value of 
6 | 2 . ip, being a complex quantity, cannot be completely deter- 
mined from the value of | ip | 2 . Thus, as Heisenberg has pointed 
out, it may be true that “ if we know the present exactly, we 
can predict the future,” but it is impossible to know' the present 
exactly. Here is the break from classical determinism. The 
world processes do take place in a strictly causal w'ay, but we 
cannot predict them, because Are cannot know the initial condi- 
tions exactly. This indeterministic view prevails among the 
majority of the physicists, its chief exponents being Bohr, 
Heisenberg, Born, Eddington, Dirac and others. They are of the 
opinion that all jrhysical krws are statistical law's, and that 
physics should be based on the calculus of probability. 

There is, however, an opposite school of thought, led by 
equally eminent physicists like Planck and Einstein, which seeks 
to modify the concept of causality so that it may still remain 
valid in the new philosophy of Science. For this school, the 
question of the law of causality being right or wrong is meaning- 
less. It should rather be judged on the merits of its utility. 
Planck considers the law to be an extremely valuable guiding 
principle of human knowledge. He tries therefore to modify t e 
concept of causality so as to reconcile it with the uncertainty 

relations. 

Eor this purpose, he remarks that the uncertainty of a 
measurement is due to the fact that the amount of the quantity 
to be measured depends on the nature of the measuring 
He finds it, therefore, necessary to include the observer an 

apparatus in the system which is being measured. en 
is done, all laws of nature become again strictly causa . 
notion of probability arises only when no account is taken 


measuring apparatus. _ _ 

There is, horvever, a serious objection to this 

makes the relation of the causal connection between two 

sive events dependent on the human mind. This anth P T 
ism would give quite a provisional and changeable charac 

such a fundamental physical concept as the aw o ca 

V 
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mind, apprehending t ve ryi -he re ^ if fh e" ' * 1 m . tr ° duces " an idcal 
their minutest points ” wi 7 physical occurrences in 

predict an event with absolute accuracv 'rhis ^ t0 

actually impossible to predict an event "accuratelvln ”* "i '• T ^ 

man with his senses and hie 1 - f tlle cllcu mstance that 

nature. He is sub e'et to er “ !»* 

WWfe * “« - -ist 

ZZZZthZe Ts no u ati r S “4 PhysicaI ^"iptio^of 

relations. 16 for us from Heisenbergs uncertainty 



Chapter XI. 


RELATIVISTIC QUANTUM MECHANICS. 

11 *1 (1). Conservation of Electric Charge. 

According to modern ideas, an electric charge is essentially a 
quantity having discrete magnitude, which is determined by 
counting the number of electrons and protons. The total number 
of electrons and protons cannot naturally depend on the ino 4 io:i 
of the observers. We must therefore have the electric charge 
invariant for all observers. 

Starting from this assumption of the invariance of electric 

• ■ 

charge, we shall demonstrate that the electro-magnetic la - .1 
equations satisfy the principle of relativity. Thus \\c dr/Mi 
have no reason to modify these equations. 

11-1 (2). Density of Electric Charge and Electric Current 

First we shall find the laws of transformation tor density and 
current. For definiteness we assume all electric charge to be 
composed of elementary charges, each of amount e. 

In the neighbourhood of a specified point P of s]vkc. **t 
n («) be the number of these charges per unit volume inoeiug UK 1 

velocity u, as observed by S. Let n 0 be the number o* the 
charges per unit volume, as observed by S 0 who E mo\i. s U1 J 
them. Then S sees this latter volume as contracted by a f^ tor 



i _ (F in the direction of its motion, and therefore estimates 
c~ 


the density as 


1 


find 



1 


* * 

a- 


c** 


times greater than does S 0 . so 


n (/#) 


i: 


0 





1 


u 

e : 


In the frame K of the observer S. the charges un Er 
tion will contribute an amount en p’A to the chaue-v^^ ^ 
The number of elementary charges which cross a unn F 

perpendicular to the v-axis per unit time is u x n (w*. t a 
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tribute an amount e u x n (u) to the ^-component of the 
w^have"’ Smillarly f ° r thG ° ther coni P one nts. Hence in K, 


current- 


P E en ( n), a ~E e u n (u) y 


(2) 

" SUmmati ° n is tak ™ w “ a11 ‘he velocities u which occur. 

movi ug 'relative ‘to K , vithT”l ^ T “ a . framo K ' which is 

live a-axis. Then S' obtains iimUarfy for charges ffC 
■n (1) a number-density give „ b S cous.dered 


ri («') 


n 


0 





1 


/.) 

u - 


c- 


( 3 ) 


where «' is the velocity of the charges as observed by S' 

From the equations (3) and (5) of § 1 . 6 (1), we get the identity : 




y H - u x vjc 2 ) 

2 r y 


1 


v*-? 


Therefore on account of ( 1 ) and (3) we obtain 



( 4 ) 


*'(«') = y (1 - u x v / c *) 


n 


V 1 - 1 


v [ i 


But from the Forentz-transformati 


u x v\ 

~cCJ n («)• 


(5) 


on 


dx' = y (dx - vdt), dy' = 

we find the law of transformation of velocity : 


dy, dz' ~ dz, dt' ^y (dt 




« 


dt' 



u 


dy’ 

dt' 



u 


dx 

dt 








A' 

dt’ 



y dt 


0 - i T)' 

— r 

(i - i" 


dy 

dt 



dz 

dt 



( 6 ) 
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Substituting these in (5), we obtain : 


/ f f t \ 

i ' x n (it ) =- 


u 


x 


7 ) 


1 


u x v 


y 


i 


l ~f) » («) = y {u x — v) n («). 


c 1 


ity n\u) = u y n (it) , u z ' ri (it) = u s n (u). 


(?) 


Hence, the charge and current densities in the frame K' are given by 


Ecu' {n') = £ey(l 


U X V\ , v 

-§r) n («) 


y 


- a) ; 


( 8 ) 


CT.r 


°y 


£ eu x ' n'(u') — £ cy (u x 


v) n ( u ) = y (ct 


v P ), 


£ at' n' (u) = £ cu v n (u) = o y) 


y \ - * / — y 

a.' = 27 c//-' n' (u') — £ eu z n (u) — 

Thus the law of transformation for ( o x , 
Lorentz-transformation for (x, y, z, t). 
transformation would be 


cr z • ( 9 ) 

o y , cr z , p) is the same as the 
Consequently, the inverse 


a 


y {o x ' + vp), Oy 


a v , cr 


O 


Z t 


y(p +a *S)' 


( 10 ) 


Ob ll-l (3). The Maxwell-Lorentz Field Equations. 

From classical electrodynamics, we know that the Maxwell- 


Lorentz field equations are 


div K = p, div H = 0, 


(i) 


curl E 


1 bH 
c c )t 


, curl H 


1 SE , u 

e M +p c 


( 2 ) 


where E and H are the intensities of the electric and magnetic 

fields, p the density of the electric charge, and u the velocity with 
which it is moving. ^ 

From the equation (2) we obtain, since cr P 


div curl H 


- £ (div E) + g div o. 

C vt ' c 


But 


the divergence of a curl is identically zero, therefore substi 


tuting div E = p from (1) we obtain : 


bp 

bt 


, j • bp bo 

+ dlv s bi + 


* + ba y 


by 


+ 


bo z 

bz 


0 


( 3 ) 
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S:: 5 :L c °: tinnity " hkh «* 

spJ:T; t*™ for ,],e ~ ° f f - 


curl curl E 


1 b 

c bt cnrl H 


1 ^ f 1 £>E 


c bt 


c bt 


But we know from vector analysis : 

curl curl E = grad div E — y 2 E 

where y - i s the Eaplacian operator — 4 - 

dj+sp+sp- 

rom the last two equations we obtain, since div E 


W 


P - 0, 


V 2 E 


1 D 2 E 


2 


where Q is the D’Alumbert 


bt z ’ or D E = o 


a 2 , d 2 


(S) 


lan . — ~ <> 2 


<)X 2 


by 


2 + 


^ 2 


I b 2 
c 2 bt r - 


H, we find 

I W 

c 2 bt 2 


0. 


Similarly, for the magnetic field 

□ H = y2 h 

'ru , c2 “ U> (6) 

J-iicsc are the wcl 1 - n n vw m „ , • ' ' 

waves in free space, with the veTocftylT Pr ° Pagati ° n of Hertzian 

In the general case, we know f rom electrodynamics that the 
*elds E and H can be determined in terms o, the scalar po - , , 
and the vector potential A, by means of the equations 


E 


CT 

fc> 


rad $ 


1 bA 
c bt 


& = curl A. 


(7) 

(S) 


But these equations do not rW e • 
potentials A,. A,. A„ 4 uniquely ‘r , eIectrom agnetic 

■n the actual phenomena only through th ' ^ ! are c °neerned 
magnet, c force. The curl is unaltetd H "A ‘ he *«<*«- 

" e "place - A, by 


Av+^Y, 

ov 


A y by 


Ay + 


<f> + 


bV 

bt 


bV 

by’ 


A 2 by 


where V is an arbitrary function of *, _ v , 2 , , 


& , dV 

1 + b Z ' i h y 


To avoid 
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arbitrariness, an additional condition is imposed on the electro 
magnetic potentials : 


div A + 1 ^ _ aAr , 5A 1 

~ c bt bx by bz ' c bt 

Taking the divergence of both sides in (7) we obtain : 

= — div grad t — * ^ (div A). 


0 


div E 


But we have div grad 

1 b(f> 

~ c bt’ 


Therefore 


„ 2 , 1 * 2 <t> 

V ^ b* bt 2 


p or □ <f> 


From equation (8) we obtain : 


curl H — curl curl A 


grad div A 


V 2 A, 


or 


1 5E a 

c bt + c 


grad 


1 b$ 

c bt 


V 2 A 


(9) 


* 

t — \/ 2 <f>. div E = p, div A = 


( 10 ) 


lh(x+l 


1 bA 
bt 


V 2 A 


Therefore 


-t 1 0 2 A 

V 2 A * -^r 

v c 2 bt 2 


a _ , \ 
- or □ A 
c 


1 


a. 


(11) 


U Uls Is 

We shall now transform the equations (10) and (11) to ^ 
frame K.'. In § 1-3 we have shown that the operator □ is an 
invariant, so that we have □' = From the transformatio 

equations (10) §11-1 (2), we get therefore 

i 


□ ' A 


y 


(o x ‘ + v P '), □' A 


- Oy’, □' A, 


a, , 

c 


□ ' t 


y 



+ 


Ox V \ 
c~ ) 


( 12 ) 


Multiplying □ ' 4> by y - and □ ' A x 


by y, and subtracting 


the first from the second, we obtain 


□ ' y (j 


‘4> 


l 

~c 


(13) 
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Similarly, multiphung n ' A hv ^ i / -> 

the first fmm l ‘ a ' byy C and ° * »yr. .mi subtracting 


the first from the second, we obtain 

n'.Yi ii A 



P ■ 


(14) 


Hence the equation J12) may be written in the form 

□ ' A' = _ Ip n , eh' 

c a ’° * =~P> (15) 


provided we set 


A' 


y ( a. 


V(f> 

c 


Ar ~ A v , A,' 


A S) </>' 


y 



r ( A a , A y . A 2 , ^ or tire 

same form as that for (^ v z f) n • V C ' 

be therefore h Ule Ulverse transformation will 


A 


( 


y A y , A z = A/, <f) 


O' + 5 AA 


trans S formed U t? S ^ WC find that equation (9) is 


div' A' 4 


c bt' 


hx ay + 1 ? + - c $ 


o. 


( 15 , and ( 18 , we see t'hat t, “ n ,/ ° r " ^ 

unchanged in form in the system K' t ' e 1uations hold 
transformed according to the law (16) ” “ POtei,tials are 


We now form the quantities E', H'. given by 


F/ 


grad' <f>' 


I» A' 5, 

c W ’ " 


curl' A'. 


(19) 


a T nd Se magnet?e b> ' S ' ^ the dectric 

Htey satisfy a set of eqnari^™^“ <*'- /- s', 0 

as those satisfied by S and g for ^ P “‘ ° f the ten 


(V. 

C> 

b_ 

bx' 

b^ 

bt' 


The components of E' and 44 

(8) and (16), together with the + ^ ^ eVaIuated b y using 

A, A h . **“ transformation equations for 

ay *z” bt r rh e latter are seen to be 


a* d*' + zt bx' 

, b_ bt 
<>X bt' + ^ d/ . 


y\ — 4 y a 

ri .a* + 


y 0i + ” 


by 


± A 

ay’ dz' 


c>Z 
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Then from (19) we obtain : 


EA 


bf 


1&A X ' 




> 






1 ^ ^ \ A f 

C y \bt V bz ) ‘ x 




V l ^ ^ nW' 7 


c) 

c*bt 



v 


A 


1 , 

~ c y U +" 


hr 


y 


A 



HA 


c).r 


a A/ 

hr' 


1 SA 

■ 

C i)t 


bAQ 


E 


~*X 


by' 


As -i- c * 


' ^ 4 
C 2 c u) 


bv 


• y i A 


;*) 


c) A j 

bx 


f)+A( 


C)<^> 1 c) A 

dy c 3/ 


y 


H. 




In this way, 
as follows : 

E*' = E x , E/ 

HA = H*. HA 


we 


find the law of transformation of E and H 


y 


E 


=o 


- E, ' 


y 



+ 


y(H, + ^ E s ), H.'=y 


H 


H 0 : 
l E 0 - 


( 20 ) 


The inverse transformation is given by 


~Ex 


E,', E 


H 


h;, h 


y (E / + l H/). E ; 


y 


, y H 


’ H- — y 


(ea 

(H.' 


C 


- H 


')=! 


V 

+ c 


v> j 


i (*i) 


11-1 (4). Relativistic Dynamics of a Charged Particle 

in an Electromagnetic Field. 

Suppose that the frame K is so chosen that the x 
parallel to the instantaneous velocity i> of the charge ^ ^ 

in the frame K' the charge is instantaneously at rest 
therefore assume that the usual electrostatic laws old ^ 
instant in K' as far as the particle itself is concerned, so that 

mechanical force acting upon it is 

F' = *E'. 


( 1 ) 
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In this case it is found +i -> 

are transformed accordi^ to f J of *»* F' 

F, = F,', F„ = 1 F/ . Fs , 1 F , 


y 

Then using (20) § 11 . l ( 3 ), we find from (1) ; 

F x = T V = eE x ' = ,-K , _ 


y 


y = - F/ = - 1 e K ' 

V y y 


V 

' -c H 


F 


- F ' 

** 2 

V 


y *■' = y C ' Y (e= + ! 





(2) 


Since the velocity u of the narticU 

observed bv S at th» ; / . has components (y, 0, 

7 b at the mstant, the eauatinne /on 


the vector form 


0) as 

equations (2) can be written in 


1 


* e Ie + f (u xH)f, 


where «xH denotes the vector product. 


( 3 ) 


The equations of motion 


d 

dt 


are given by -£ 

dt 


T, so that 



m 0 u 
1 


21 


‘iB+f: 


X H)} 


[( - grad <f> - 1 b A\ . 1 C* 


c btj + f( u X curl A^J, 


where m 0 is the rest-mass of the particle 
defined as in (6) § 2-4 by 


(4) 


The function T* i s 


'p* 


m 


oC z {(l 


VI 


Then the ^-component of the 




u 


But 


d /dT*\ 
dt\i>x) 


equation of motion (4) i s 


( 5 ) 


e bA„ e 


bx 


c dt T - (« x curl A) x . 


{u X curl A) 

bAj, 

bx 



b A*\ 

tyJ 


. (bA x 
Z \bz 


bA 

bx 


(3) 
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(x^ + y ^ + z 

V bx ^ y b% h * bx J 


. bA 


bA 


( . b 


• ^ A >- 
bx 


* * - Vr 


' + i Q) 


(xA x + y A y +z A.) 
Hence (6) may be written as 


_a 

bx 


dj\ x b\ x 

(It ^ bt 


dt\Zx- + c V 


bX 


C(f> j — (h • A 
c 



0 


(7) 


But if we consider the co-ordinates of position and velocities, nr.. 
x, y, z, x, y, z, then T* does not depend on x, y, z explicitly, and d 
does not depend on x, y, z, so that 


Also 


c )cf> 

C )(f) 

c )d> 

_ b T* 

ST* 

bx = 

~ by 

= bz 

t>.V 

_ ay ~ 

A x - 

-si 

^ x A r 

+ y - 

Vj, -f- £ A. 


bV 


bZ 


= 0. 


U . V 

5* “ 


The equation of motion (7) can therefore be written as 


d 


dt ic)i 


s (t- - * + * 


_b 

bx 



u ■ A ) 
eej, + e - c f 


0. (fi) 


These arc of tLe 


There are two similar equations for y and z. 

Lagrangian form with the Lagrangian function given by 


L 


*9 * 


c4> + ” («-A). 


/ 

+ 

/ 


(4» 


The momenta p x , p y , p z are then 




P 


X 


bh 

bx 


b T 




bx 


+ P 


t)T* , e , . 

v.- + „ Ay, P* 

O v c 1 


ar 

dz 


+ A, 


( 10 / 


The Hamiltonian function H is then found to be 


H 


x px + S’ Py + z P- ^ 


* CS + i *0 + > (f + 


c 

c 



~v i: 


: 


T 


t'p -r ; (.v A. v + y A, 


i \ )^ 


. bT 

X z- 
OX 


V 


ax* f . ai 

.1- ~ 

i * 


• # 




bz 


T* + 


ed- 


it was shown in (10) § M that 


r . bT 

2 , X 


T* 


m 0 c 
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H 


tn 0 C 


1 


1 


4 ~ e<b. 


Vl ~ p* 

To obtain the canonical form we require the 
in terms of p x p p p nr 1 10 

Fx p y> 1 or this, we see that 


(ii) 

expression of H 


Px 


A,. 


dT* 

dx 




Vl 




p 





P, 


A 


»«oi 


Therefore 



27 



-c V = 


1 


iIl Q Z U- 
u- 


so tliat 


27 


•2 



^ i M 


+ « 0 V 


w 


0 


Thus 



n 


«- 


c 2 



'«o 2 c 


1 


A 


W 0 C 2 


v4 


£ 2 


c 



From 


- A.) 


(11) and (12) we obtain therefore 

H + f,l u c 2 — c<>> = 


g . \2 U 

x / 4 - m Q -c 2 1 


( 12 ) 


C K 


c A -) 4 - w 0 2 c 2 |f 


(13) 

* -X: ri w — * 

E bei " E “• - — - 


or squaring, 


(Av 4 - - c A x Y + Wo 2 c 2 H 


(14) 


E 

c 


e 

c 



Z 

*y 


+ C Ajr l 4 ■ «„V, 


A 


( 15 ) 

A 2 = 0 in 


If there is no external field, we write = A 
(■3), and get the same Hamiltonian as fll, § 2 7 

~ rriAir: ?r ~ * * «- - >* ^ s ma „ 

---er the root in 
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Therefore, for the classical Hamiltonian H' we get 

0 c 2 {l+ 1 


H' + )>i 0 c - — e<f) 


m 


m 0 2 c 2 


E 



? A 


m 


{' + *£ 


*C 2 


2; 



<s 

c 

e 

c 



^ A 



neglecting second and higher powers. Thus 


H' = ecf> + 


2m o t ( P * 

For the electron, we have therefore 

1 


- A x 
c x 


(16) 


H' 


cp 4 - : 


2m o f v2 (, P 


+ - A 

c 



(17) 


11-2. Earlier Attempts at a Relativistic Quantum Theory . 

The quantum mechanics developed so far has taken no 
account of the theory of relativity. This deficiency was supplied 
in the middle of the year 1926 by Schrodinger himself, and later 
by many other workers. Their contribution consisted in general 

ising the wave-equation to a relativistic form. 

Thus, for a particle of mass m, Cartesian co-ordinates % , y> 2 
and corresponding momenta p x> p yi p 2 > moving under a conserva- 
tive field of force of potential V, we had the classical Hanu 

tonian 

(1) 


H ^(Px'+PS+PA+V- 


From this Hamiltonian, we derived the wave-equation by 


taking the momenta p x , p y , p z > as operators defined by 


p x - 


h b 


2t ri bx 


p 


h 


y 2ni c )y 


P 


h d 


2-rri dz 


( 2 ) 


so that the wave-equation became 

(H - E) = 0, 

where E is defined as the operator 

h b 


( 3 ) 


E = 


(4) 


2t7Z < 


To generalise the equation (3) for the relativity effect, i ^ ree 

assume first that the particle of rest mass m 0 is mov S 
space, i. e . , V = 0. The velocity u of the particle is gi 


u 


x 2 + y 2 + z 2 . 


If we write ,8 = the energy E is given by 


E 


m 0 c 


(*) 


Vi - P 2 
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Further, for the momenta we have 


Ar 


tn 0 x 


hence 


Vl - p 




p 


m 


sZ 


Vl - p- 


Pz 


»»o* 


Ar 2 A py 2 -j- p z 


m 0 2 u 2 


which, on account of (5) gi v 


1 - ft* 


- m 


Vl ~ ft* ' 

0 V ( tj—L- 

Vl - ^ 


1 


es 


p* + Py- A pp 


or 


E 2 

c 2 


m 0 z c 2 , 


tS + PS + PS + 0 „ 

The relativistic wave-equation would therefore be 

{PS+PS+PS + -f) (4= , 0 , 

or on substituting from (2) and (4) 

(PI 

\C>Jtr 2 

We write p t = 
can be written as 


( 6 ) 


(7) 


il + ± 

<)y 2 ^ bz 2 


4.7T 2 

fyi MpC 2 


I b 

c 2 


0. 


E 

7 and the wave-equation (7) for a free 

as 

, T Pt% + px * + p y 2 + Pz 2 A m 2 c 2 )^ = 0 

Now consider an external oi * 

external electromagnetic field 


(8) 


electron 


( 


0) 

potential a j -* ° " of Scalar 

I ntial A ( , and vector potential a m 


A + 5 A,) 


A 


-f 


A - A 


A 


or, on setting 


A 


™o 2 c 2 = 0, 




Ad — A,, 

c 


g.- 


Ar A * A. ri gy 


it becomes : 


A A - Ay, g z 


A A -A 




AaAYAVL o°. b ' 1 ‘ i " e ‘ l from 


+ A 2 A £/ A & 2 A m 2 c 2 


0. 


( 10 ) 

( 11 ) 


(iS) § 11-1 (4> by setting 
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This means that in the case of an external electromagnetic 
field, the p’s have to be replaced by the g’s. This, if we write 

F = — ge 2 + g x 2 + gy 2 + gz 2 + w 0 2 c 2 , 
the relativistic wave-equation becomes 

F h = {- gt 2 + gx 2 + gy 2 + gz 2 + Wo 2 C 2 ) l}> = 0, (12) 

where 0 is a function of x, y, z, t. 


When the relativistic wave-equations (9) and (12) were 
applied to atomic problems, it was found that the number of 
stationary states obtained from these equations was half the 
number required by experiments. Pauli then pointed out that 
to remove this deficiency, one must introduce the idea of the 
spinning electron. According to this hypothesis an electron possess- 

1 h 

es a spin angular momentum ^ and a magnetic moment 

• Pauli and Darwdn fitted this hvpothesis into the relati- 

4 m 0 c 

vistic wave-equation, and showed that the above-mentioned 
difficulty of the wrong number of stationary states disappeared 
if account was taken of the electron-spin. 


Early in 1928 Dirac pointed out that the spin theory was open 
to several objections. At the very outset, it is obvious that the 
idea of a spinning electron is a completely arbitrary assumption. 
In Dirac’s own words, it remains incomprehensible “ why Nature 
should have chosen this particular model for the electron instea 
of being satisfied with the point charge ”, Then again, on the 
spinning electron model, we should expect that if the electron is 
moving in a central field of force, the magnitude of its resultan 
orbital angular momentum should be constant. But, it turns 
out that this magnitude is not constant, and the model t ere ore 

fails in this respect. 

Another, and a very serious, objection to the theory of the 
present section is that the relativistic wave-equations ( ) a 


(12) are non-linear in E or 


bt 


The non-relativistic wave-equa - 


tion (3) is linear in so that if the wave-function p o 15 known 

at time t = 0, its value at any time t is determined in 

This property does not hold for the equations ( ) a 

T O m v 

on account of their being non-linear in — 
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Finally, it should be rernarLmrl -r, 

successful only for those electrons whose velocHi J P ' “ 

great. be velocities were not too 

ot £? at ri c * 

set up SO as to satisfy the Z - “ *' K —equation is 

relativity and quantum nrechanZT"' 5 --? ‘ h ° P ™ d l»« of 

momentum and magnetic moment of ii ^ CUC ° ° f the an S ular 

Witw - — trz 7tZ ;zr 

1 1 A YV . 


11 - 3 . 


DtmC S Relativistic Theory for a Free Electron. 

1 t r 


under be invariant 

section, this equation should be HneafinZZ the ,ast 

P, also. symmetry, it should be linear in p„ p 

Firac assumed therefore tlm ™i,f • <_• 
of the form mlativistic wave-equation to be 

where a f' + a > *• + *tp, + a, A + a, ,„ oC) 

are independent of the *’s thus comm .. bles . or °P e mtors which 

over, for a particle moving in emn t g *' *' *■ More- 

are equivalent, and therefore tZHarndto" P °“ tS SpaCe 
*• *• z - The a’s are therefore ind Z cann °t involve 

consequently commute with the TWs ° f *' *' *■ z ■ and 

«, are functions of other dynamic vari ^ -• «.• 

co-ordinates and momenta of the .- l,., , "' / nd not ° l the 

function * is a function also of these 0 Z ^ the — 

■ *.y, These other variables are the Zl , varlable s besides 
" SPm ° rS '" whi cb we shall now investTga'te " ^ matdces " 

* -“Si; s ~ 

A + + + “ SA + + ' “A + -rf, + « sft 

or i s r 

{-A- +(.«,. +a#fi+ W, ’ , -0- 

“ 3 “ !) ( t + ■ -•> ^ + w + (Z’ p ; Pr + , (a - + 

( 2 “‘ + **“ J m ^r+ I--. + Jff + 1*;-' 
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This equation agrees with the equation (9) § 11*2 if the a's 
satisfy the following relations 


dfj. 


1 , 


d^a v -f aycqi =0 (p. =#= v ), 

(p-, v = 1, 2, 3, 4). 


( 3 ) 

The problem now reduces to that of finding four dynamical varia- 
bles cy which satisfy the relations (3). In quantum mechanics, 
these dynamical variables are matrices. Dirac obtains them with 
the help of six other matrices a lt a 2 , a 3 , p lt p 2 , p 3 , which are of the 
fourth order, and which are as follows : — 



1 

0 

0 

0 



a 



i 0 
0 0 
0 0 
0 I 



a 



0 0 
1 0 
0 1 
0 0 



Pi 



P 2 



0 

0 

0 


0 

0 

0 



P 3 



0 1 
0 0 

0 0 

1 0 

0 

1 

0 - 

0 



0 

0 

1 

0 



It can be easily verified that the a s and p s satisf} the 
following relations for all t, s, t,= 1, 2, 3 . 


O r 

Pr 


1 , oy <7 s +a s cr r = 0 , (r =t= s), 

1, Pr Ps + PsPr = 0 , (r =f= s), 

P r O t = Of Pr- 


( 4 ) 

( 5 ) 

( 6 ) 


The a’s are now defined by the following equations* 


PlOl 


a.: 


Pl G 2 


a 


/ 5 icr 3 , a 4 — Pz 


( 7 ) 


Obviously, the a's so defined satisfy the relations (3) in virtue of 
the properties (4), (5) and ( 6 ). 


The wave-equation (1) now takes the form . 

{pt + Pi {°iPx + o 2 P y + o z p s ) + pz’” o c ) 4> 
This is Dirac’s wave-equation for a free electron. 


0 . 


( 8 ) 


* The matrices for the a's are given in 5 11 7 
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The Electron under an Arbitrary Field 
The Electron under an Arbitrary Field. 

i 1 • . - 
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11 • 4 . 

Now suppose that the electron ~ 

electromagnetic field of scalar potential’ A n' T “ c ' xternaI 

A- We have shown in § 11-2 ,fia t , / WCt ° r P ° tC,, “ al 

f ... 8 tnat 111 order to get the Hamiltonian 

r h.s me we must substitute fi, + £ A( for ^ + . ^ ^ 

out this ^itZfld^fr^ ° f 3 free electr0n - Carrying 

«“» 5 n . 2], we git Sm e ( ")Tn n ‘?: ““ «“ *’■ 

lit + T‘ gr + 0,s ‘ ] + p ’ m ° ci + = »• (i) 


Writing down the values of the on ^ = (1) 

get Dirac’s relativistic wave-equation : P 13 5 S " ’ g >" *’ we 

i(~2^Ct +1 A <) + P. fr,^ i + £ A ,) + 


, „ ( h i 

+ " ! (C5 


+ cr 


x 

Jl b 

2nt c )z 


)} + Pa m*] 


or 



it b a \ , 

2 w bt + c A ') + a i ( 1 


+ 


h b 

by 


+ 


' = 0, 
(2) 

hi + i A x) + A + f A \ 


) 


0. 


« - , . (3 ) 

a representation tte a^s hr^hieh^an’ ufT ^ take 

instance, possible i, in (Vl ?* “■ *» 

Then, if we change the sign of i i n m 2 P3 and a * 
conjugate of (3) also holds" viz., ’ ** ^ the com Plex 

{\2AcFt + l^A+aJ-jL * ,e \ ( hb , , 

J V 2 - d ,+ c N + °«(“&s|+£a,) 


/*_ <> 
27 rt 


^4 W 0 c| 


0. 


Equation' (4) Zluld iecomeT r °” ^ 3 P ° Sitive cI *rge + «, the 

fcchl -|A, .* + _« A,)- a « e s 

' \t,7n c)v ~ c A y J 


h_ b_ 
'm bz 


a 4 W 0 c 



0. 


( 5 ) 



264 


Relativistic Quantum Mechanics 


§ 11-4 


This is the same equation as (3). It is obtained from (3) by 
multiplying both sides by — 1. Thus we see that the wave- 
equation (2) refers to a negative electron (with charge — e) as well 
as to a “positive electron’’ (with charge + e). Half the solution of 
(2) would refer to the negative electron, and half to the positive 
electron. 

On account of the matrices a being of the fourth order, the 
wave-function i/> will have four components, two of which will 
correspond to the negative electron having states of positive 
energy, and the other two would correspond to the positive electron 
having states of negative energy. At the time when Dirac first 
published his theory, the postive electron, or the “ positron ”, 
was not known to exist. It is generally recognised that with his 
relativistic electron theory Dirac had predicted the existence of 
these particles. As remarked in § 3 • 4, the existence of the positron 
was experimentallyjiemonstrated in 1932 by Carl Anderson. 

Dirac has also proved that his relativistic wave-equations 
(8) § 11 • 3 and (1) § 11 • 4 are invariant under a Rorentz-trans- 
formation. 


11-5. Existence of the Magnetic Moment of the Electron. 

To find out how Dirac’s wave-equation (1) § 11-4 differs 

from the non-relativistic wave-equation (10) § 11 >2, we multiply 
the former by a factor, just as we did in § 11-3 to get equation ( 2 ) 
from (1). Remembering the definitions of the g s, viz., 


gt 


Pt +- A,, g. 


Px + - A*, gy 


Py + l A y 


a 

y> &z 


Pz + 


Dirac’s equation is written in the form 

{gt + Pi ( <?1 gx + <72 gy + <73 gs) + Ps m o c ) 0 

Multiplying (2) on the left with the factor 


A,. 

( 1 ) 


0 . 


( 2 ) 


we obtain 


gt + Pi {<?lgx + ct 2 gy + <73 gs) + P3 m 0 c > 


{— g t + pi (a xg x + o 2 gy + o- 3 g 2 ) + p 3 m 0 c} {gt + pi (<7 ig x + a 3 oy 

~h <73 g s ) + p 3 ,n o c ) & 

or, on account of (4), (5), (6), § 11-3, 

{-gt 2 + (<7i gx + <72 g y + < 7 3 £--) 2 + +Pi ( ff *g*S* -St°igx 

+ < 7 2 gygt — gt°ngy + °3 gigt —gt°sgp^ ~~ °‘ 
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or, since the ns commute with the gf , 

+ («,&■ + o, Sr + a&} , + +pi ^ 
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Now 

( a iSx + a 2 g 


+ ^ {gygt ~ g tSy ) + a 3 ( gzge 


C* , CY 


,) 


&&)]} 0=0. 


(3) 


a lgx + 0 \>" 4 ~ rr fr \2 ( 

y ^ = ("i£ir 4- a 2 ^ r + a ~ \ „ f 

= ("lfe 1 + <T.% » |,!,a I rl ‘ ' ' r “2-,. -6 <o,o.) 

Z h “ *• 


cr 1 a 2 


2 a 


a 2 (7 i, cr 2 cr 3 

and as shown in ( 4 ) § 14.3 


tCTj =- 


cr 3 cr 1 = ia 


G 


We have therefore 


1 , 


a. 


1 


<V - 1. 


a l°3’ 

(4) 


( a lgx "f - a igy + O ’-)/?-) 2 ~ (f< 2 i _ > , 

' ^ *>*' + sy + &*) +i{a {o 

a .. . 13 ^*&y 


+ CT i igygz 

Now consider 


Sz8y) + a - (S*g* ~~ g x g s ) } . 


Sygx) 


(5) 


s*gy 




h b 


27 ri bx 



h b > 

2i ri by 


) (A + I a,) 


py + e -A y 



'* + - A x 

c x 



h Y 2> 2 0 


) bxby + 2 t ri bx ( c A 


h b / e 


h b 

2tti by 



h b £ 

} -7ri bx ~P c Ax 


6 A 




h b / e 


h bifj 
2rri by 



+ ~2 A X Ay 0 


V 2m) bybx 2ni by (c A * 

^TcL {A yP) +JZa x ^ _ 

2mc x by o 



he b 


- A ^ __ e 2 

C y 277-f C 2 A r A* 0 


77 ZC c)jy 


(A* 0) 


-ii_ A ^ 

27T2C ^ d# 


tt . 

2 ttzc ^ 


Ag /i)A 

2tt-2C \ 


dA 



because of (l) § n.j 


( 6 ) 
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Similarly we get 


(Sygz - gzgy) 0 


(gr. 


n 

t>x 


gxgz) 6 


- e 1 

2-ii 1 

( d A . 

l e)y 

_ &A ,> 

bz ) 

>0 - 

/;e 

= 2m c 

U K 0 , 

(6 j 

• 

A ? | 
27TIC ' 

< bz 

bA.b 

t)x > 

| 0 = 

he 

2 me 

H, 0- 

(66 


Further, we find 

(gxgl ~g/gx) 0 = {(Av 


6. ) (/> 


/ 4 




/ 4 - 


* ) 6 


C A ')i *■ 


KLL > : 


0/ c 

- hb 


l *) 






V--/c 

bt ' < 

-( 

’ h 

k 2 77/ 

)■* 

d ? 0 

4 ■* S (' 
2 77 / 2 >.r U 

6 / 0 ^ 

+ ( 

' A 

V 1 

c> 2 </» 

A c' ( e 

Aj- 0 ) 

.277/ 

)c 

bxbt 

+ -ncvC 

he 


(A, 

0 ) - 

A A . C>0 

he 

2nic 

bx 

O ; 2 * •' \ / 

277/C 4 Vi 

« H It 


+ c A/ ) (-4 


77 1 D* 

A 4^ 

!ri 0/ 


+ 


; a -)1 * 


* M - g A, A,* 

r 


277/ a* 


<> , 


A^ 


(A,*) - .1, A, , 


t ^ 


Cl 


At* /dA, 
“Jtt/c V d V 


+ 


1 cv\ r 

• • • • ^ 

c <>/ 



— he 
2 77 1C 


H x 0. 


(T; 


because of ( 1 ) § 11-1 
Similarly, 


( 




( 


r r*, 

^ J :> / 


gtgJ 0 = 


A<r 

•Jrr/t 

\ t> V 

4 

1 ?A,\ 

e bt ) 

& = 

|k/ 

F.. 

iVic f 

1 7 •*) 

s 

Ac | 

2mc \ 


4 

1 c\\a 
c bt ) 

i = 

" - E. 0 

2ar»C 

(7*1 


Substituting (5), (CO , (7) in (3). we obtain 


St* 



L 47 ^ 

• s* 


A<r 





o 


. (<^i H 

Pl ( a l^x 4 CftPy 4 0* 0 


0§Hf 


iA<r 
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substituting the value of the g’s from (!) • 

/ ^ \2 , V / * 


207 


+ 


+ 


the 


'* + C A -0 + (/ ; y + ~ A y y 

m c* + ~ (a,H, + ffoHj, + ct 3 H 2 ) 


+ 2nc p ' ^ E -v + < 7 2 H > , + a 3 igj^ = 0 . (9) 

The Hamiltonian in this equation differs from that in (10) 

, „ 6 ‘ erms + -.H, + „h.) +.^ Pl(< , lE . 

considered afan increase ^the^'e ^ 2 W °’ can be 

d T T spin - Thus the 

2w 0 ’ 2vc (ctiH * + °-2 H r + or 3 H 2 ) 

4 - — L_ Jie ■ 

2 w. 2« ''>* + f,E, + (t 3 E s ). (j 0) 

The electron will therefore behave a s t.,„ , • , 

moment with components c ll £ 1 ^ ^ as a Magnetic 

f n eh eh 


\4t 7 m 0 c i’ 4 mn c**’ a 

and an electric moment with compel 


4:7T7n a c v 3 


( 11 ) 


( eh 


eh 

Th \*^c tp * <T i' 4 MEfc ip ' a *’ 4 ^T *>i *3 )• / 19 x 

The magnetic moment has r 0 ^ 

in the spinning electron theory /ii^’ and" *? ount assumed 

wave-equation. 1 conse quence of the relativistic 

The electric moment, however i« o 
and cannot be considered to have any 1 “ laginar 5 r quantity, 

arisen only after multiplying the reaf hr meanin S- It has 

U UO, § 11 - 2 . f*** Hamiltonian 

r a ntr rised if ;t «■ - — ~ 

11 we «2Z°L*Ltl olTTr Momentum oftlK Et ‘«™ 
tlKWy “ tte 
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momentum of the electron of amount } ^ • We have now to 

1 'In 

prove the existence of this spin angular momentum on Dirac’s 
theory. Since this angular momentum does not give rise to any 
potential energy, it did not appear in the result of calculations of 
§ ll*o. To demonstrate its existence, we shall consider the 
special case of the motion of an electron in a central field of force, 
and shall determine the angular momentum integrals. 


Take the centre of force as origin, rectangular Cartesian 
co-ordinates x, y, z and corresponding momenta />.. n is the 

mass of the electron, and V the potential energy which is a func- 
tion of X s + y~ -f- z 2 . 

The classical Hamiltonian, neglecting the relativity effect, is 


II 


1 

-/•* 


(Px 2 + Pi + Pi) T V. 


( 1 ) 


If m is the orbital angular moment um of the electron, we 


ij 


proved in § 6*8 (1) that each of m Xt m y% m z commutes with any 
function of x 2 + y 2 + z 2 and p x 2 + p y 2 + p z 2 - The Hamiltonian 

H, as given in (1), being a function of a* 2 -j- y 2 + z 2 and p x 2 —p p "'/V* 
we see that each of m x , m yy m S9 commutes with H. We conchiue 
that the orbital angular momentum is a constant of the motion, 
just as in Newtonian dynamics. 

However, if we take account of the relativitj* effect abo, 

it turns out that the orbital angular momentum ?n alone is not a 
constant of the motion. To get such a constant, we ha\e to add 
another term which comes out to be just the required spin 

angular momentum. 

The force on the electron is given by the potential \ r ) 
which can be taken to be the scalar potential A,, the vector poten- 


tial A = {A x , A y , A,) being zero. Thus 


A x 


Ay 


A, = 0, A t = V (r). 


( 1 ) 


From Dirac’s wave-equation (1) § 11 -I, we S et t ^ ien 


I , 

a + p3 r,: o L ) t 


( 2 ) 


Vp = ipt + ~ V ~J~ Pi ( a iPx + <?2py + 

To get the Hamiltonian H, we remark that p t 
the energy parameter. (Since we require only periodic solutions 


-• where E is 
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of the wave-equation I'd, — n * 

operator). V no luore considered as an 


E 

c 


Th ! e9Uati011 < 2 > therefore be written as 

f A 


A-) 


C ^ ^1 ( a lp.v ~T or.ypy 

or, on multiplying throughout by r, 

ThjlAeeAat tlf t A' + 

ee that the relativists Hamiltonian is 


0, 


0. 


( 3 ) 


The classical T' V*" ~ « 

effect. (4) are contributed by the relativity- 

We shall prove now that the orhitni , -> 

is not a constant of the motion / - anglllar momentum m 

“ “ » * - » *> - ~ “ 


For 

m. r H - Hw 


-*T 


( a iP.Y + cr 2 ^? 


{ W , (o-^, + + ff ^ } 

+ ^AA?*} 

Hi ( °h i m xp x ~ p x m ) -L a , 

+ ct 3 (w*A - A»/J) ’ L ■’ ^ 

ill 


2tt 


Cf>l ~ °Zpy} p =9fc 0, 


oxyjv-t-v, , 

on account of (5) § 6-8 m T f , . ' 

and m 2 do not commute with iT t, Smularl y P r °ved that m y 
momentum is not a constant of the nation angular 

We have further from (4) 


1 A_ 

2 2-7T 


cr x H 


Tr 1 /! 

2 2tt CTl 


he 

Hr Pl 
he 

Pi 



4tt Pl 1 CT 1 (o'lAr + a 2 p y 

( ct iA- + o-,^ + o- a /> 2 ) CT J 


ff i<H - a 2CTl ) p y + (ct2(73 


(Jo (T 


4rr f 2lcr 3py — 2ia 2 p t f t 

on account of (4) § n . 5 . Thu 

1 h , - 6 L 


i) a} 


1 _A_ 

2 27t 


iH 


it 1 A 

^ CTj 


9 o 


7T 


iA 

27T 




{ a 3A 


s/’zj ■ 


(6) 
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From (5) and (6) we find therefore that 


m 


+ SS"0 H - H ("’ 


(7) 


1 h 


3 h 


and similarly, that m y + - — o 2 and m. -f - 

M 77 ^ 


Z 7 


o s commute 


with H. Thus if we define M by the relations 


M 


. 1 h 1 h . 

~t“ 9 9 ^1» 9 9 ^2* 

Z Z7T 7 Z Z 77 


I /i .. 

-f r,- ffj. (8) 

~ *.77 


we see that M, and not the orbital angular momentum m alone, 
is a constant of the motion. 

This result can be interpreted to mean that the electron has 

/ 1 h 1 h 

a spin angular momentum with components f -- a,, o 3 . 

\ — — 77 — - • * 

~ — ct 3 Y which is just the spin angular momentum postulated in 

2 '2n J 

the spinning electron theory of § 11 <2. 

11-7. The Theory of the Hydrogen Atom ; pine Structure of 

Spectral Lines. 

As a particular example of Dirac’s theory, we shall solve the 
problem of the hydrogen-atom, obtaining the fine structure of the 
lines observed in instruments of high resolving power. Summer- 
f eld's treatment of this problem on Bohr's theory has been de- 
scribed in § 5-7. Dirac solved the problem as an example of his 
theory, but immediately afterwards C. G. Darwin gave a solution 
which is simpler, and which is followed here. 

For the hydrogen atom the electron is under the central 
field from the nucleus only, there being no magnetic held. Thus, 
if r is the distance of the electron from the nucleus : 


A, 


-> A 

r 


A, 


Aj 


(1) 


Dirac’s equation (1) § 11-4 therefore becomes on account of [A 


§ 11-3 : 


{(A, + £) + «lAc + a * A’ ~ - a «” ,nr * * 


= 0 


(‘2) 
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matrices for the a’s and p’s, we get 
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in (7) § 11-3, and the 


a 


P i°a 



a 


plUo ■— 



0 0 

0 i 

1 0 
0 0 



a 


Pi<y 2 



0 1 
0 0 
0 0 
1 0 



(3) 


a 


P 3 



0 

0 

1 

0 


According to these 4-rowed matrices +i 
functions ih J, , matrices, there are four 

' ^ ’ * 3 ’ ^ whlch cau b e written in a column 

0 = ~ 



wave- 



( 4 ) 


. Slnce the fiel d is central and we want « • 

-te for A . the momentum conjugate * the" 

f • and for p r h h gy lts value 


the operator ±-. ±, etc 

- 7 Tl OX 


get from ° f ^ matric es (3), we 

functions : S equations for the four wave- 


2ttI 

/F + 


\ 




AT 


+ «Z 0 C 

j 1 A 1 

: + 

(A 

_ . b 

2ni 

^F -f- eV 

« 

> 

+ W 0 C 


by 

AT 


) 02 

+ 

ff 

, • d ' 
+ 2 — 

2A . 

r F +ev 

J 

\ 



\o,r 

/ \ 


h ( 

< c 

— W 0 C 

1 03 

+ ! 

r ^ 

V 

. <) > 
— Z 

2ttz / 

'F + eV 

/ 

\ 




h [ 

c 

- W 0 c 1 

04 

+ ( 

r c) 

+ ’■ 4) 


bz 


0 


0, 


(5) 




0, 


+ >r 01 = 0, 


C>Z 

c)Z 


02 


0. 


- o f solutions, and Z 
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As the problem is that of a radial force, we must transform 
to polar co-ordinates (v f 0 } 0 ) given by 

x — r sin 9 cos 0, y = r sin 0 sin 0, z = 

Moreover, since the potential V is a function of r only , ix-ii- 
independent of 6 and 0, the solutions of (5), t.e., tlie four \va vc- 
functions must involve the spherical harmonics Sj* : 


r cos 9, 


(«) 


Cm 

‘fc 


P? (0) 


'trrup 


1 7 ) 


where P£ are the associated Pegendre functions given by 




m 


( k — ?») ! sin w 6 


d 


k + m (cos 2 0 - I',* 

I ' 


d cos 0/ 2* k ! 




k being any positive integer, and m being any integer between 
— k and + k inclusive. 

Now if F (r) is any function of r only, then substituting the 
values of *, y, z, from (6) it is easily calculated that 


(4 + *• 4) F M 


1 


'Ik d- i 


X 


{(sc ~ ~r F ) S W*>‘ -(*-’«)(* 


m 


1 



dV 

dr 


k a- 1 


I 


A c> * 

) kl 


i 


<1 

dX 


. b 


by 


) F M s 


m 


1 

2 /v 4- 1 x 


dV_k 

dr r 


F) S?pi+(/v+m)(/H 




1) 



k 


/ 


rr\ - 1 

4 ) > k - 1 


a F w s > 


1 


2/e 


1 


x 


)n 



dV 

dr 


k 


1 


1 


A <- c< 
) ' 1 » 


) 


~ F)S? +1 +(*+”')(*- 

Thus considering (5) and (9), we find that if we want each 
one of the 0’s to involve a single spherical harmonic only, we must 

write for a trial solution . 


4> i 

03 


— ia j f(r) SJ 


+ 1 * 


i\i 2 / K r) * 1 


02 “ — *‘*2 J \ ’ ' ‘ l 

04 = ^4 sd^) sr + 1 


♦ i 


1 1 d 


The same radial function f(r) has to be taken for the two mu- 
functions 0! and 0, of the first set, and similarly, the same function 
g(,.) has to be taken for 0 3 and 0 4 . Moreover, - « is introduced m 
0j and 02 to make /real. The constants a lt a t . a 3 , a t are introduced 
so that all the four equations (5) may be satisfied. Thus substi- 
tuting (10) in (5), and taking account of the relations (9), we obtain 
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2tt/E + eV 


h 


- + m 
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o c )«i/S? +l 


+ 7 


dg k 


ik + i 


dr 


«\ S ™ 
r ) i 


+ ; 


rz 


2/e + 


1 {( 



A + 




4? 

z/>- 


/e \ 

^ Sj &k + i + (& + m) (k 



S'" 


w) x 


dg , k + 1 


2 77 /E 

h 


+ eV 




+ w o c ) «*/S?+ l » + 


s) S?_ i } = 0, 




X 


f/'fc /e \ rt 

i(d? ~ fS) S'Hi-ik 


m) (k 


m 


a 


i— j/4? k 


o 


+ 1 (Vrf/' 




I Qffl + 

J + 1 


2A + 1 


l) ( d # , £ + 1 \ ) 

} W7 + ~~s) s r_v j 


1 + (a >» + i)(^ 




1)X 



+ 


A + 1 


r~ *) s?_v| 


w oC j « 3 s 


m 

* 


2H3 


-77 /E + £V 

A V" 

/ — f ^ _ A + 1 \ 

( Vrf/- t- /y S* + 2 +(A +;« -f-2, (£ _p w + 1 ) ( ^ -\- /')S’ n l 

- l/^/ _ A + 1 x , ^ * ) *i 

2/e + 3 { V dr r f) S r+ a + (k+ m +\) (k — m + l) 


0 I 
J 

(11) 


1 


2tt/E + eV 
A 




a x 


Xlf + ^+ 2 

dr 


p S m + ! 

6 °jfc 


a 


~k ~h 3 


f) Sf} 

\( d L __ k + i 


o 


(* - w + 1) (k 


+ «- 


2£ 


V.{( 


df 

dr 


m) 


k -f~ 1 


df , k + 


/) S ?|i 


1 




V) Sf * <J 


/) Sf } i 


2 + (k -f- ni 


if , A + 2 


w) 


z/r 


+ 


/) S?+ j = 0 


J 


So far the four constants 
ow ne choose them so that 
become as simple as possible. 


( 12 ) 

th e } C have been quite arbitrarv 
This °“n e . quations (11) and n%' 
WI be the if out of t it 



274 


Relativistic Quantum Mechanics 


§ 11-7 


two spherical harmonics in each equation one disappears, and the 
remaining equations are consistent. 


The two equations (11) show that if we choose 


a i {h + ni + 1) + a 3 (k — m) — 0, 



then the term in S£_ :i from the first equation, and that in S™ + ^ 
from the second equation will disappear. 


Similar!} , the two equations (12) show that if we choose 


a i = «2, (14) 

then the term in S? + 2 from the first equation, and that in S?| 2 l 
from the second equation will disappear. 

The relations (13) and (14) will be satisfied if we write defi- 
nitely : 


a \ 1# — T a 3 — k + vn + 1, a i = — k + m, (15) 

because the ratio a 1 : n 4 can be incorporated in f:g. 

Substituting (15) in (11) and (12), and equating the coefficient 
of the remaining spherical harmonic to zero, we find that the two 
equations (11) reduce to the same equation 


277 

h 


E + eV 
c 


+ m 0 c)/ + ^-~g — 0 ; 



and the two equations (12) reduce to the same equation 


2t t /E + eV 
h 


m 


df , k -f- 2 r 
dr r^ 


0 


(17) 


(1G) and (17) form a system of two ordinary linear differential 
equations for the determination of the two unknown functions 
/ ami g . 

Writing the value of V = f , and setting for brevity : 


a2 ~h(c + m ° c )’ b * - t(~ I + m ° c )’ a ^ “J* ( 18 ) 

where a is Sommerfeld’s fine structure constant (21) § 5-7, the 
two equations (16) and (17) become : 





k + 2 



+ ( b* 





r 
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WC ‘ ranSf0rm variables /, g to f . g' hy writi 

/ = a - V, g=e-^g-. 


( 20 ) 


where A is a constant whose value is to be determined 

Substituting (20) in (19), and dividing out by we „ t . 

/ \ / 7 O * 


f + p) r + ( d 

A + ^-±_ 2 


dr 


A 


d 

dr 


k 

r 


Or 


+ ( b 2 


0. 


( 21 ) 


We now try for a solution of ( 21 ) in which ^ , 

form of the series. 1 winch/ and g are in the 


/ — a 0 rP + a x rP- i -j_ a 2 rP - 2 + 
^ ~b 0 rP + bgP-i + b 2 rP- 2 + 


( 22 ) 

where the constant /?, whose value is to ’ • , 

/ a " integer. We have taken series of a """ ' neKi not 

/ oudg-, because these functions have to be finfeat r £°T" ** 


Substituting (22, in ( 21 ), « obtai „ . 

d~{a 0 rP -i-agP-i + a t rfi -* + ...) + 

* y-N 


a {a 0 rP 
{b 0 pA - 1 +bAi 3 -i)rP 


1 + agP ~ 2 +a t rP- 2 + . ..j + 


w 

*{bgP +bgP~i + b 2 rP-z + 

k l b 0 r ^ ~ 1 + - 2 + bgP ~ 3 

{a 0 / 3 rP +ai (p __ 1)^-2 +Cli (p _ 

A -j- - i _j_ - 2 . . 

( /e + 2 ) ~ 1 + a^- 2 + ... 

b * IKrP + b x rP - i + bgP - 2 + 


+ • * • } 
} - 


• » 


) ~ o. 


- 2)70-3 + . . .) 

•} + 

} + 


a {6 o y0 


} 


■ +b l rt-> + 4 2 ,p-3 + ... 


two equation (23^^“ “(d of r in ‘he 

£ ho «. = e‘c Thus, equatin^^ 0 ^; *■ 

■ M 0 = 0, b 2 b 0 ~ \ a = 


a 2 a 0 


from which we find 


0, 


A 


a 2 a 


b 2 b 


b , 


a , 


' i.e., 


b 

a 


a 


l and A = ab. 


( 24 ) 
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\Ve have selected the positive sign for A, because the functions 
J and g have to remain finite at r =oo. 

Next, equating the coefficients of r?- 1 in (23), we get : 

i + aa 0 A& x -f- (/? — k) b 0 = 0, 
b~b l ~ a fi 0 ~ Aa, + (p + k + 2) a Q = 0. 

Substituting the values of ^ and A from (24), and eliminating 


both a lt b x from these two equations, we find 


P 


1 + a 


a 


b 2 


2ab 


(25) 


Finally, equating the coefficient of rP~( s + ^in (23), we obtain: 

a ' a s + i + a a s ~ ^b s + j + (p — k — s)b s — 0, 

b-b s + 1 — ab s - Xa s + j + Q8 + k + 2 - s) a s = 0. (26) 

Writing the value of A = ab, transposing, and multiplying 
the first equation by b and the second by — a , we get : 

a*ba s + x - 2 - 6 (0 - A - s) b s , 

a ~ba s ab“ b s + 1 — a -f- k + 2 — s) — aab s . 


Equating the two right-hand sides, and transposing, we obtain 


a a s |j8 + k + 2 - s + a + b b s f/3 


k 




0, 


giving 


a 


b s 


i{0 


- A 


“ 1 } 


^P ~h k 2 


5 + 


6) 
a - 1 

a) 


(say) , 


where c, is a new constant to be determined. Then for all s >> 1 : 


a 


b ( 

C s — la 

a \ 


a 

b 


ft + k + s)|» 


b 


c s ja ^ + P + £ + 2 



(27) 


Substituting these values in any one of the two equations 
(26), we find the recurrence formula for c s : 

ab (2s -j- 2) c s + 1 — — c t {(s - p - l) 2 - (f - a 2 )}, (28) 

where we have written 


j - h + 1. 


(29) 
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and so y 


Z 


a 


(30) 


Y‘ = 3 

Y 3 ^ * su PP°sed positive v.-,-.. i 10 £ 

2 ab(s + i) c __ _ , 0 1 6 ’ Ue have ff om (28) : 

We can find c, direct from th^vIluerfV^f 1 ^ 

c; «* — - dy from s.r gi ::r ne ca " 


( - i) j 

2 J .s ! (ab) s 



Y + f) (£ — y) 


(/? +y + 1) (0 +y) 


• • 


The functions/', are therefore of the type : 


iP ~y ~ s + 2) x 

+ y — s + 2 



(32) 


r “f b a( a i ~p + k + s y> 

S ' = f C ' + £ +k +2- s 


(33) 


these functions should reralin finite for^To" that 

wise we would have a negative power of r). * ^ S ^ 0 ( ot her- 

Supposing that the series terminal- - 
a positive integer or zero, then c sholit * ~ vvhere w is 

0 ( 31 )' th « would he the case onl7when the factor ° n acCount 

fi + 1 - - W 


n 


Y -0, or p = y + w 


The two equations (25) an (34) give „ s T.” . ^ (34) 

the energy parameter. Thus ** the ei gen-values of 


P + 1 


V + n 


a 


a 


b 2 


2*6 


a 


on substituting the values of « 
we find ’ 



(35) 


b fr ° m ^ 18 ^' Solving this for E, 


E 


m 0 c 2 1 1 -f 


a ? 1 - * 
+ v) 2 i 



w 0 c z ( l + 


(n + y) 

0 

(n -f~ \J j 


(36) 


(21 a) and (21 § 5 7 f 35 that ^en by 

for n, and L, of / 5 7 we hT ’"“ n,ber ' hat W = 

S 5 7 „ e have now written „ and 


Sommerfeld in 

12, and that 

3 respectively. 
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It is of course possible to get the selection rules on the new 
theory also, but we shall not go into the details of this question 
here. They are the same as the rules (30 a) § 5 • 7 given by the 
old quantum theory. 


11-8. The Atom Under an External Magnetic Field. 

The Normal Zeeman Effect. 

In 1896 P. Zeeman discovered experimentally that in an 
external magnetic field of intensity H, a hydrogen line is split up 
into three components when viewed at right angles to the field, 
and two components when viewed along the field. If the 
frequency of the original line is v 0 , then the frequencies of the 
two displaced components are v 0 -f- A v, v 0 — A v, where 


A 


eH 


4irm n c 


(») 


Immediately after Zeeman’s discovery, and long before the 
advent of the quantum theory, H. A. Lorenz was able to 
account for this Zeeman effect by his classical electron theory. 
This is not surprising if we remark that the constant A, which is 
characteristic of the quantum theory, does not enter into the dis- 
placed frequencies (1). Bohr’s quantum theory was equally success- 
ful in giving a solution of the problem. In 1916 Sommerfeld and 
Debye solved it by the method of the Hamilton-Jacobi equation 
effecting a separation of variables. A little later, Bohr gave 
a simpler theory with the help of the following theorem due to 
J. J. Larmor. 

Larmor’s Theorem.- — The effect of a uniform magnetic field 
H on the motion of an electron under central fences (and soot 
other forces also) is the same, to a first approximation, as if 
the magnetic field were absent and the whole system had a onifoM 
rotation about an axis parallel to the direction of the field with 
the angular velocity tp given by 

*- ‘ H 


2m«c 

axis parallel to the direction of the 
the mechanical force on the election 
le field are 


field H 
at the 




eH . 

y> 


eH 


x. 


0 . 
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equa^L'of^oZnTe' 5 * ^ ^ f0rCe be X > Y. Z. The 


tn 0 x 


H y + X, »? 0 _y 


Hx + Y, 


m a z = z. 


Writincr > _ e H 

& m 0 c and transposing, we get 


Wo (x - Xy) = X, w 0 (j;+Ai) 


Y, 


■NT - ^ , 1)1 Z = Z /„ \ 

Now suppose that the electron t t j 

magnetic field, but let the system T fr ° m th<? Oction °f the 

a uniform angular velocity ^he" uE 7^ ‘ he £-axis with 
are given by 3 then the velocities of the electron 


It 


X 


y4>> 


V 


and the accelerations are given by u 


y + xifj, 


IV 


z. 


v ' l t , V + Ui { j t iV ' J e ' by 


. * fytf-xf*' y +2 ^__ 

he equations of motion then become 

<x - 2y0 - m _ X, „ !o {y + 2i<li 


Suppose we take i/j 


A 


yW=V. m 0 z = z. 

2 Ec’ thr " since c ’ the velocity of 




*• * , • 4m 0 c ^ me veioc 

equaiionsTfmotTon fhen ^ ™ aU ’ ^ We caa “Etet 0=. The 


W„ir = z. 


the 


by 


».(*- 2 y 0 )=x, *„ (jl + 2 * 0 ) = Y , _ 

Since 20 = A we see thaf «, '"2 = Z. (J) 

equations (»,. and therete ^“"4^ "* *«■ 

The frequency ^ of this .. ^ ’ s established. 

of this Carmor Precession ” is then given 




J__ gH 

27r 2m 0 c 


eH 

4 7rm 0 c 


This additional frequenc^lod W 

- fw the — T^ b :; 

new ^To,C„; - -blern on the 

the dlectfon 6 of ^ ° f int --ty H, acting in 


H 


0, H. 


0, H 2 = H, e 


0, E 


H, = o. 


(3) 
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Consequently, the scalar and vector potentials are 


A t 


- 9 


A 


oH y, A 


+ 9 A 2 


(4) 


In equation (9) §11-6 we showed that the effect of the 
spin of the electron moving under an external electromagnetic 
field is to increase the potential energy by 


1 

2 m 


h e / -u- , TT , TJ x . 1 ih e 

Ti, l H c 


Pi { a l&x + By + ^sEz)- 


which, in the present case, becomes, on account of (3) : 


2m 


h e 
2i t c 


: <r 3 H. 


( 5 ) 


Since the effect of the relativistic variation of the mass of 
the electron with its velocity is much smaller compared to the 
effect of the external magnetic field, we shall neglect the relativity 
effect, and take the classical Hamiltonian (17) of § 10 • 1 (4), 


e A/ + 


2 m 


{( 


+ 


(p 


(pz +-*Az)} 


Adding the potential energy given by (5), and substituting 
the values from (4), we have for the Hamiltonian of the problem . 


H 


{( 


2c 


+ 


+ ^ H* ) + 


2c 


Pzj 


4- 


eh H 
4-77 m 0 c ° 3 ' 


( 6 ) 


If the magnetic field is not too large, the terms involving H 
can be neglected, and (6) reduces to 


1 

2 m 0 


e 2 

(Px 2 4- py* + Pz 2 ) - - 4- ~2mZc 


eU 


H ' = 2 m {P * +p S + PP) + 2^Qc ( xp y-y p J + 2^c 2^° 3 

° ( 7 ) 

From (1) § 6 • 8 (1) we know that the component m z of the 
orbital angular momentum is m z — xp y — yp x . The Hamiltonian 
(7) can therefore be wirtten : 


H' 


1 

2m, 


(px 2 4- p 


2 d A 2\ — 4- -|- 

y + Pz ) r • 2 m 0 C v * ^ 


2tt 




(8) 


The Hamiltonian of the hydrogen atom for no external field 

1 a e , so that the extra terms due 


is simply g— (p 


+ Py 


4 -Pz) 
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to the magnetic field are eH 


2m 0 c 1 m * 


+ : 


h 


2tt 


cr 


) 


(7) and (8) of § 6 • 8 m it Wi ' y “ 

of the orbital angular mom^ Pr ° Ved that eac]l component 

with „ and with ;";l 7>T*T’ an t 7H Z< commutes 

P* +P, +p,\ <r„ being a diagonal matrix 


commutes, of course with ^ ’ a3 ’ • , 

«H / h ,ase . "■«! every matrix. The additional termi 

- M " c + “V commute, therefore, with the total Hamilto- 
Chapter' VI. nd WrUine 1US C ° nStant3 of th<! motion, as shown in 


H 0 ^ 


and 


2m 


0 


(A-" + Py Z + fig) 


e 

Y 


( 9 ) 


H, 


fH 


the Hamiltonian (8) can be written 


h_ 

2n 


cr 


( 10 ) 


H' 


sus tr£rK?zr- r - ». 

with H', and is a constant o ^e nUioT H ‘ — ‘es 

H„ Which are also eigen-functions of H since eIECn ' functions of 


HV = H o 0 -f- Hji/r. 


_ ' U 7" ~r ±1 .jlLf. 

Moreover, if K F ,1 (12) 

H ■ H„ H, respectively, then from ( 11 ) we lav “ corre spondin 

K = E 0 + e 

showing that the presence of +hn (13) 

stationary states to differ only t thTvuf 10 CaUSCS 

not in the form of tire eigen-ft, notions This hTth ““ eMrsy ' and 

analogue of ^armor’s theorem. ' ^ h ° Wav e-mechanieal 

Now the eigen-values of the orbitnl „ , 

g ‘ Ven ty t 6 rUle Ulat a ngu.ar 1m?: a u r m ~ U » *• 

multiple m of ~ : an ln tegral 


cr 

fc> 


« 2 - m 


h 


2 E integer). 


From the matrix for a ir<= • 

± C i* ec ause the eigen-v aluTs’of T„' ^ *“*** f ° Und be 
terms in the leading diagonal. a dlagonal matrix are the 
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Thus we find from (10) : 



gH / h_ 
2 m 0 c \ n 2tt 




The selection rules for m z now require that only those transi- 
tions are possible in which the magnetic quantum number m 
changes to m + A m such that 

Am = -1, 0, + 1. (16) 

Since ct 3 commutes with every matrix, and also with the electric 
displacement, it will not change at all. We have therefore the 
result that in a transition E x changes to Ex -f A Ex, where 


A Ex 


eH 
2 m 0 c 


h 

2tt 


Am. 



^0 


Considering the Zeeman effect for a particular hydrogen line 
= we see on account of (13) and (17) that it is split up 


into the components v 0 -f A v, given by 


A v 


AEx 

h 


eH 


4:7Tm 0 C 


Am, 


(18) 


where Am has the three values (16). 
are in agreement with experiments. 


These displacements (18) 
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